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ADVERTISEMENT. 



As Utility is the great object aimed at in this 
Publication, I have spared no pains to make a 
careful selection of materials, from the most ap- 
proved sources, which may tend to elucidate, in 
a full and clear manner, the Elements of Algebra, 
both in theory said practice. 

Those authors of whose labours I have princi- 
pally availed myself, are Euler^ Clairaut^ LacrotXj 
Chmier^ Bezout^ Lagrange^ JSTewtdn^ Simpson^ Emer- 
son^ ' Wbodj Bonnycastle^ Bridge and Bland. 

To Bland's Algebraical Problem^, (a work 
compiled for the use of Students in one of the 
first Universities in EuropeJ, I am chiefly indebt- 
ed for the problems in Simple, Pure and Quad- ' 
ratio Equations. 

By permission of the learned Dr. Adrain^ I 
have added, as an Appendix, his method of de- 
monstrating algebraically the propositions in the 
fifth book of Euclid's Elements. 

JAMES RYAN- 

JfeW'York, July 1, 1824. 
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EXPLANATION OF THE ALGEBRAIC METHOD OF NOTATION :-^ 

DEFINITIONS AND AXIOMS. 

1. Algebra is a general method of computation, in which 
abstract quantities and their several relations ^e made the 
subject' of calculation, by means of alphabetical letters and 
other signs. X 

2. The letters of the alphabet my^ employed at plea* 
sure for denoting any quantities, as a^ebraical symbols or ab- 
breviations ; but, in general, QUanlJifes whose values are knoivn 
or determined, are expressed by t)i^ first letters, a, ft, c, &c. ; and 
ur^known or undetermined quapmies are denoted by the last or 
final ones, w, v, «?, rr, ijsc. / 

3. Quantities are eqjjitl when they are of the same magni- 
tude. The abbrcvi^n a:=b implies that the quantity de- 
noted by a is equaP to the quantity denoted by ft, and is read 
a equal to ft ; a>v or a greater than ft, that the quantity a is 
greater than/Cne quantity ft: anda<ft or a less than ft, that 
the quanti^a is less than the quantity ft. 

4. Ad^tion is the joining ofmagnitudes into one sum. The 
skn of addition is an erect cross ; thus, a-jrb implies the sum 
pf a and ft, and is called a plus ft, if a represent 8 and ft 4 ; then, 
a'\-b represents 12, or a+^==^+4=12. 

5. Subtraction is the taking as much from one quantity as 
is equal to another. Subtraction is denoted by a single line 5 
as a— ft or fl minus ft, which is the part of « remaining, when 
a part equal to ft has been taken from it ; if a =9, and ft=5 ; 
a — ft expresses 9 diminished by 5, wUch is equal to 4, or 
a— ft=9— 6=r4. 
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6. Also, the difference of two quantities a and h ; when it 
is not known which of them is the greater, is represented by 
the sign^; thus, a »^ J is a— i, or b—a] anda+i signifiea 
the sum or difference of a and b. 

7. Multiphcation is the adding together so many numbers 
or quantities equal to the multiplicand as there are units in the 
multiplier, into one sum called the product. Multiplication is 
expressed by an oblique cross, by a point, or by simple appo- 
sitioa ; thus, aX b^ a . b^ or aby signifies the quantity denoted 
by fl, is to be multiplied by the quantity denoted by i ; if a=5 
and b=7 ; then aXb = 6X7 = 36, or a . 6 = 5 . 7=35, or 
a5=6X7=35. 

Scholium. The multiplication of numbers cannot be ex- 
pressed by simple apposition. A unit is a magnitude consi- 
dered as a whole complete within itself. And a whole num- 
ber is composed of units by continued additions ; thus, one^lus 
one composes two, 2-4-1=3, 3+1 =4, dtc. 

6. Division is the subtraction of one quantity from another 
as often as it is contained in it ; or the finding of that quotient, 
which, when multiplied by a given divisor, produces a given 
dividend. 

Division is denoted by placing the dividend before the sign 
-f-, and the divisor after it ; thus o-f-J, implies that the quan- 
tity a is to be divided by the quantity b. Also, it is frequent- 
ly denoted by placing on« of tlie two quantities over the other, 

in the form of a fraction ; thus, ^^ a^b ; if a = 12, 3=4 ; 

a 12 

then a-2-J=^ = 12~4=~=3. 

9. A simple fraction is a number whic\i by continual addition 
composes a unit, and the number of sucYv fractions contained 
in a unit, is denoted by the denominator, or the number below 
the line ; thus, i+i+i = 1 • A number compowid af such sim- 
ple fractions, by continual addition, may properlj be germed a 
multiple fraction ; the number of simple fractions composing it, 
is denoted, by the upper figure or numerator. In this se^se, 
f, f , i, are multiple fractions ; and f = 1, |-=f-|-i= l-j-^=^. 

10. When any quantities are enclosed, in a parentheses, or. 
have a line drawn over them, they are considered as one 
quantity with respect to other symbols; thus a — (d+c), or 

fl_ b-^-c'j implies the excess of a above the sum of 6 and c ; 
Leta=9, 6=3, andc=2; then, a -(6-j-c)=9 — (3+2; = 9 

—6=4, or a-6+c=9-3+2=9-6=4. Also, {a+b) X 
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[C'\>'d)j or a-|-5x^-i-<^» denotes that the sum of a and ft is to be 
multiplied by the sum of c and d] thus, let a =4, 6=2, c=3, and 
<f=5; then (a-f 6) x(c+^) = (4+2;X(3+5) = 6 X 8=48,- 

or fl-|-3Xc+rf=4+2x3+5=6x8=48. And (a-6)-J-(c 
4-^,) or-j-j ; implies the excess of a above i, is to be divi- 

C" I 'Or 

ded by the sum of c and rf; if a=:12, 6=2, c=4, and ^=1 ; 
then, («^«^(c4.d)=(12— 2)-f.(44.1) = 10-^6=2, or ^ 
_12-2_10_ 

■~ 4+r"~ 6 "" ■ 

The line drawn over the quantities is sometimes called a 
vinculum. 

11. Factors are the numbers or quantities, from the multi- 
plication of which, the proposed numbers or quantities are pro- 
duced ; thus, the factors of 36 are 7 and 5, because 7x5=36 ; 
also, a and 6 are the factors of ab] 3, a^, b and c^, are the fac- 
tors of Sa^bc^'j and fl+6 and a — 6 are the factors of the product 
{a+b)x(a-b). • 

When a,number or quantity is produced by. the multiplica- 
tion of two or more factors, it is called a composite number 
or quantity ; thus, 36 is a composite number, being produced 
by the product of 7 and 5 ; also, 6acx is a composite quantity, 
the factors pf which are 6, a, c, and x. 

12. When the factors ^re all equal to each other, the pro- 
duct is called a power of one of the factors, and the factor 
is called the root of the product or the power. When there 
are two equal factors, the product is called the second power or 
square of either factor, and the factor is called the second root 
or sgiiare root of the power. When there are three equal factors, 
the product*is called the third poioer ox cube of either factor, and 
the factor is called the third root or cube root of the power. And 
so on for any number of equal factors. 

13. Instead of setting down in the manner of other products, 
the equal factors which multiplied together constitute a power, 
it is evidently more convenient to set down only one of the 
ecpial factors, (or, in other words, the root of the power,) and to 
designate their number by small figures or letters placed near 
the root. These figures or letters are always placed at the 
upper and righ( side of the root, and are called the indices ox ex- 
fonents of ihQ power. 

For example : 

« X a X « X « or aaaa is denoted thus, a* ; 
yXyXVXyXV orpyyyy, thus, 3^'' 
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where a^ and ^ are the powers ; a and y the roots, and 4 
and 5 the indices or exponents of the powers. Again : ^ai^ 
X.4<m:*X^^» is thus abridged, (4aa:')'; where (4oar*)^. is the 
power, \aa^ the root, and 3 the index or exponent of the 
power. The same method is adopted, whatever be the form 

of the root: thus, (a'-ar'— y')xK-^— y')X(«'— ^^-y") 
is written briefly thus, (a'— re"— y")^, where (a'— i^— y*)^ is the 
power, «* — x^^y^ the root of the power, and 3 its index or 
exponent. • 

N. B. Care must always be taken, to embrace the root in 
parentheses, except were it is expressed by a single charac- 
ter. 

14. The coefficient of a quantity is the number or letter prefix- 
ed to it ; being that which shows how often the quantity is to 
be taken ; thus, in the quantities 36 and bs^^ 3 and 5 are the 
coefficients of h and a?. Also, in the quantities Zay and 5a^a7» 
3a and 5a^ are the coefficients of y and x. 

15. When a quantity has no. number prefixed to it, the 
quantity has unity for its coefficient, or it is. supposed to be 
taken only once ; thus, x is the same as li; ; and when a 
quantity has no sign before it, the sign -|- ^ always under- 
stood ; thus, 3a^5 is the same as '\-Za% and 5a— 36 is the same 
as -j-5a— 86. . 

16. Quantities which can be expressed in finite terms, or 
the roots of which can be accurately expressed, are rational 
quantities ; thus, 3a, ^a^ and the square root of 4a', are ra- 
tional quantities ; for if *=«; then, 3a=3xl0=-30; fa=: 
f Xl^='^=^ ) ^^^ the square root of 4a'= the square root 
of 4 X 10^= the square root of 4 x 10 X 10 = the square root of 
400=20. 

17. An irrational quantity, or surd^ is that of which the value 
cannotbee accurately expressed in numbers, as the square root 
of 3, 5, 7, &c. ; the cube root of 7, 9, &c. 

18. The roots of quantities are expressed by means of the 
radical sign aJ^ with the proper index annexed, or by fraction- 
al indices placed at the right-hand of the quantity ; thus, ^^a, 

or 0% expresses the square root of a ; V(a+a?), or (a+a^)', 

the cube root of (a+a?) ; V («+«)» ^^ (^+^) ) t^® iontih 
root of ia-^xY When the roots of quantities are expressed 

X X X 

by fractional indices; thus, a*, (a-fra;)^, (a+a?)* ; they are 
generally read a in the power (i), or a with (i) for an index ; 
(a+a;) in the power (f ), or (a-f^) with (i) for an index ; and 
(a+a?) in the power (i), or (a-f-^) with (i) for an index. 

19. Like quantities are sucbcis consist of the same letters or 



INTRODUCTION. 6 

the same combination of letters, or tj^at differ only in their 
ntim«ral coefficients; thus, 5a and 7a; 4^^; and 9ax ] ^2ac 
and 9ac] — 5ca; &c., are called like quantities; and unlike 
quantities are such as consist of different letters, or of differ- 
ent combination of letters; thus, 4a, 35, 7aar, 5ay', &c. are 
ijnlike quantities. 

20. Algebraic quantities have also different denominations, 
according to the sign +1 or — . 

Positive, or affirmative quantities, are those that are addi- 
tive, or such as have the sign -f- prefixed to them ; as, -}-a, 
-f-6a5, or 9ax. 

21. Negative quantities are those that are subtractive, or 
such as have the sign — prefixed to them ; as, —a;, —3a*, 
— 4abj &c. A negative quantity is of an opposite nature to a 
positive one, with respect to addition and subtraction; the 
condition of its determination being such, that it must be. sub- 
tracted when a positive quantity would be added, and the re* 
verse. . 

22. Also quantities have different denominations, according 
to the number of terms (connected by the signs -}- or — ) of 
which they consist ; thus a, 3&, — 4o</, &c., quantities con* 
sisting of one term, are called simple quantities, or monomi- 
als ; a+a?, a quantity consisting of /w^o terms, a binomial; 
/2— a; is sometimes called a residual quantity. A trinomial is 
a quantity consisting of three terms ; as, a-{-2x— By ; a quad- 
rinomial of /oMr ; as, a— i-}-3a:— 4y ; and a polynomial, or 
multinomial, consists of an indefinite number of terms. Quan- 
tities consisting of more than one term may be called compound 
quantities. 

23. Quantities the signs of which are all positive or alT 
negative^ are said to have like signs ; thus, 4-^^j "H^^j 
+5a^, have like signs ; also, — 4fl, —3d, ,— 4ac ; When some 

. are positive, and others negative, they have unlike signs ; 
thus, the quantities -|-3a and — 5ab have unlike signs ; also, 
the quantities — 3aa;, +3a^a: : and the quantities —ft, -^b, 

24. If the quotients of two pairs of numbers are equal, the 
numbers are proportional, and the first is to the second, as the 
tidrd to the fourth ; and any quantities, expressed by such 

• numbers, are alsov proportional ; thus, if -7- =-7; then a is to 

i as c to d. The abbreviation of the proportion ; aib:ic i 

d] and it is sometimes written a : i=c:c?; if a=8, d=4j 

8 12 
0=12, and d =6 ; then, -=--=2^ and 8 : 4 : ; 12 .6, 
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3:=r8, and y=£l2 ; then, to find its value, we have ab-^aX'^ 

6y=6x4+5x&— 4X12 

=20+40—48 
=60--48=12. 

Ex. 3. What is the value of --^^^i-^ x=6, y 

0+6 . 

= 10, andi=6? 
Here 3ax+2y=3x4x5+2x 10=60+20=80, and a+ 

i=4+6=10; 

^3ox+^_80_ 

• • a+b "" 10"" • 
Ex. 4. What is the value of a»+2a6— c+d, whena=6, 
5=5, c=4, and d= 1 ? Ans. 93. 

Ex. 5. Whatisthe value of a6+ce-6cl, when o=8, 6=7, 

c=6, (i=6, and e=l1 Ans 27. 

Ex. 6. In the expression -^-, let a = 6, 5=3, a;=7, 

and y=5 ; what is its numerical value ? . Ans. 5. 

Ex. 7. In the expression r — =--5 — ,let a=3, 6=5, c=2, 

ox — a — c 

x=z6] What is its numerical value 1 Ans. 7. 

Ex. 8. What is the value of a* x (a+6) — 2o6c, whera a=6, 
6=6, andc==4? Ans. 156. 

Ex. 9. There is a certain algebraic expression consisting 
of three terms connected together by the sign plus ; the first 
term of it arises from multiplying three times the square of a 
by the quantity 6 ; the second is ihe product of a, b and c j and 
,the third is two thirds of the product of o and b. Required 
the expression in algebraic writing, and its numerical value, 
where a=4, 6=3, and c=2 1 Ans. 176. 

DEFINITIONS. 

38. A proposition J is some truth advanced, which is to be de- 
monstrated, or proved ; or something, proposed to be done or 
performed ; and is either a problem or theorem. 

39. A problem^ is a proposition or question, stated, in order to 
the investigation of some unknown truth ; and which requires 
the truth of the discovery to be demonstrated. 

40. A theorem^ is a proposition, wherein something is advanc- 
ed or asserted, the truth of which is proposed to be demon- 
strated or proved. 

41. A corollary ^ or cqnsectaryj is a truth derived from some 
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proposition already demonstrated, without the aid of any other 
proposition. 

42. A lemmaj signifies a proposition previously laid down, in 
order to render more easy the demonstration of some theorem, 
or the solution of some problem that is to follow. 

43. A scholium^ is a note, or remark, occasionally made on 
some preceding proposition, either tp show how it might be 
otherwise effected ; or to point out its application and use. 

44. An axiom^ is a self-evident truth, or proposition universal- 
ly assented to, or which requires no formal proof 

45. As axioms are the first principles upon which all ma- 
thematical demonstrations are founded, I will point out those 
that are necessary to be observed in the study of Algebra, as 
there will be frequent occasion to advert to them. 

AXIOMS. 

46. When no difference can be shown or imagined between 
two quantities, they are equal. 

47. duantities equal to the same quantity, are equal to each 
other. 

48. If to equal quantities equal quantities be added, the 
wholes will be equal. Thus, if « = i, then a+c^b-^c] if 
0— 5=c, then adding ft, a — i-|-J=c-|-ft, or fl=c+6. 

49. If from equal quantities equal quantities be subtra^cted, 
the remainders will be equal. 

If a=bj then, a— 2=6-— 2 ; if ft-}"^"^"!"^) *^^" b=a. 

60. If equal quantities be multiplied by equal numbers or 

quantities, the products will be equal. 

b 
Thus, if a=6, 3a=:36 ; if a=-j Sa =b ; if a=6, ca=c6 ; 

3 

and if a=6, aX a=^bXb or a'=6^ 

51. If equal quantities be divided by equal numbers or quan- 
tities, the quotients will be equal. 

Thus, if 6a=106, -r- =^-, or a=z2b ; if ca = c6, ~=— , 

5 5 c c 

or a=zb : and if a*= ba. then -= — , or a =6. 

a^ a 

Scholium. Articles (49), (50), (51), might have been de- 
duced from Art. (48) ; but they are all easily admitted as 
axioms. 

52. If the same quantity be added to and subtracted from 
another, the value of the latter will not be altered. Thus, if 
a^Cj then a-(-6=c+6, and a-|-6— 6=c+6— 6, or a=c. 
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This might be infened from Art. (48). 
53. If a quantity be both multiplied and divided by another, 
its value will not be altered. Thus, if a^b ; then 3ar= 36, and 

dividing by 3, y ;= — , or o=&. 



> 



CHAPTER I. 

ON THE 

ADDITION, SUBTRACTION, MULTIPLICATION, 

AND 

DIVISION OF ALGEBRAIC QUANTITIES. 



§ I. Addition of Algebraic Quantities. 

54. The addition of algebraic quantities is performed by 
connecting those that are unlike with their proper signs, and 
collecting those that are like ^inio one sum ; for the more 
ready effecting of which, it may not be improper to premise 
a few propositions^ from which all the necessary rules may be 
derived. 

56. If two or more quantities are like^ and have like signs j the sum 
of their coefficients prefixed to the same letter, or letters, with the 
same sign, tOill express the sum of these quantities. 
Thus, 6a added to 7a is = 12a: 
And — 6o added to — 3a is = - 8a. 
For, if the symbol a be made to represent any quantity or 
thing, which is the object of calculation, 6a will represent 
five times that thing, and 7a seven times the same thing, what- 
ever may be the denomination or numeral value of a ; and 
consequently, if the quantities 5a and 7a are to be incorpo- 
rated, or added together, their sum will be twelve iirdlta the 
thing idenoted by a, or 12a. 

- Moreover, since a negative quantity is denoted by the sign 
of subtraction : thus, if a-f-^ = a ^ c, 6 = - c, and c = — 6. A 
debt is a negative kind of property, a loss a negative gain, and 
a gain a negative loss. 

Therefore it is plain that the quantities, —5a and —3a, 
will produce, in any mixed operation, a contrary effect to that 
of the positive quantities with which they are "connected ; 
and consequently, after incorporating them in the same man- 
ner as the latter, the sign -p inust be prefixed to the result ; 
so that if A be greater than a, it is evident that 5 (a - a)-]-3 
(a — a), or (5A~6a)+(3A— 3a)=8A-8a; and therefore the 
sum of the quantities — 5a and — 3a, when taken in their iso- 
lated state, will, by a necessary extension of the proposition, 
be = — 8a. 
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56. If two quantities are like^ hut have unlike signs, the difference 

of their coefficienis, prefixed to the same letter, or letters, with the 

sign of that which hath the greater coefficient, will express the 

sum of these quantities. 

Thus 4-6^ ad<^^ to —4a is ^^2a] 
And - 6a added to -{^a is =: — 2a. 

Since, Art. (36), the compound quantity a— -6 4'C—(/, &c. 
is positive or negative, according as the sum of the positive 
terms is greater or less than the sum of the negative ones, the 
aggregate orsum of the quantities 4a — 2a-f-2a— 2a^ or 6a —4a, 
will be -{-.2a : since the sum of the positive terms is greater 
than the sum of the negative ones. And the sum of the quan- 
tities a— 4a-4-3a— 2a, or 4a — 6a, will be — 2a : since the sum 
of the negative terms is greater than the sum of the positive 
ones; 

Corollary. Hence it appears, that if the sum of the posi- 
tive terms be equal to the sum of the negative ones, their ag- 
gregate or sum will be nothing. Thus 6a— 5a=0; and 5a 
— 3a-{-4a~6a=9a-9a=0. 

67. The preceding proposition is demonstrated in the fol- 
lowing manner by Bonntcastle in his Algebra, Vol. II. 
8vo. 

Where the quantities are supposed to be like, but to have 
unlike signs, the reason of the operation will readily appear, 
from considering that the addition of algebraic quantities, 
taken in a general sense, or without any regard to their par- 
ticular values, means only the uniting of them together, by 
means of the arithmetical operations denoted by the signs 4~ 
and — ; and as these are of contrary, or opposite natures, 
the less quantity must be taken from the greater, in order to 
obtain the incorporated mass, and the sign of the greater pre- 
fixed to the result. So that if 6a is to be added to 4(a— a), or 
to 4a— 4a, the result will evidently be 4A4-6a'-4a, or 4a+ 
2a; and if 4a is to be added to 6(a — a), or to 6a— 6a, the 
result will be 6A-4-4a — 6a, or 6a-> 2a ; whence, by making this 
proposition general, as in the last, the sum of the isolated quan- 
tities 6a and — 4o will be +2a, and that of 4o and —6a will 
be —2a. 

58. If two or more quantities he unlike, their sum can only be 
expressed by writing them after each other, with their proper 
signs. 

Thus, the sum of 2a and 26, can only be expressed, with 
the sign -}- between them, which denotes that the operation of 
addition is to be performed when we assign values to a. and b. 
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For, if a = 1 0, and 6 ?= S^ ; then the su m of 2a and Zb can be 
tiehh€r4a nor 4ft, that is, rieitber. 4x10=40, nor 4x5=20; 
but 2x104-2x5=20+10^=30, In like manner, the sum of 
dd,''-«r-5ft, 2c, an4 — 8«f, can no otherwis'e be incorporat.ed, or 
added together, than by means of the signs -4- s^d '— ] thus, 
3a-^6*+2c'-.8rf, 

These proppsiticma. being well understood, the following 
practical rules, fcHr;perfon»ing the addition of algebraic quan- 
tities, wluch is generally divided into three cases, are readily 
• deduced from them* . . 

'•:' . .'CAgEl;; 

When the quantities are like, and have like signs. 

' i ' ■ • • 

RULE. • 

59. ^dd all tlxe numeral coefficients together, to their sum 
prefix the common sign when necessary, and subjoin, the 
common qu^tities, or letters. 

% • , r . . • . 

EXAMPLE.!. • 

• ''■,/'. 

* ' • • '- QssJ^dar^U 

Sx+4a-^ b 

z+Sa-^Bb 
9xJ^ fl— b ' 
x+SaSb ' 

■\ . . ■ ■ - . 

2ar-[-26a-^26i . 

In this example, in adding up the first column, we say, l-^- 
9-f■l+7-^-3^-2=23, to which the common letter a: is sub- 
' joined.^ It is not necessary to prefix the sign -f- to the. result, 
since the sign of the leading term of any compound algebraic 
, expression, when it is positive, is seldom expressed; for (14) . 
when. a quantity has no sign before it, the sign -}- is always 
understood. And it may be observed when it has no numeral 
cpefiicient, .i;fnity or 1 is always understood. 

Also, the sura of the second column is found thiiay84-l-4-9 
-j-l 4-4+3=26, to which the sign -f-i3 prefixed, and the- 
comrapn letter a annexed. • • 

Again, the sura of the third column is found thus ; 3-f-I-j- 
9+74.14.4=26, to which the sign -*• fs prefixed, and the 

3 
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common letter h subjmncd. So Chat the sum of all the quan* 
titles is expressed by 23 times x plus 26 times a minus |!5 



times b. . 



Ex.2. Ex.3. 

9jty ^4bc+73^ 6«^- 3a:»4-3y— 19 

4xy — bc^pa^ 40*— a^-fAy — 17 

xy — 7bcr\-4ia^ ^ fl'— Ta^'-j-Ty — 14 



8a?y— 46c+ a^ 7^i'— a;^- 



y- 1 



7ary — bc+9s^ 8a'-^ 9a?'4-9y - 20 

iry— 3k-f a^ 7a3-lla;*+y- 8 



30ajy— 20«c4.25rc« 320^— 82a;»4-25y— 79 

Ex. 4. Add togethiBP 2;r+3«, 4a;+a, Sar+Sfl, 7a:+2«, and 
x+a. Ans. 19x+16a. 

Ex. 5. Add together 7ar'— 6jc, ^^'^^c, x^-'4hc.6x^ — 
bc^ and 4a;* —46c. Ans, 20a:* ^—1 56c. 

Ex. 6. Required the sum of 3a:'4.4ar*-ra;, 2a:^-f x*— Bar, 
7ar*+2ar*-2x, and4ar^44U:*— 3ar. . Ans. 16a;'-lJpa;«— 9ar. 

Ex. 7. What is the sum of Td^'—Sa'ft-f ^fl6«- 36^ ah^-^ 
aih—b-'+4d\ --66'4-6a6^— 4a*6+6a',end — a»64-4a6'— 
4634-03 ? Ans. 18.a3-9a»6+12a62— 1363. 

Ex.8. Add together 2ar3y—x+2/a;*y — 4a?+3, 4x*t/-^3a7 
+ 1, and 5a?*y— 7x+7. Ans. 12ar»y— 15a:+I3.. 

Ex.9. Required the sum of 30— ISx^-r-Ba^y, 23— 10a:* 

— ixy^ - 14ar* — 7a:i/+U, — 6a:y+10— 16a:*, and 1 — 2a:* — 

xy Ans. 78 — 55a:* — 20a:y. 

Ex. 10. Add 3(a;+y)^--4(«-6)=,(a:+y)*— (a— 6)^-7 
(a-6)'+5(a;+y)*, and !^(a:4.y)' -(0—6)3 together. 

Ans. ll(i:-f-y)*-.13(a-6)*. 

CASE II. . , 

When the quantities are ItkCy but have unlike signs. 

RULE. 

60. Add all the positive coefficients into one sum, and those 
that arenegiative into another; subtract the lesser of these 
sums from tjie greater ; to this difference^ annex the common 
letter or letters, prefixing the sign of the greater, and the result 
will be the sum required. 
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SXUIPtES 1. 

— 4ar*+ jr*— 4a? 
— ar''^2x'+7x 

^ba^+dx^-6x 



In adding up the first column, we say & + ^ 4-*^ =+ l^j 
.a,nd -r(5+l4-4)=— 10; th«n, 4.19 — 10=4-9= the ag- 
gregate sum of the coefficients, to yhich the common quantity 
sc^ is annexed. 

In the second column, the sum of the positive coefficients 
is 34^+1 = 10, and the sum of the negative ones is —(54-2 
4-3) = — 10 ; then, 10*^10=0 ; consequently, (by Gor. Art. 
56), the aggregate sum of the second columxl is nothing. Aiid 
in the third column, the sum of' the positive coefficients is 
64-74-3=16, and the sum of thcfcegative one is — (6-f.9-4- 
4)= — 19 ; then 410 — 19=— 3 ; to which the common let- 
ter i& annexed; 

Ex. 2. Ex; 3. 

6a^— 6a4-4a:— 3 4ab+Sxy—2ax+ c 

— 2a?'4- <^— 9a:-f*7 — db — xy+ ax — 6c 

7x"4-7a-{-7a^ — 1 5ah — 2xy — 7aa:-f-7c 

— a:**— 30—23743 — 4a64'' ^+ *!p+ <? 

■43x^4" «— 4a:-{-4 7ah — 3jn/44aa:— c 

— 73!f — 4a+3ar-5 -^ ab — ary— ax-\-4c 

•II I .■■■ I II It. I I !■ ■ 

5a^ — 4a— x-\-5 lOaft— Sicy— 4aa:+7c 



Ex.4. 
• 8(04-6)*- ^x'+yy4H<^'+cy+9xy 

^ (o46)*-|- i^+fY—^i^^+cy'-^xy 
+8(o+6)*_ 6(a;»4y«)«4-8(o»-hc»)'+ xy 
—2(046)*— (x'+yy-'7{a'-}-cy^3xy 
+6(0+6)^— 7(a:»^y^)«— .(o'+c")'— xy 

' " ■ ' " " ' . ni l. I 

13(d4-6)*— 18(r'4-y3)?— 2(a'+^^+2a^ 
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t 

. Ex. 5. Required the 9\iib of 4a?, — 5t^, a", — 60", do", axjd 
^o*. Ans. 2a?. 

Ex. 6. Required the sum of 4x* — 3jp+4, jr— 2a!*— 6, l-f- 
3i7'— 6ar, 2ic-44-7a:^, 13— x^— 4ar. Ana. lla:*— 9j:+9. 

Ex. 7. Required the «uin of 4r* — 2a:+y, 4ar — y— a^, 9y4. 
7ar^— ar, 21a;— 2y4.9ar'. Ans. 19a;3+22x+7y. 

Ex. 8. Required the sum of 6(r^— 2a64.6^ 06— 26'— o^, 
6«— 3a6+4a\ 4a6+2o'— 46«. Ans. 100^—45*. 

Ex. 9. What is the sum of 2a— aa:*, 5j?' - 7o, — a^hfa:*, 
and a— 307? ? Ans, — 7a. 

Ex. 10. What is the sum of 4— 3x, x— 6, 2a: — 4, -— 40?+ 
13, and — 6ar+l ? Ans. 9— 9ar. 

CASE IIL 

When the quantities are unlike^ or when like and unlike are 

mixed together » 

RtLB. . 

61. When the quantities ate unlike, write them down, one 
after another, with their #igns and coefficients prefixed ; but 
when some are like, and others unlike, collect all the like 
qjantities together, by taking their sums or differences, as in 
the foregoing cases, and -set down those that are unlike a& 
before. • 

ExAMFi^E 1. Add together the quantities 70^, — 55^ -4~^^) 
— 9a, and 8cK 

Here, the*quantities are all unlike ; a (Art. 58), their sum 
must be written thus ; 

Ta'*— 66+4d— 90+8/:'. . . 

When several quantities are to be added together, in what- 
ever order they are placed, their values remain- the same. 
Thus, 7a'*— 564-4d-9a-f8c', 8c' — 66+4(i— 9a + 7oVor 
4d — 56 — 9a^Sc^-\-'7a^j are equivalent expressions : though " 
it is usual, in such pases, to. take them so that the leading term 
shall be positive. 

Ex.2. 
3a:— y+ d ' 
4a — . a:— 3y 

6a:y-|-7ar-f- y' 

3aa: — 2a;y+4a:* 

5i/-|- 2d^5x 

— ^ ; 

7a?+y+3c|+3a^+10aar+4a+y'+4ar'. 
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• Ex. 3. 

, 4ar»— 3a!^4.3y -^3 — 3ar* 
6t/«4.5ar» — Sor* +3a?y+6y 
30 '+63^ +2a; — 8y" — 2r» 
2;r^-r8 — 6a:t^— 7^ — 2y" 

In Ex. 2. Collecting together like quantities, and beginning 
with 3ar, we have 3a:^5a;— a:=8a:— x=:(8 — 1) x=z7x ; 63^— 
2/— 3t/=(5— .1— 3) v=(5— 4) i/^y ; (i+2d[=(l + 2)rf=3d ; 
6xy — 2a:i/=(5 — 2)a:y— 8a;y ; and Zax -}- 7aa;r=:(3 + 7)aar= 
lOax ;• besides which there are three quantities 4-4a, +y^, -f-4a;'; 
which are unlike, and'do not coalescewith any of the others ; 
the sum required therefore is, • 

In Ex. 3. Beginning with 4r*, we have, 
4x^4.'5a:*_2a;^=;:(4+5-2)ar'=(9-.2)2r»=7:?j3. 

— 3a:y+33:y - 5a;y = (3 — 5 -,3)a:y = (3 — 8)ary = — 5{Ct/ ; 

+3t/+6y-7y=(3-f 5)2^ - 7y=(8-^7)y=+y ; 

— 3+30 --8=30r-(8+3)=30— 11=4.19 ; 

2a;'— 3x^- 3a;^4.6ar»=r8ar'--.(34-3)ar^= (8— 6)r»= +2a?' ; 

5f^Sf^2f=bf^{3+2)y^ = {6—5)f ^0X^=^0 ; +2* 

= 2a;. 

When quantities "with literal Qo^fficients are to be added 
together ; such as war, ny, j^ar*, y^, &c. (where w, w, jd, f, &c., 
may be considered as -jhe coefficients of a?, y, a;", y^, dec.) it may 
be done by placing the coefficients of like quantities one after 
another (with their proper signs), under ^ vinculum, or in a 
parentheses, and then annexing the common quantity to the 
sum or diffeBnce. 

. Ex.4. 

ax-^-by-U b 
bx+dy'\-2b 

{a + b)x+(b + d)y+3b 

Ex.6. 

aaP^ba^^x 
eu^ — dx^^fx 



{a+e)x'+ (6— rf) j;'*+ (c -/)a; 



In Ex. 4. The sum of ax and bxj or ax-^bx^ is expressed by 
{a-\-b)x ]* the sum of -{rby and 4-dy, or -^by+dy^ is = + 
(6+d)y. 3* 



13 SUBTRACTION. 

• 

In Ex. 5. The sum of cuP and ex^, or aar^-j-car', is = (a-^-e)!:^ ; 
the sum of +ix'* and — da;*, or +6jr* — rfa:*, is = (6— d)x^ ; and 
the sum of -^-cx and — /r, or -\^cx—fxj is = rj-{c — /)x. Any 
multinomial may be expressed in like manner, thus ; the multi- 
oomial maP-^nx'* — px^-^-ga^ may be expressed by (w+w-— i>— y) 
«*; and the mixed multinomial pxy-i-gy^-^rxy-^-my'—nxy^hy 

Ex. 6. Add 2r»4.j^»-f9, Ixy—dab—x'^ 4xj^— y— 9, and 
^^—^+30;' together. 

Ans. 4ar* -\-y^l^ lOxy—'Sab — y -{- ^y- 

Ex. 7. Add together 72a', 246c, 70xy, — 18{i^ and —126c. 

Ans. 54a'4-126cr4-70a^. 

Ex. 8. What is the sum of 43zy, 73^*, — V2ay, — 4a6, — 3a;*, 
and— 4ay? Ans. 43a:y-|-4i' — I6ay — 4a6; 

Ex. 9. What is .the sum of 7xy, — leSc, — 12a:y, 186c, and 
5xyJ ', Ans. 26c. 

Ex. 10. Add together Sax, — 606c, 7ar, — ^xy, — 6<m;, and 
— 126c. Ans. 6ax — 726c— 4xt^. 

Ex. 11. Add 8aV— 3ax, lax-hxy^ 9xy—5ax^ and^ xy-{- 
:2aV together. Ans. lOaV — ax-^-bxy. 

Ex. 12. Add 2r*-3/+6, 9xy—Bax^x^, 4y*— ^-6, and 
jP«y — 3a:y-|-3a:'* together. Ans. 4x^-\-y^.'{'6xy — 3aa; — yAr^V- 

Ex. 13. Add 2x^'—Ax^+r', ^xHi'-ah+x^ , 4x' — x\ and 

'1ix^—S+2x^ together. 

Ans. 4ar^ — x^ -^bj^-^bx'y — db — aP — 3. 

Ex. 14. Required the sum of 4a:»4-*7^6)»,4y*—6(a+6)', 

And a'— 4ar'-3y3— (a+6)«. Ans. a'+y^+ia+by. 

Ex. 15. Required the sum of ux* — 6a?'+cx'*, bcar^^-acaP — 

(PXj and ac^4"^' — ^^• 

Ans. ax* — (6.+ac)j:3-4-(^+^^+«)^"" {(P+b)x^c. 
Ex. 16. Required the sum of 5a+36— 4c, 2a— 664-6c+ 
2di a-46— 2c+3c, and 7a+46— 3c— 6c. 

Ans. 16a -26— 3c+ 2d— 3c. 

§. II. Subtraction of Algebraic Quantities. 

62. Subtraction in Algebra^ is finding the difference be- 
tween two algebraic quantities, and connecting those quanti- 
ties together with their proper signs; the practical rule for 
performing the operation is deduced from the following proposi- 
tion. 

63. To subtract one quantify from another, is the same thing as 
to add it with a contrary sign. Or^ thcU to subtract a posi- 
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tive'quantity^ is the same as to add a neg(Uive ; and to subtract a 
., negative^is the same as to add a positive, 

ThuSy if 3a is to be subtracted from 8a, thjs result will be 
8a*-73a, which is 6a; and if b-^c is to be subtracted from a, 
the result will be a — (6— c), which is equal to a-^b-^c : For 
since, in this case, it is the difference between b euid c that is 
to be taJcen from a, it is plain, from the quantity b — c, which 
is to be subtracted, being less than 6 by c, that if b be only 
taken away, too much will have been deducted by the quan- 
tity, c ; and therefore c must be added to the result ta make it 
correct. • 

This will appear more evident from the following conside- 
* ration ; Thus, if it were required to subtract 6 from 9, the dif- 
ference is properly 9 — 6, which is 3 ; and if 6 — 2 were sub- 
tracted from 9, it is plain that the remainder would be greater 
by 2, than if 6 only were subtracted ; that is, 9 — (6— 2) =9 
— 6+2 = 3+2==5, or 9--6+2=9--4=6. 

Also, if in the above demonstration, 6 — c were supposed ne- 
gative, or b — c^i-i-d ; then, because c is greater than 6- by d, 
reciprocally c-^z=zd^ so that to subtract — d from a, it is ne- 
cessary to write a+d» 

64. The preceding proposition demonstrated after the man- 
ner of Garyiier, 

Thus, \i b-^c is to be subtracted from the quantity a ; we 
will determine the remainder in quantity and sign, according 
to the condition which every remainder must fulfil ; that is, if 
one quantity be subtracted from another, the remainder added 
to the qu^antity that is subtracted, the sum will be the other 
quantity. Therefore, the result will be a — b -|-c, because a— *6 

This method of reasoning applies with equal facility to com- 
. compound quantities : in order to ^ive an example ; 
suppose that from 6a— 36+ 4c, 
we are to subtract, 6a — 66+ 6c ; 
designating the remainder by R, we have the equality, 

R-(-5<j— 55+6c=6a— .36+4C : 
which will not. b(B altered (Art. 49.) by subtracting 6a^ adding 
66, and subtracting 6(?, from each member of the equality ; 
therefore the result will be, • • 

R=:6a— 36+4o— 6a+66 — 6c, 
or, by making the proper reductions, 

R=:a+26— 2c. 
66. Another demonstration of the same proposition in Z#a- 
;?/ace's manner. 
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Thus we can write, 

a=a+b-^ .... (1), 
a — c=a-"<?+6 — b.. . . . (2) ; 
BO that if fromi a we are to subtract +6 or — 6, or, which is the 
same, if in a we suppress -\rby or — 5, the remainder, from trans- 
formation (1), must be a — b in the first case, and a+b in the 
second. Also, if from a — c we take away +b or —6, the re- 
mainder, from (2), will be a — c — ft, or a — c+^t 

66. Hence, we have the (oUowing general rule for the sub* 
traction of algebraic quantities. 

RULE. 

Change the signs of all the quantities to be subtracted into 
the contrary signs, or conceive them to be so changed, and then • 
add, or connect them together, as in the several cases of addi- 
tion. 

ExAittPLE 1. Ffom 18a& subtract 14a6. 

Here, changing the sign of 14a2>, it becomes — 14a5, which 
being connected to ISab with its proper sign^ we have I8€ib 
— 14a6=(18— 14)a^=4a6. Ans. 

Ex. 2. From \6x^ subtract — lOa:*. 

Changing the sign of — lOar*, it becomes+ lOa;', which 
being connected to 15ar* with its proper sign, w6 have ISa:'-!- 
10x-=25jr2. Ans. 

Ex. 3. From 24fl&+7cd subtract 18a*4-7c(/. 
; Changing the signs of ISab+Jcd^ we have — i8ab — Ted, 
therefore, 24a5+7cd — I8ab — 7cd=^6ab. Ans. 

Or, 24ab-h7cd # 

—I8ab—7cd 



Qdb Ans. 



Ex. 4. Subtract 7fl — 5b+^ax {rom I2(i+I0b+I3ax — 3fli. 

l2a + i0h+lZax — Sab 
Changing the signs of ) 
all the terms of 7a — 5b > — 7a+5h — 3ax 

+3ax ; it becomes, ) -: '. j— 

. /. by addition, 5a+l6b+i0a2r—Sab. 

« 



Ex. 6. Fiom 3ab—7ax + 7ab +Sax, thke 4ab — 3ax—4xyj 

Zab~1ax 
7a^4-3flar 
Changing the signs of all) . t , « i a 
the terms of 4a6-4a;r-^^, } " ^«* + ^^ + ^ 

• .*• by addition, 6«6 — ax-\'4xy. Ans. 
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Ex. 6. 

From36o— 126-f7c 
Take 14o- 464-7c-.8 



Bern. 22a— 86+8 Ans. 



• In the above exftmple,.on^ row is set iind^r the other, that 
is, the quantities to be subtracted in the lower line-; then, 
beginning with 14a, and conceiving its sign to be changed, it 
becomes -*14a, which being added to 36a, we have 36a— 
14a=22a ; also, -*46, with its sign changed, added to —126, 
will give 46 — 126=(4--12)6=.— 86 ; in like manner, Tc—Tc 
=^, and-r-8, with its sign changed, =+8. The following 
examples are performed in the same manner as the last. 

Ex.7. Ex. 8. 

From 3a;— 40+ 6 a-[- 6 

; Take 2a+3a-^76 a— 6 



Ex. 9. Ex. 10. 

From 3fl6-'-4ca;+ y 7ar*+3r'' — z 

Take 4aa;4.2>-^3y» • 6x^'-'2x^-^x 

' ■ "' ' ' . ■ ' '■' 

Rem. Zabr-4ax+y — 4ar— 2a;^+3ya x^+bx^-^dx 

Ex. 11. ' Ex. 12. 

Fropa5a?»— 4a^ij^6 .. 7a;a— 8 

Take 4a?a — 4a;y-h9 9x^+5ab — 3x^ 



Rem. X' * — 4 ' 3a;3^2«a— 5a6-8 



Ex. IS. 

From ax^ — bx^ + x 
Take px^ ^cx^ +ex 



(a -/?)a:3— (6--c)ara ^.(i^^)^. 



Ex. 14. 

From bx^+qx^—rx+py^ 
Take aa?5— caj*+ww:— «y« 



(6— a)a;^+(^+c)2;»-^(r+w)a?+(p+s)y> 
' « . . . ■ ■ 

67. As quantities in a parentheses, or under a vinculum^ are 
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considered as one quantity with respect tor other symbols 
(Art. 10,) the sign prefixed to quantities in a parentheses af- 
fects them all ; when this sign is negative^ the signa of ejl. 
those quantities mi!ist be changed ix> putting them into the pa- 
rentheses. 

Thus, in (Ex. 13), when — ci* is subtracted from -rfta?', the 
result is —rhx^-^cx^^ or •^(b'r'C)^^ : because the ^ign — ^ pre- 
fixed to (fe-'-^) changes the signs of h and c ; or it may be writ- 
ten -{-(€ — J)a?'. 

Again, in (Ex. 14), when -f-mar is subtracted from — fz , 
the result is — rx — mx ;' and,as this means that the sum of rx 
and mx is to be subtracted, that negoHve iium is to be expfessr 
ed by '—(rxr\'mx)=-r'(f+fi^)i' 'For the same^.. reason, the 
multinomiai quantity —my' +rt*y» -r-uby^ '^ ry' -h6y?, when put 
into a parentheses, with a negative sign prefixed, becomes 

— (m— n»-J-fl64-r-6)y*. 
Ex. 15. From fl — 6, subtract a+i. Ans.T-26. 

Ex. 16. From7a?y — 5y+3ic, subtract 3a:^-f-3y-|- 3a:. 

An». 4a;y— 8y; . 
Ex. 17. What is the difference between 7fl:p"+6a?y—l2ay 
+ 56c, and 4aa?2 +6iry— Say— 4crf. 

Ans. 3flfir» — 4ay'{-6bc'\'^cd. 
"Ex.,l|u From 8a;' -3aa;+5, take 6a?'4-2ajr+6. 

Ans.' 3a:'— ^aa?, 
Ex. Ifl. From a-f-5-f-c, take — fl^5 — c, 

^ Ans. 2tf+2J-f-2c. 

Fx. 20. From the sum of Sx^l^'iax+Sy^^^^+^ax^-r^, 
y2 — ax+bx^, and 3fla; — 2a:»— y* ; tak6 the sum of Sy' — x" 
+x^^ ax — ^a;3+4a:*, 3ar3 - aa:-— 3y* , and 7y«— oa;4-7. 

' Ans. Ax^ +4*r — ^y^ — 6a:»— 7. 
Ex. 2*1. From the sum of x^y^ — x^y-^Zs^y^^^xy^ — ^15— 
3a:*y*, and *10+2x^y^ — 3a;«y, subtract the sum of 6a:»y«— 20 
•{-xy^^Zx^y — a:3y»-haa;, and 8iy»— 4ai«y'~9+a«ar*. ' . 

., Ans. 23{?y» — 7a;* y-^aa:—a^a:»-f 84* 
Ex. 22. Froma'a:«y» — m»a;3+3caf^— 4^:^—9): take o^ipay a 

— n^x^+c^x+hx^-^-Z, 

Ans. (flS -.a»)a:«yar— {m«-— »*)a;3^(3c— c3)a?— (4+6.) 

a:«— ^12. 
§. III. .Multiplication of Algebraic Quantities. 

In the multiplication of algebraic quantities, the following 
propositions are necessary to be observed* 

68. When several quarUitie^ are multiplied continually together^ 
the product wiU be the same^ in whatever order they are mxd^ 
tiplied. * 



MUETIPLICATION. • 23 

: .Thus, oX^^&X«==:*^^- • 

3For it is evident; from . the na,iure of .multiplication, that the 

product contains either of .the factors as .manj times as the ' 

Other contains an unit. . Therefor^; the t>roduct db contains 

a as many times as 6 contains an unit, that is, b times. 

And t&e same quantity a6, contains i) as many times as a 
contaiiis "an unit^ ihat is, a times; Consequently, a X ^ = ^^= 
ab ; so that, for instance, if the numeral value of a be 12, and 
of A, 8, the product o6 will be ♦12x8, 6r 8x12, which, in 
either case, is 96. . . 

In like manner it wiH appear that a6c=:ctf6=6ca, <&c. 

6^. If my number of: gttaniities be multiplied continually together^ 
and any othir number of guar^ities be also multiplied con^ 
4inually together.^ and then those two products, be muUipUed 
together ; the whole product thence arising, will be equal to 
. that arising from ike continual multiplicaiionof all the single 
quantities, 

/ Thm^ abxcdszaxhX^Xfi'^o,bcd. 

For ab^aX^i ^^^ cdd=:cx^ ; if x be put— cfl?,Mhei\ abX 
«l3=o6X^=»aX^X^j^uta:is :5:cd=icx<^) .".aZ>X^=®^X^ 
Xd^ax^X<^^^^9d' . ^ 

70. If two quantities be multiplied together^ the product mil be 
^xpre^sed by the product of, }heir numeral coefficiently with the 
• several letters, subjoined. ' . 

Thus, 7ax66-^5«&^ • 

JPorTa is =7Xa, and 5fe=5xfe, .-.70 x 655=7 X^X^X* 
==7x5X».?C^'='^^X<^^^35^^' 

71. Thepowets of the same quantity are multiplied together by 

adding the indices. 

Thus,, to multiply u^ by a', it is necessary to w^rite the let- 
ter a only onc(i,: and to give it for an exponent the "sum 2+3, 
the/*exponent8 of the factors ; .that i§, a^ X^'=«'^'*'^=^ r 
because a2==aXa,and.a^=:aX«X^; therefore a« x«*=flX« » 
X^X^X^=^'- If^ general, the product of fl"» by a'* , w and n 
being always entire positive numbers, is a'"*". In fact, a^ is 
the abbreviation of aX^X^, dtc, conunued to m factors, and 
d* is flX^X^) <^c., continued to w factors ; therefore a"» x«** = 
«X^X^X«X^) <Sfc., continued to m+n factors ; which (Art. 
12)isa'"+". . • 

Reciprocally a"****" can be replaced by a"» x^** The quan- 
tity a« is sometimes called an exponential. 



e 
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72. If two quantiHea: having like signs ($rt frmiiipiied to^ether^ 
the sign of theprdduat wiUbe + j if their sigtt^ are m^^ 

the sign ^ the prodoGt will he j^: -. , ' 

' • ' . • . . » , 

1. A positive qtiantity liY^ing .muItiFlHed. bjr a jxmitiv^ one,' 
the product is positivisy; thus, -H»x+*^+fl^* becatage'^a 
is to'be added to. itself, as often .as thek'e. are uiuU'k]L$, and- 
consequently the product will he +aJ. . 

2. A negative quantity beipg mubipliedby a po^tii^e one, 
the product is negative ; thus, — ax +^=^-H^i \ becatrsfe ,-*- $j • 
is to be added to itself as. eflen els there! are units 'in h^ and 
therefore the product is -^db. OrJ since -adding a. ^egatiire 
quantity is equivalentto subtracting' a piosftifVe one, the ihor0 
of such quantities that are added, the greater, will the' whole 
diminution be, and the sunt jpf the whole, or the prpduet, ixMEtst 
be negative. - . . * . . « '; 

3. A positive quantity being ■ multiplied by a negative. One,; 
the product is negative; thus, +fl)<-r^.^^ — fl^j because 
+0 is to be subtracted as often as there are units in ^,. and 
consequently theproduct is. — ci^. • '.. 

4. A ilfegative quantity b^ing multiplied by a negative 0fie, 
the product is positive; thus,'— ^x— *A=+^f'. ^P<>r, «X — ^ 
= — ab^ thftt is, when the positive. Tpantity a i$ muItipKipd by 
the negative quantity i, the product indicat^es. tbat.a must be* 
subtrajctedas often as there are units '\tib\ but'whenfl is ne» 
gative, its subtraction is equivalent to the addition of an 
equal positive quantity ; therefbrej in this case^ an eqiial po^ 

sitive quantity must 'be add6.d as often asHhere are units in'5. 

■ • ' ■ > ' . ' 

73. If all the terms of a compound qmntity. be fmdtipHed sepa- 
rately by a simple, one ^ the sum of all the products, takfin to- 
gether^ wUlbe equal to- the product of the' whole compound quan- 
tity by the simple one, • . 

* ^ • • ' .'.■■'■ .'. . " 

For, in the first place, if c-^j be multiplied by c,' the pro* 
duct will be ca-{-cb: Since a+^is. to be repeated ias h^any-. 
times as there are units ih\; the pr6ducl of a bye, that is, 
ca, is too little by th.e prc>d.tict of ^ by c, that is, cb ; it is ne- 
cessary then tp augment ca by cJ, which will give for the prq^ 
. duct sought ca +^3, where the term -{-cb arises from multiply- 
ing + ^ by c. It would be found by reasoning in like manner,^ 
that the product of chy a+b must.be ca-^cJj where +cHs 
cX+^. If, in the second place, a — 5 he multiplied (where a 
IB greater than b) by c, the product will be ca — cb. Since 
fl—j is to be repeated as many times as there are units in c ; 
the product of a by c will give too great a result by the pro- 
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duct tb] it is necessary then to diminish the product ca by cb, 
so that the true product is ca — cb. 

Let, for example, 7-~2 be muhiplied by 4 ; the product will 
be 28 — 8, or 20 ; 

For, 7x4, or 28, is too great by 2x4, or by 8 ; therefore, 
the true product will be the first diminished by the second, or 
28 — 8, that is 20. In fact, 7—2, or 6x4=20. The term 
— cb of the product^ is the product of — b by c. 

It would be found, by reasoning in like manner, that the 
product of c by a — 6, must be ac — 6c, the same as in the pre- 
ceding, and in which the term — be is the product of c by —6. 

If, in the third place, a+ft+d be multiplied by c, the pro- 
duct will be ca+cb+cd. 

For, let a+b be designated by e; then, e+d multiplied by 
c is equal to ce + cd ; but ce is equal to c X (a+6) = ca + eft, 
because c is equal to o+6 ; therefore (a+6+d)xc=ca4'<?^ 
-{-cd. Also, if (0+6) — d be multiplied by c, the product will 
be ca+c6— cd; for let (a+6)=c, then (c— (/)xc=cc — C(/= 
c(a+ 6 ) — cd= ca -|- c6 — cd. 

Finally, it may be demonstrated in like manner, that if any 
polynomial, a4-6 — d+c— /, &c., be multiplied by c, the pro- 
duct will be ca-^-cb—cd+ce — c/*, &c. Also, if a quantity c 
be multiplied by any polynomial a+b — d+c, dtc, the product 
will be ac+6c — dc+ec, &c. 

« 

75. If a compound quarUity be midliplied by a compound quan- 
tity ^ the product will be equal to every term of one factor^ multir 
plied by every term of the other factor ^ and the products added to- 
gether. 

Let, in the first place, a+ 6 be multiplied by c-|-d: a+6 
taken c times is ca+cb^ as we have already proved ; but this 
product is too little by the binomial a4-6 repeated d times, it 
is necessary then to add to it da+d6, and we will have ca+ch 
+ da + d6 for the product sought ; in which the term -J-dfe 
arises from the multiplication of -I- 6 by +d. 

Suppose, in the second place, that o-f-6 is multiplied by c— d, 
the product will be ca+c6 — da — d6. 

Because the product of a+6 by c, that is, ca+c6, is too 
great by that of a+ 6 by d, which is da+d6 ; we will have 
therefore the true product equal to ca+c6 — do-— d6, where the 
term — d6 is the product o/" 4 6 by — d ; in multiplying c — d by 
0+6, we will find that — 6d is the product of — d by +6, 

liCt, in the third place, a — 6 be multiplied by c — d ; the pro- 
duct will be ca — c6 — da+d6. 
For, the product of a — 6 by c, that is, ca— c6, is too little by 

4 
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that of — b by d, which is da — db ; because the multiplier c 
is too great by d ; it is necessary then to subtract the second 
product from the first, and the difference will be (66) ca — cb 

Here the term -l-hd restdtsfrom — h by — d. 

Finally, if o4-o+c be multiplied by c+rfthe product will be 

For, in designating o+6 by h ; then, (A+c) x(c+flO=^+ 
ee+dh+ed, which is equal Ax(c-frf)+^'^^^=(^'i"^)X(^+ 
rf) + «c + crf=: ca+ c6 4- ce + c«/-|- 6rf + (fe. 

The same mode of reasoning may be extended to compound 
quantities composed of any number of terms whatever. 

76. Cor. Hence, in general, if any two terms which are 
multiplied have different signs, their product must be preceded 
by the sign — , and if they have the same sign, the product 
is affected with the sign + ; agreeably to what has been de- 
monstrated (Art. 72.) where simple quantities, or isolated fac- 
tors, such as, +a, +6, — a, — 6, were only considered. 

From the division of algebraic quantities into simple and 
compound, there arise three cases of Multiplication ; the prac- 
tical rules for performing the operation are easily deduced from 
the preceding propositions. 

CASE I. 

When the factors are both simple quantities. 

RULE. 

77. Multiply the coefficients together, to the product subjoin 
the letters belonging to both the factors, and the result, with the 
proper sign prefixed, will be the product required. 

Ex. 1. Ex. 2. Ex. 3 Ex. 4. 

Multiply 3a6 6a? -6y — 4a« 

By 4c — 3a +3a: — 6a?" 



Product 


\2abc 


— 16aa^ - 


— \Sxy 
Ex.7. 

a?y 

— Ixy 

— 7xy 


+24a»a:» 


Mul 

By 

Pro. 


Ex.5. 

2ax 

— 8ac 

-16aV 


Ex. 6. 
— 3fl»c 
+6ac» 


Ex.8. 
— 5a»6=c 
— ia^l^x 


— ISo'c' 


+20o*6^ca? 
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Ex. 9. Required the product of 4abc and 3a'c. 

Ans. 12a?6c*. 
Ex. 10. Required the product of — 7axy and — 2acx. 

Ans. -\-l4c^ca^y* 
Ex. 11. Required the product of 7xy and — 3yV. 

Ans. — 21ar'2^. 
Ex. 12. Required the product of a* and —a'. Ans. — ir, 
Ex. 13. Required the product o(axz and bx^z, 

Ans. abx^s^, 
Ex. 14. Required the product of —xyz and abc. 

Ans. — abcxyz. 
Ex. 16. Required the product of— 45'crf' and — 2a^h(?d, 

Ans. 8a'Z»VcP. 
Ex. 16. Required the product pf — 3o^ and 4o. 

- Ans. — 120*. 
Ex. 17. Required the product of c?h^c by o^h(?d. 

Ans. a^hVd, 

CASE II. 

fVhm one factor is Compound and the other Simple. . 

RULE. 

78. Multiply each term of the compound factor by the sim- 
ple factor, as in the last case ; then these products placed 
one after another with their proper signs, will be the product 
required. 

Ex. 1. 
Multiply 4xy — 3aa:+2y 
By 4ctx 

Product 16ar»y — 12oV + Soay 

Ex.2. 

Mul. 4a;3— 3x^-8 
by — 2aa? 



Pro. — 8ar*+6aar*+16ax 

Ex 3 

Mul. 8a^— 7a»+3o-l 
by 26 

Pro. 16a36-14a»6+6o6— 2ft 
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Mul. Za^ye—xfz—^a^ 
by — Q^yz 



Pro. — 3a:*2^V + r>V 4- 2aVy«;gr 

Ex. 6. Multiply 8aV—36+c by 2oc. 

Ans. 16a^car»— 6aAc+2ac^, 
Ex. 6. Multiply —3a:^—4a'+5 by — \ax, 

Ans. 12aa:'+16a^ar — 20ar. 
Ex. 7. Multiply a^+oaj+aj" by oa:. . 

Ans. o'a;+o'a;*+«^- 
Ex. 8. Multiply ar"—jry+y2 by — ^y 

Ans. -^ar^y+ar'y" — :^. 
Ex. 9. Multiply Sa'*— 2a6+36^ by a^fe^ 

Ans. Sa^fe''— 2a353+3a26*. 
Ex. 10. Multiply a2a:»—aa:+9 by 6. Ans. 6aV— 5aar+45. 
Ex. 11. Multiply 2cflf--3ai— 3 by 4ac.. 

Ans. Sac'd — 12a^6c — 12ac* 
Ex. 12. Multiply 7a:2+3a6-62/'» by -xy, 

Ans. — iT^yz—Zaboey-^hx!^^ 
Ex, 13. Multiply a+^-c—d by aftcrf. 

Ans. a^6cd+o6''cd — cibc^d — abc^, 

CASE III. 

Whm both factors are compound quantities. 

RULE. 

79. Multiply every term of the multiplicand oy each term of 
the multiplier successively, as in the last case ; then, add or 
connect all the partial products together, and the sum will be 
the product required. 

Note. It is necessary to observe that like quantities are ge- 
nerally placed under each other ^ in order to facilitate their addition. 
And if several compound quantities are to be multiplied con- 
tinually together ; thus, 

(«+^) X («— 2>) X (a^+ab+h^) X {a^—ah+h^). 
Multiply the first factor by the second, and then that product 
by the third, and so on to the last factor ; but it is sometimes 
more concise not to observe the order in which the compound 
quantities, or factors, are placed, as can be readily seen fronx 
the following examples. 
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EXAMPLE 1. 



Multiplicand 2o* — 3b€^--5b^a^ 
Multiplier a^—2ba^+Sb'a 



1st partial pro. 2o''— 36a*-66«a' 

second — iba^+6b^ a^+ 1 06 V 

third +663 a^—9b^a!^—l6b'^a^ 



Total prod. = 2a^—7baP+ 7b» a^+Pa* — 1 56V 



Ex.2. 

Multiply a+b 

by a — b 



1st partial prod, a^-^-ab 
second — ab — 6' 



Total product a« * — 6» 



Ex.3. 

Multiply 02 +fli+ia 
hy a^—b^ 



Ist partial product a^-\-o^b+a'^b^ 

second — aH^ — aP — 6* 



Total prod. a^-k-a^b * — ab^--^'^ 



Ex.4. 

Multiply a^+a^b—ab^'—b'^ 
by a^ — ab +6» 



1st partial prod, c^+a^h — ^^6^ — a'^b^ 
second — a^b — a*63 +a«6*+a6* 

third +a*63 +0^ 6^— «6«— 6' 



.« 



Total product o« * * * * — ^ 



Ex.5. 

Multiply a3 +a64-6» 
by a« — o6+63 

4* 
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I8t partial prod. (^+a^b+a^b» 
second J^bJ—a^h* — ab^ 

third +a^b^+ab^+b* 



)talprod. «* * +a»b^ * 


+h* 


Ex. 6. 




Multiply a*+a»6«+6* 
by a"— 63 




1st partial product aP^a*b^+a^b^ 
second — a*b^ — a^ b^ 


'-6» 


Total product a« * * 


— 6« 


Ex.7. 




Multiply a2+a6+6* 
by a — 6 




1st partial prod. a^+a^ b+ab' 
second — a^ b—ab^ - 


-6=^ 


Total product a' * * - 


-6« 



Ex.8. 

Multiply a2-a6+ 62 
by a +6 



first a^—a^b+ab^ 

second +«^ 6 — ab^ +6' 



Product a^ * * +6^ 



Ex.9. Ex.10. 

Mul. d'—b^ a«— a6+63 

by c^+b^ a — 6 



1st. a^—a^b^ aP — a^b + ab^ 

2nd. +a'b^—b^ — a^ 6 + ab^^b"^ 



Prod, a" * — 6« a^-'2a^b+2ab^ — 6' 
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Ex. 11. 

Multiply a^ +ab+b^ 
by a +6 



first a^+a^b+ab» 

second 4'fl^'^+«^'+^' 



Product a^+2a'b+2ab*+b^ 



Ex. 12. 

Mult, fl' +2a^ b+2ab^ +b^ 

1st. a8+2fl«6+2a*6«+a3fe3 

2nd. — 2a« 6 - 4a* b^ — ia^b^—2a^ b* 

3d. +2a4 6a+4a'63+4a^6*+2a6* 

4th. — a»63--2a26*— 2a6*— 6« 

i 

prod, a^ * * * < * * — fte 

When the quantities to be multiplied together have literal 
coefficients, proceed as before, putting the sum or difference 
of the coefficients of the resulting terms into a parentheses, or 
under a vinculum, as in. Addition. , 

Ex. 13. 

Mult, x^ — ax+p 
hjx^+bx+^ 



1st. X* — ax^-j-px^ 

2nd. +bx^ — abx'+bpx 

3d. +'Sx^—Sax+3p 



prod. X* — (a — b)x^+(p — ab+3)x^ + (bp — 3a)x+Sp. 

Ex. 14. 

Mult, ax^ — bx +c 
by x^ — ex -f 1 



1st. ax* — bx^+cx^ 

2nd. — acx^+bcx^ — c'^x 

3rd. +ax^ — 6a:- 



prod. ax* — (b+ac)x^+(c+bc+a)x^^(c^+b)+c 



Ex. 15. Required the continual product of a+2x^ a — 2ar, 
and a> +4x' . 
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Multiply a+2a; 
by a — 2x 



a^+2ax 
— 2ax — ix* 



Multiply a» — 4a?> 
by a» +4x* 



a* — ^a^x' 

+4a^x^—l6x* 

Total product a* * —ISx* 



It may be necessary to observe, that it is usual, in some 
cases, to write down the quantities that are to be multiplied 
together, in a parentheses, or under a vinculum, without perforna- 
ing the whole operation ; thus, (a+ 2x) X (a — 2x) X (o* + 4a;* ) . 
This method of representing the multiplication of compound 
quantities by barely indicating the operation that is to be per- 
formed on them, is preferable to that of executing the entire 
process ; particularly when the product of two or more factors 
is to be divided by some other quantity ; because, in this case, 
any term that is common to both the divisor and dividend may 
be more readily suppressed ; as will be evident, from various 
instances, in the following part of the work. 

Ex. 16. Required the product of a-f-^+c by a— 6+c. 

Ans. a^ +2ac-^b^ +c^ . 

Ex. 17. Required the product of a;+y+^ by x — y—z. 

Ans. x^ — y^ —2yz — z*. 

Ex. 18. Required the product of 1 — a?+^^ —a?' by 1+a:. 

Ans. 1— a:*. 

Ex. 19. Multiply a^+'ia^h-^-'dah^ +63 by a^'\-2ah+h^. 

Ans. a«+5a*6+10a36^+10a263+5a64+ft5. 

Ex. 20. Multiply ^x^y'\-Zxy - 1 by 2x^ —x. 

Ans. Sx^y+23iPy — 2x^—3x^y+x. 
Ex, 21. Multiply a?'4-a;^y+a?t/3 +y^ \yy x—y. Ans. a;* — y*. 
Ex. 22. Multiply 3a:3--2aV+3a3 by 2x^-'M^x^+ba^, 

Ans. 6a:«— 13o2 2:s+6a*a?*+21a3a;3— 19afia;3+15a». 
Ex. 23. Multiply 2a^ — Zax+^x^ by ba^ -6aa:— 2x«. 

. Ans. lOo*— 27a3a:+34o3a:2—18aar3— 8a:*. 

Ex. 24. Required the continual product of a+a:, a^x^a"^ 

+2aa?+a;»,anda^^2aa?+^^ Ans. a^ — Za^x^+Zu^x* — x^. 

Ex. 25. Required the product of a:^— .aa;»+6a: — c, and a:^ 

— 2a;+3. 
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Ans. a?'— (a+2)a?*+(6+2a-f 3)ar'— (c+26+3a)a;3 +(2c+36) 

X — Zc» 
Ex. 26. Required the product of mx^ —nx — r and nx — r. 

Ans.mnaP — (w*+mr)a?*+r*. 
Ex. 27. Required the product of jpa:' — rx-^q and a:' — rx 
— q. Am.px* — (r+pr)x^+(q+r^^fq)x* — y*. 

Ex. 28. Multiply 33r'-2xy+6 by x'+2xy— 3. 

Ans. Sx*+4aPy'-4x^ X(l+y^) + 16^— 1^- 

Ex. 29. Multiply a' + Sa b + Sah^ + 6' by (^—3a^b + 

3fl62 _53 Ans. af'—Sc^b^ + 3a^ 6*— 6» 

Ex. 30. Multiply 5a^—4fl26+6a6a—353 by 4fl2—5tf6+26». 

Ans. 20a*— 4 1 a^6 + 50a^i3 _45aa^,3+ 25fli^— 65*. 

Ex. 31. Required the continual product of.^x+r, a*+2fl« 

+a;« , and (^+ 3a^ x + 3ax* +r*. 

Ans. a«+6fl'a:+15a*xa+20aV+15a*ara+6flr'x+a;». 
Ex. 32. Required the continual product of a — ar, a' — 2ax+ 
x', and fl^ — Sa^x.+Sax^ — aP. 

Ans. a«— 6a5a?+15a^a:»— 20aV+16a*x»— ert'x+a:". 

§ IV. Division of Algebraic Quantities, 

80. In the Division of algebraic quantities, the same circum- 
stances are to be taken into consideration as in their multiplica- 
tion, and consequently the following propositions must be ob- 
served. 

81. If the sign of the divisor and dividend he" like ^ the sign of the 
quotient will he + ; if unlike^ the sign of the quotient will he — . 

The reason of this proposition follows immediately from mul- 
tiplication. 

therefore —, — =+6 : 
+a 



-ah 






— a 
+ah 



= -5: 



Thus, if +ax+h=+ab 

— flX+^~ — *^ 

— flX — h=+ah 

82. If the given quantities have coefficients^ the coefficient of the 
quotient will he ^qual to the coefficient of the dividend divided hy 
that of the divisor. 

Thus, 4fl!6-f-2*,or -^=2a. 

For, by the nature of division, the product of the quotient, 
multiplied by the divisor, is equal to the dividend ; but the co- 
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efficient of a product is equal to the product of the coefficients of 
the factors (Art. 70). Therefore, 4ab^2b= - X T=2fl. 

83. That the letters of the quotient are those of the dividend not 
common to the divisor^ when all the letters of the divisor are common 
to the dividend : for example, the product abc, divided by aft, 
gives c for the quotient, because the product of ab by c is abc, 

84. But when the divisor comprehends other letters^ not common 
to the dividend^ then the division can only be indicated and the quo- 
tient written in the form of a fraction, of which the numerator. is the 
product of all the letters >if the dividend, not common to the divisor^ 
and the denominator all those of the divisor not common to the divi- 

'dend : thus, (d>c divided by amb, gives for the quotient — , in ob- 

serving^that we suppress the common factor ab, in the divisor 
and dividend without altering the quotient, and the division is 

reduced to that of — , which admits of no farther reduction 

m 

without assigning numeral values to c and m, 

86. If all the terms of a compound quantity be divided by a simple 
one, the sum of the quotients will be eqiud to the quotient of the 
whole compound quantity. 

_, ab . ac . ad ab+ac+ad . , , . 

Thus, 1 1 = ' — =b+c+d. 

a a ct d 

For, (b+c+d) Xfl'=«*+flc+ffflf. 

86, If any power of a quantity be divided by any other power of 
the same quantity, the exponent of the quotient will be thai of the 
dividend, diminished by the exponent of the divisor. 

Let us occupy ourselves, in the first place, with the division 

a"* 
of two exponentials of the same letter ; for mstance, ~j m and 

v^ being any positive whole numbers, so that we can have, 

m>w, ws=», w<». 
It may be necessary to observe that, according to what has 
been demonstrated (71), with regard to exponentials of the 
same letter, the letter of the quotient must also be a, and if the 
unknown exponent of a be designated by x, then a* will be the 
quotient, and from the nature of division, 

from which there necessarily results the following equality be- 
tween the exponents, 
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f»=n+ar; 
And as, subtracting n from each of these equal quantities, the 
two remainders are equal (Art. 49), we shall have, 

m— w=a? .... (1). 
Therefore, in the first case, where m is >n, the exponent of 
the quotient is m — n ; thus, 

a«-f-o5==o*-«=aa, and o'-i-a=a5-*=a*. 
Also, it may be demonstrated in like manner, that (a+a:)^-f- 

ia+xr=(a+x)^^=(,a+x)^ ; and g^±^ = (2x+y)''-«= 

(2ar+y)». 
In the second case, where m^n, we shall have, 

From which there results between the exponents the equality, 

and subtracting m from each of these equals. (Art. 49), 

m— m=a:, or x=0 .... (2) ; 
therefore, the exponent of the quotient will be equal to 0, or 
a'=a°, a result which it is necessary to explain. For this 
purpose, let us resume the division of a"» by a"*, which gives 

unity for the quotient, or — ==1 ; and as two quotients, aris- 
ing from the same division, are necessarily equal ; therefore, 

Hence, as a may be apy quantity whatever, we may conrfudc 
that ; any quantity raised to the power zero^ must he egUal to 
unity ^ or 1, and that reciprocally unity can be translated into 
fl°. This conclusion tsikes place whatever may be the value 
of a ; which may also be demonstrated in the following man- 
ner, 

Thus, let a°=^y ; then, by squaring each member, a'^x^"^^ 
yXy, ora«=y« ; 

therefore, (47), y' =y^ 

and (61),?^ = ^, 

y y 

or y = 1 ; 
tut «<»= y ; consequently fl°==l. 
In the third case, where m is less than n ; let »=w+^, d 
being the excess of n above m ; we shall always have, 

and equalising the exponents, because the preceding equality 
cannot have place, but under this consideration, 

m^m+d+x, 
subtracting m+rffrom both sides, the final result will be 
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a?^— rf (3) J 

then the quotient is ar^. 

In order to explain this, let us resume the division of tf" by 
fl», or by rfw+^sa^x^** J ^7 suppressing the factor a**, which 
is common to the dividend and divisor, according to what has 
been demonstrated with regard to the division of letters (Art. 

84), we have for the quotient-—,: therefore, 

This transformation is very useful in various analytical 
operations ; in order to see more clearly the meaning of it, 
we may recollect that a+^is the same as aXflX^^f, &c., con- 
tinued to d factors ; therefore, according to the acceptation 
and opposition of the signs, a-^ must represent ax^X^> ^c., 
continued to d factors in the divisor. 

Hence, according to the results (1), (2), and (3), the pro- 
position is general, when m and n are any whole numbers 

whatever; thus, a^~^a^=(P''^=a~^,ov — : because the di- 

visor multiplied by the quotient is equal to the dividend, a'x 

1 a^ 

a— 5=ra5-2=a3= the dividend, and-3^x«'= — T = a^-^=a» 

= the dividend, therefore, a"-2=-5-. In like manner it may 

be shown that, ~=«""^ -7=fl""*j &c. But, according to 

the result (4), in general, — =«""'', where d may be any 

whole number whatever ; hence the method of notation point- 
ed out, (Art. 32), is evident. 

87. If a compound quantity is to be divided by a compound 
quantity, it frequently occurs that the division cannot be per- 
formed, in which case, the division can be only indicated, in 
representing the quotient by a fraction, in the manner that has 
been already described (Art. 8). 

88. But if any of the terms of the dividend can be produced by 
multiplying the divisor by any simple guaniity, that simple 
quantity will be the guotient of all those terms. Then the re- 
maining terms of the dividend may be divided in the same 
manner, if they can be produced by multiplying the divisor 
by any other simple quantity ; and by ccj^inuing the same 
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' . metkoi^t until the whole dividend is' exhausted ; the sum of aU 
those simple quantities will be the quotient of the whole comp(Hmd 
guantityi ' , 

The reason of this is, that as the whole dividend is made up 
of'all its parts, the divisqr is eoiitained in the whole as often as 
it is contained in all ite parts. -Thus, (ah^\^bJ^£idr{'Cd)^ 
(a-^-c) 18. equal to b-^d-:\ • . 

For 6 X '(®4-<^) = oi-^cb ; and d x («+<^) = odX-cd ; but the 
sum of ah'^'CO and ad-^cdi^ equal to abMcbJ^aa-\-cdj which 
is equal to the dividend ; therefore b-^^a is the quotient re- 
quired.. 

Aho, (a'' +d^ab+2h^^\a+b) is equal to a+2b. 

For, it is evident in the first place, that the quotient will 
include the term a, since otherwise we should not obtain or*. 
Now, from the multiplication of the divisor a^b by a, arises 
(f^ab ] which quantity being subtracted from the dividend, 
leavefe a remaind^j 2o6r^-26'? ; and this remainder must also 
be divided by <t-j,6, whfeiQ it is evident that the quotient of 
this division must contain the term 26 : again, 26, n^ultiplied 
by 0+6, produces 2^6-4-26^ ; consequently a^2b is the quo- 
tient required ; wtiich, multiplied by the divisor a-|-6, ought 
to produce the dividend (i^-|^a6-[-26^. See the operation at 
length; 

a-|-6)a»4.3a6+262(a4-26 
<r*-j- ah 

2a64-26» 
2a6+26« 



89. Scholium. If the divisor h^ not exactly contained in 
the dividend ; that is, if by continuing the operation as above, 
there be a remainder which cannot be produced by the mul- 
tiplication of the divisor by any simple quantity whatever ; 
then place this remainder" over the divisor, iri the form of a/rac- 
tion^ and annex. tV to the part of the quotient already determin- 
ed ; the result will be the complete quotient. 

But in those cases wheire the operation will not terminate 
. without a remainder ; it is commonly most convenient toex^ 
press the quotient, as in (Art. 87), 

90. Division being the converse of muUipHcaHon^ it also ad- 
mits of /Are^ cases. 
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CASE I. 

When.tht divisor and dividend are hbth simple quantities. 

RULE. 

SI. Divide, at first, the coefficient of the divideitid hy that ctf 
the divisor ; next, to the quotient fihnex "those letters or faotors 
of the dividend that are not found in the divisor ; finally, pre- 
fix the proper sign to the result, and it will li)e'the-,quotient re- 
quired. . , \. 

Kote. Those letters in the dividend, that are con^ipon to it 
with the divisor, are expunged, when they have the same ex- 
ponent ; but when the exponerifs- are not the same, the; expo- 
nent of the divisor is subtracted from the exponent of the 
dividend, and the remainder is the exponent of that letter in the 
quotient. , .. 

Example 1. Divide l^ax^hy Zax, 

oax 6 a X / • 

Or, ^^=yXa^-^X*'-*=6Xfi''X«?=6^; See (AiU 

86.) 

Ex. 2. Divide— 48a2&»c2 by 1646c. 

In the first place, 4S-i-16=3= the coefficient of the quo- 
tient, next, (r*fe*c^-f-o6c=:a^*X^^""*X^^*=«^^ ; nowj an- 
nexing ahc to 3, we have 3a6c, and, prefixing the sign — ; be- 
cause the signs of the dividend and divisor are unlike ; the re- 
sult is — 3a5c, wliioh is the quotient required. 

Or, the operation may be performed thus, 
— 48tf'6»c^ 48 a^ > e» ., , 

-T6^^^i6 X^X y X r=-^XaX^Xc==-3«6c. 

Ex. 3. Divide —^laPfz^ hy-r^la^fsrl 

z|^^=+yXf-^x^^-'x^-^==+3^^. 

]?x. 4. Divide 2Sa*b^c' by —7o^b'c\ 
28a^6V^— 7a«6«c^=^y X |x gsX ~=— 4 X a^-^X^*~^ 

X<r'-*= — 4:X^*X^^X<'^=— *<^^'<^- 

In ord^ that the division could be effected according to the 
above rule ; it is necessary, in the first place, that the divisor 
contains no letter that is not to be found in the dividend : in 
the second place, that the exponent of the letters, in the divi- 
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sor, do not $urpass at all that which they have in the dividend ; 
j&nally, that the coefficient of the divisor, divides exactly that 
of the dividend. ' ' 

When these conditions, do not take pl^ce, then, after can- 
celling the lettersj^or factors, that are common to* the dividend 
and divisor ; the quotient is expressed in the manner of a frac- 
tion, as in (Art. 84). 

Ex: 5. Divide ^SaWc'd by 64a''JVe. 

The quotient, can be only indicated under a fractional form, 
thus, ' • 

48fl^^fl?; 

■' . ' 64aWe"".' 
But the coefficients 48 and 64 are 'both divisible by 16, sup- 
pressing this common, factor, the coefficient of the numerator 
will become 3, ^ind- th$.t oif the denominator 4. The letter a 
having the sapie exponent S in both terms of the fraction, it 
follows that a' is a coinrnon factor to the dividend and divi- 
sor, and that we can also suppress it. The exponent of the 
letter h Is greater in, the dividend than in thq divisor ; it is ne- 
cessary ^o divide ¥ by 6^, and the quotient will be 6', or 

p-=6^-^=:d*, which f^a.ctor will remain in the numejpitor. 

With respect to the letter- c, the greater power of it is in 

the denominator; dividing c* by c\ we have c^, or 



c* 



c« 



ti=c", therefore the factor <? will remain in the denomiriator. 

Finally, the letters d and e remain in their respective places ; 
because, in the present state, they cannot indicate any factor 
that is common to either of them. 

•By these different operations, the quotient, in its most sirnple 

form, IS— — . • 

J^ote. The division of such quantities belongs, properljr 
epeiaking, to the reduction of algebraic fractions. 
Ex. 6. Divide 36ir»jr* bf ^y: . Ana. 4xy, 

Ex. 7. Divide 30a%' by - eakj. Ans. - 5ay, 

Ex. ^. Divide --42cVy by 7c V. ■ Ans. — 6cxy. 

Ex* . 9. Divide -^^aoi^y^ by — axy'. Ans. +4ary. 

Ex. 10. Divide ISM^cx by — 4a'6(/y. Ans. n — . 

dy 

] Ex. 11. Divide— ISa^ftV by 12a«6=a;. Ans. —-—-—. 

/ 2a 6a; 

Ex. 12. Divide 17xyzw^ by xxyw. Ans. 17w. 

Ex- 13. Divide -120^6^ by — 6a6c. Ans. 2(^h^c\ 
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Ex. 14. Divide —9a;«yV by aY«*- Ana.— - , ,^ 

. Ex. 16. Divide 39aP by 13,a». Ana. 3tf*- 

CASE IL 

When the divisor is. a simple puintity^ and the dividend (|f com- 

poytndane. ' ' 

RULE. 

92. Divide each term of the dividend separately by the sam- 
ple divisor, as in the preceding case ; apd the sum of the result- 
ing quantities will be the quotient required. 

Example 1. Divide ISa^+So^fr-f 6a^ by 3^^ 
Here,— =60^,^^=06, and-3^=26-- 

,,erefore, l^±?^!yi?^=6a»+a6+2^. • 

Ex. 2. Divide 2Qd'x'—l2a'x'-^SaV—2a!'3^ by 2aar*. 

Here,*— ^=10aa;, — 12a»r'^2ar*=— 6o, 8a=a?»^2aa? 

=44a', and — 2a*a:2-i.2ac»=— a» ; 

20aV— 12(r'a:3+8a'ar»— 2aV ^ \ ,_, 

hence ^— ^^ — = 10(*a; — 6a4-4<r 

— o^. 

Ex. 3. Divide 20cr'x— 16ar*-f SOaary"— 5aa? by 5ax. 

Here 20a?2r-f-5a2:=4o, . — Ibaa^^^bax^ — 3a:, 30ax^-5* 
6aa;=6^, and — 5aa;-i-5aar= — 1 ; . 

therefore,-, - ^ ■ — = 4a— 3x+6y»— 1 . 

Ex. 4. Divide 6o«a:-r25aV+50aV— 50a'x*4.25aV — 
Soar® by 5aa?. ^' 

^^ 6(^x . -^260,^ . , 4.50flV , 

-^^^^ =-;l0^^,#^-^fl:.+5a.^ and ^^-^ = -^ ; 



5(u; 502: 5aiz; 

therefore, 0^—60*0;+ lOaV — lOo^ar^+Soa;* — a:^ is the quotient 
required. 

Ex. 6. Divide 3aV—3aV by —3(i^ar». 

Ans. 3^^a^^ 
Ex. 6. Divide 21aV—7a^ar'—14aa: by 7aa:. 

Ans. 3aV— aa:— 2. 
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Ex.7. Divide 12a&c—48ax'y*+64a*6*c*—16a<&* by 

—16ab. •' ' Ans.o6-?i+?^-4otc». 

4 6 

Etc, S. Divide 72x'j^z' — lfiaxyZ'\'24bcxyz by 12ji^2;. 

Ana. 6xyz — (P-\-2bc. 

Ex. '9. Divide 4a,Y— ^V +3aar»y'' by x^y*. 

Ans. ani4-3a. 

Ex. 10. Divide 5a-r.r6+6e--3oc«-f 9c' by 3c. 
. ' , 5a 76 

^^'•3^"--3?+^-'^+^^- 
EJx. 11. Divide —60ar''t^+50ar"2^'—40a;^y^+30i;y—20^y* 
-^lOcr'y*' — Sa:^'' by -—'^j^y. i 

Ans. y"-— 2an/*+4ary-6ry+8a?y- 10ar5y+12«'. 



' CASE III. 
^A^ Me dividend and divisor are both compound gtumtities, 

RULE. 

93. Arrange botb the dividend and divisor according to the 
exponents of the same letter, beginning with the Ai^Ac*^, and 
placerthe divisor at the right hand of the dividend; then di- 
vide the first term of the dividend by the first term of the di- 
visor, as in Case I., and place the result under the divisor. 

Multiply the whole divisor by this partial quotient, and sub- 
tract the product from, the dividend, and the remainder will be 
a new dividend. 

Again, divide that term of the new dividend, which has the 
highest exponent, by the first term of the divisor, and the re- 
sult will be the second term of the quotient. Proceed in the 
same manner as before, repeating the operation till the divi- 
dend is exhausted, ajad nothing remains, as in common arith- 
metic. This^ nUe is evident frontier t. 88). . 

.Example 1. Divide 12a''6'^-6a^Z> 3 +80^6''— 4a3 fc*--22a»*+ 
6a''.\>y 4a^b''-^2a^h+5a\ 

It can be readily perceived that the letter a is the one to be 
chosen, in order to arrange the- terms of the dividend and divi- 
sor according to its powers, beginning with the dividend, 6«^ 
is the term which contains the highest power of a ; placing 
Sa' for the first term, — 22a% for the second^ and so on ; thie 
terms of the dividend, arranged according to the powers of a, 

are written thus ; 

5* 



4t DIVISION. 

»a'— 22d'6-f-12a'6'— 6a*6'— 4a^6'-f-8o'6'. 

And the tenns of the divieor, arranged according to the powers 
of a, aie wrillen ihuB ; 

So"— 2a»6+4o"6>. 
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The aign of the first term 5u' of the dividend being the 
same as that of 5a', the first term of the divispr, the aign of 
the first term of the quotient is -|-, which is omitted (Art, 14). 
Dividing 6a' by 5a*, the quotient is o^", which is written under 
the divisor. Multiplying successively the three terms of the 
divisor by the first CeTm a" of the quotient, and .writing the 
product" under the corresponding terms of the dividend ; sub- 
tracting Sffl' — 2a^6 + 4a'6" from the dividend, the remainder 
ia 

-20a°4+8o>6s —60*63 — ia^b'+Sa't^. 
IMvicling — 20o'ft the first term of thia new dividend by So*, 
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the result will be -Hta'*^, this quotient baying die sign — , be- 
cause the dividend and divisor have different signs : Multi- 
pljdng all the terms of the divisor by — 4a^5 ; we have — 20 
M^Sa^b^T-lSa^h^ ; subtracting this result from the partial divi- 
deiid, the remainder will be I0a*6'-— 4a^6*+8c?^^ dividing the 
first term of this new partial dividend, 10a*6^, by the first 
term 5«* of the divisor, multiplying all the divisor by the re- 
sult +26', and subtracting the product from the last partial di- 
vidend, nothing reiliains ; therefore the last term of the quo- 
tient sought is -|-26^, and the entire quotient is a^ — ia^b-\-2b^. 
' 94. • It is very proper to observe that in division, the multi- 
plications of different terms of the quotient by the divisor, 
produce frequently terms. which are not found in the dividend, 
arid which it is necessary to divide afterward by the first term 
of the divisor. These terms are such as are destroyed whein 
the dividend is formed by the multiplication of the quotient 
and divisor. 

See a remarkable example of these reductions : 

Ex: 2. Divide a'— 6^ by c^— 6. 
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Dividend. 



a* 



a^b-aV 



ab'-^b^ 



Diviso)\ 
a—b 



Quotient. 



Multiplication. 
M ul. a — b 
by a^+a6+6' 






a- 



* —¥ 



The first term a' of the dividend divided by the first 
term a of the divisor, gives a^ for the first term of the 
qliotient ; multiplying the divisor a — b by a^, the first term 
of the quotient, the result is a^ — a^b ; subtracting a^ — a^b 
from the dividend, the term ,oP destroys the first term of the 
dividend ; but there remains the term — a\ which is not 
found at first in the dividend ; therefore the remainder is 
a^b — P. Because the term d^b contains the letter a, we can 
divide it by the first term oif the divisor, and we obtain +fl6, 
which is the second term of the quotient. Multiplying the 
divisor by +a5, the product is 0^6— -a6^, which being subtract- 
ed from 0^6 — b ^ ; the first term; a^b destroys the term u^b 
which arose from the preceding operation ; but there remains 
the term — a5^, which being not yet in the dividend ; the 
remainder is therefore aii'—b^. Dividing a^ by a, the result 
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k £*, which is the third termof thd quotient; multiplying the 
divisor by 6", we have <ib^—^^ i and subtracting this ^eeulc 
from the last remainder, the terms of both destroy one ano- 
ther; BO that nothing remains. 

In order to comprehend well the mechanism of the division,^ 
it is only necessary to take a glp.noe at the multiplication of . 
the quotient a^Mab-\'b^ by the divisor a — 6, shd it will be rea- 
dily seen that all the. terms reproduced in the partial divisions 
are those which destroy one another in the result of the mul- 
tiplication. 



Ex. 3. Divide f-^i by y— 1. 

Dividend, 


Divisor, 


7.3 -.3 


y — 1 

1 


y y 


Quotient. 


f-y. 


y-1 


' 



Ex. 4. Divide a^ — x^ by a — x. 
Dividend. Divisor. 



a" — a^x 


*• 


a — X 


Quotient. 
a'^'^x+a'x'+aV+ax^+s^ 

■ 


a^x — 3^ 
a'x—a'a^ 




• ) 




,oV — x^ ... 


/ 


» 


aV — aa^ 




ax^ — a^ 



Ex. 6» Divide 3^'{-(^ by a;+o. 
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■Dividend, 



-or 



0^4-ax* 






Divisor, 
Qmtient. 









a^^JLci 



a*x- 



-a' 



# ^ 



96. When we apply the rule, (Art. 93), to the division of 
algebraic quantities of which one is not a factor of the other, 
we know it is impossible to effect the division ; because that 
we arrive, in the course of the operation, at a * remainder, of 
which the first term 6annot bedivided by that of the divisor,- 
In this case, the remaiftder is made the numerator of a frac- 
tion whose denominator is the divisor ; and the fiction thus 
arising, with its proper sign, is annexed to the othe4part of the 
quotient, in order to render its value complete. 

Ex. 6. Divide a:'+d'b+2b^ by a'+b'. 

Dividend. Divisor, 



1st rem. 



a^b--ab^M2b^ 
d'b+b^ 



Quotient. 



a4-6+ 






2d rem. -^-a6'*+fe= 

The first term — ab^ of the remainder, Gannbtbe divided by 
fl*, the first term of the divisor ; thus the division terminates 

at this point. The fraction - — 5-pTa-, having the remainder for 

tt j 

its numerator, and the divisor for its denominator, is annexed to 

the partial quotient cuUb ; and the complete quotient is 0+^+ 

b^-a^ 

96. It is necessary to remark, that the operation of divi- 
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gion maj be considered as terminated^ when the highest pow- 
er of the letter, in the first or leading term of the remainder, 
by which the process is regulated, is less than the first term 
of the divisor ; as the succeeding part of the quotient^ after 
this, would necessarily become fractional ; and which raaj be 
carried on, ad infinitum, like a decimal fraction., . 

This subject belongs t;o algebraic fractioiis, and' as it is of 
considerable importance in analysisj we will treat of it with a 
near attention in the next Chapter. 

97. In the preceding examples, the product of the first term 
of the quotient by the divisor, is placed under the dividend ; 
then the reduction is madie by subtraction ; and every succeed- 
ing product is managed in like manner. In the following ex- 
amples, the signs of all the terms of the product are changed in 
placing it under the dividend ; arid then the reduction is per- 
formed by the rules of addition ; which is the method adopted 
by some of the most refined Analysts, 

Ex. 7. Divide a^4-2(r*^+6*— rc* by a>+6»4-c«. ' " " 



it! 



Dividend, 
1st. rem. c^b^ — oV+i*- 



Divisor. 
Quotient, 



2d. rem. 






* * * 

Ex. 8. Divide 6a?*— 96 by 3aj— 6. 

Dividend. 
6a;*— 96 

— 6a?*+12a?' 



+12ar»— 96 
— 12ar'-j-24a:2 



by 3aJ— 
Divisor. 
3a;— 6 

f 

Quotient. 
2a;^+4«^+8a;+1 6 



+24a:2— 96 

— 24ar»+48ir 

48ir— 96 
48a;— 96 
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Ex. 9. Divide Sof"— 4or'4'-(-4a'4-2a?—6»-f 11720"— 6»+l. 

I 

Dividend. Divisor, 






-2a'+6«-l 



2o3-6"-fl 

Quotient, 
4a'4.1 



'« * « 



98. The division of algebraio quantities can be sometimes fa- 
cilitated by decoipposing, at sight, a quantity into its factors ; 
thus, in the above example, the divisor forms the last three 
terms of the dividend, it is only, necessary to seek if it be a factor 
of the first three ; l)*ut those have visibly for a common factor 

4a3, for 8o«-4a362^4a'=4a^X(2o'-^+l). 
By this observation, the dividend will become 
4a3(2a'-^6»+l)+2o=»-**4.1, 

or (2a'-&2^1)X(4a'+l): 
therefore the division is immediately effected, by suppressing 

the fgictor 2a'— 5'-f-l equal to the divisor, and the quotient will- 
be 4a^+l. • 

Experience, in algebraic calculations, will suggest a great 
many remarks of this kind, by which the operations can be fre- 
.quently abridged. 

.99. It sometimes happens that, in arranging the dividend 
and the divisor according to the same letted, there occur seve- 
ral terms in which this letter has the same exponent : In this 
case, it is necessary to range in the same column those terms, ' 
observing to order them according to another letter, common to 
the two quantities. 

Ex. 10. Divide — a*6«+iV-aV— a«-f 2fl*c»+i«+2iV+ 

Ordering the dividend according to the letter o, we will place 
in the same column the terms — d^b^ and .^2tf*c^, in another 
the terms -\-a^b* and ^c^c* ; finally, in the last column the 
three terms +^, +2^V, H-i'c*, ordering them according to 
the exponents of the letter b ; then the quantities, so arranged, 
will stand thus : 
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Dividend, 

+ >c* 



Quotient. . 



l8t rem. — 2tf'6"+a'»6«+6« 

j_ tf»c»— 0V+26V 

-2a»6V 



2d rem. 



-2fl''^«*+26V 



3d rem. 



4th re». 



-o^6«c^+25V 
• ' +5V 

— 6V 



* * 
Ex. 11. Divide ax'--{b+ac)x' + (c + bc+ay—{c+h)x 

Dividend. . Divisor, 

a3*—(b-^ac)x^+{c+bc-\-a)ar''--{c'+b)x+c oaf*— 6a;+c 



-|-o<J«' ^bc3? -f-c'a: 



Quotient, 
x^ — ca?+l 



» « 
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100. The following practical examples may be wrought ac- 
cording to either of the methods pointed out, (Art. 93, 97) ; 
but. in complicated cases, the latter should be preferred : See 
Example lOv 

Ex. 12. Divide a?«—x*+^--r*4-2a:—l by ar^+x-l. 

Ans. aJ* — ar^+ar* — a:+l. 

Ex. 13. Divide a*+ 6a^a? + lOaV-^lOoV + oax^^x^ by 
o^— 3a^x+3aar'— a:^. 

Ex. 14. Divide 2a;^—19r'+26a;- 16 by x-8. 

Ans. 2ar*— 3ar+2. 
Ex. 15. Divide 48t/3— 76ay»— 64a'^+106a^ by 2y—3a. 

Ans. 24f—2ay—Z5a\ 
Ex. 16. Divide a^ — b^ by a—.b, Ans. a-\-b. 

Ex. 17. Divide a^— a;* by a' — jf. Ans. a^+x*. 

• Ex. 18. Divide a^-i® by ii'+2a26+2oft^+R 

* Ans. a*^— 2a^6+2fli«— 6'. 

Ex. 19. Divide'a*+a'^'+**bya^— a6+^l 

Ans. a^-f"^*+^- 
Ex. 20. Divide26a:«-ar*— 2ar*— 8a;?by 6a:^-4ar^. 

* Ans. 5a:'^+4a:2+3a:+2. 

Ex. 21. Divide a'+Aah+U^'+c^ by a+2b. 



Ans. a+26-f" 



c' 



0+26 

Ex. 22/.^ivide8a*-2a''6— 13fl36«-3ai3by4a'»-|-5oft-fi». 

Ans. 20*^ — Sab. 
Ex.- 23. Divide 20a«— 4Ia''^+50o^2_4g^2^3^25ai^— 66' 
by 4a^^bab+2b\ 

Ans. 5fl^-^a2J+5ai'-.36'. 
Ex. 24. Divide a*+8a'ar+24a2ar'+32aa?5+16a;' by a+2ar. 

Ans. a'-\-6a'x+l2aaf''j~Sx\ 
Ex. 26, Divide x* — {a^by+(p—ab+S)x^+ibp — 3a)a? 
+3jo by ar*— ox+jo. . • Ans. ar*-f-ftar+3.' 

Ex. 26. Divide a3^^{a'+h)x^+lr' by ax--b. 

Ans. ar* — or— 6. 
Ex, 27. Dividey«4-aY+&y— a"— 2*y~ay— 2a^62 — 
a2^4 by y*+2aY4-a*-6y4-a«6^.. 

Ans. y^ — a^ — fc*. 
Ex. 28. Divide9a;«~46ar'+95a:3+150a;byr*— 4a:-5. 

Ans. 9a:*- 10a:''+5ar»— 30a?. 
Ex. 29. Divide 6a*+9ar»— I5a by 3a«--3o. 

Ans. 2a24-2a-j-6. 

Ex. 30. Divide 2a*— 16a^64-31ir'62^38a5 +246^ by2o*— 

3ab+4¥. Ans. o^— 5a6+66». 

6 
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Ex. 81. Divide a« + Sa^x + 28aV + 56aV + 70rf»ir* 4- 
66a'a^-^2Sa'af'+8ax'+a^ by a'+4a'x+6€i'a^+Aax'+a^, 

Ans. a*+4a''a;-f 6tfV+4ar»-4-as*. 

Ex. 32. Divide «• — 60*3:4- 15aV—.20aV4.15a?ar^ — 6*3:* 
+a:" by ^r*- 3a»ar+ 3aa:* - z^. Ans. a'— 3a':c+3aar»— a:'. 

§ V. S(Wie General Theorems^ ObservcUionSj &c. 

101. Newton calls Algebra Universal Atithmetic. This 
denomination, says Lagranob, in his Traits de la Resoluiian 
des liquations numtriques^ is exact in some respects ; but it 
does not make sufficiently known the f eal difference between 
Arithmetic and Algebra. 

Algebra differs from Arithmetic chiefly in this ; -that in the 
latter, ^cvery figure has a determinate and individual value 
peculiar to itself; whereas the algebraic characters being 
general, or independent of any particular or partial significa-. 
tion, represent all sorts of numbers, or quantities, according 
lo the nature of the question to which they are applied. 

Hence, when any of the operations of addition, subtraction, 
&c., are to be made upon numbers, or othqy magnitudes, 
which are represented by the letters, a, &, c, <kc., it is ob- 
; vious that the results so obtained will be general; and that 
any particular case, of a similar kind, may be readily derived 
from them, by barely substituting for every letter its read nu-- 
meral value, and then computing the amount accordingly. 

Another advantage, also, which arises from this, general 
mode of notatiocy is, that while the figures employed in Arith- 
metic disappear in the course of the operation, the characters 
used in Algebra always retain their original form, so as to 
show the dependence they have upon each other in every 
part of the process ; which circumstance, together with that 
of representing the operations of addition, subtraction, &c., by 
means of certain signs, renders both the language and al- 
gorithm of this science extremely simple and commwlious. 

Besides the advantages which the algebraic method of nota- 
tion possesses over that of numbers, it may be observed, that 
even in this early part of the science we are furnished with 
the means of obtaining several general theorems that could 
not be well established by the principles of Arithmetic. 

102. The greater of any two numbers is equal to half their sum 
added to half their difference^ and the less is equal to half 
their sum minus hdftneir difference. 

Let a and 6 be any two numbers, of which aisthe greater ; let 
their sum be represented by s ; and their difference by d\ Then, 
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a+b=s ) 
a — b=id } 



^\ by addition, 2a=S'\-d (Art. 48) ; 



' ;} 



;} 



and "=2+2 ^^^^' ^^^ 

By subtraction, 2&=:i« — d (Art. 49); 

. and /. ^— 2""2 ^^^'* ^^^ 

Cor. 1. Hence if the sum and difference of any two numbers 

be given, we can readily find each of the numbers ; thus* if 8 

be equal to the sum of two numbers, and d equal to the dif' 

s4-d 
ference ; then the general expression for the first, is -^--j 

and for the second — — . 

Whatever may be the numeral values that we assign to • 
and d, or whatever values these letters must represent in a 
particular question, we have but to substitute them in the above 
expressions, in order to ascertain the numbers required : For 
example, 

.Given the sum of two numbers equal to 36, and the diffe- 
rence equal to S : 

s^d 
Then, by substituting 36 for «, and 8 for ci, in — ^ and 

s—d ^ 8+d 364-8 44 ^^ ^i—d 36—8 

, we have — - — = — -^ — = — = 22. and = = 

2 * 2 2 2 * 2 2 

28 

—=14. So that, 22 and 14 are the numbers required. 

Cor. 2. Also, if it were required to divide the nun^er s 
into two such parts^ that the first will exceed the second by d. 
It appears evident, that the general expression for the first 

part is --— , and for the second — — ; s and d representing any 

'B '2 

Bumbers whatever. 

84-d 
103. The general expression — — may be found after the 

manner of Gamier. Thus, let x represent the first part ; theii 
according to the enunciation of the question, x — d will be the 
Becond ; and, as any quantity is equal to the sum of all its parts, 
we have therefore, > 

ar+a?— d=«, or 2a: — dzsS. 
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This equality will not be altered, by adding the number d to 

each member, and then it becomes, 

2x — d+d[=»+d, or 2x=:8'\rd ; 

8-i—d 
dividing each member by 2, we have the equality, xz=-~- ; 

in which we read that the number sought is equal to half- the 
sum of the- two numbers 8 and d ; thus the relation between 
the unknown and known numbers remaining the same, the 
question is resolved in general for all numbers s and d. 

104. We have not here the numerical value of the un]cno\(rn 
quantity ; but the system of operations that is to be performed 
upon the given quantities ; in order to deduce from them, ac- 
cording to the conditions of the problem, th4 value of the quan- 
tity sought ; and the expression that indicates these opera- 
tions, is called a formula. 

It is thus, for example, .that if we denote by a the tens of a 
number, and the units by 6, we have this constant composition 
of a square, or i\i^a formula^ 

this algebraic expression is a brief enunciation of the rules to 
be pursued in order to pass from a number to its square. 

106. From whence, we infer that, if a number he divided mta 
any two parts^ the square of the numh& is equal to the square of 
the two parts ^ together with tioice the product of those parts. 

Which may be demonstrated thus \ let the number n be di^ 
vided into any two parts a and 6 ; 

Then n=a-j-6, 
and nz=zaJ^b] 
■ ■ ' ' ' 
.'. by Multiplication, »'=a'+2o6-j-6' (Art. 60). 

106. If the sum and difference of any ttoo number^ or quantities 

be multiplied together^ their product gives the difference of their 

,^ squares^ ob serving to take with the sign — that of the two squares 

z^- whose rooTis suoiracted. ^" 
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Let M and n represent any two quantities, or polynomials 
whatever, of which m is the greater; then (m4-n)X(m — n) 
is equal to m' — n' ; for the operation stands thus ; 
(m+n)X{m— n)=m»+mn ) -m'— N« 

107. When we put M=<r*, and n==6^ ; then, 
• K+6') X(a'— ^')=a'^— ^* ; (See Ex. 9. page 30). 

Where o®is the square of fl^ and 6® that of 6^, and this last 
square is subtracted from the first. 

Reciprocally, the difference of two squares m'^-n', can be put 

under the form {jA'{-ff)x{^'^v)- -^ -^ ^ • " 
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This result is b, formula that should be remembered. 

108. The difference of any two egual powers of different quantiHi$ 
is always divisible by the difference of their roots j whether ihe 
ponent of the power be even or odd. For since 



• a? — a 



=z3i^-^ax'\'{f ; 



X — a 

* ft 

^^^^=x*+ax'+a'x'+(^x+a'' : 
X — a 

'^~^ =ar5+ac*+(^ar'4-.a'r'4.ft*aj+o«; 



x—a 

' We may conclude that in general, a^ — «"• is divisible by x — «, 
m being ^n entire positive number ; that is, 

=ar«-^+fta;«-2-f. ^ ^flfw-Sa-^om-i (j j 



x—a 



109. TAe difference of any two equal powers of different quantities^ 
is also divisible by the sum of their rooiSj when the exponent of 
the power is an even number. For since 



x^—a^ 



x+a 

— ; — = aP — aa^-i-a^x — a' : 
x^a I J 

<&c. &c 

Hence we may conclude that, in general, 

jJ2m fl2m 

- — j2 — =a:2w-J— <m:^«-2+ . . 4.o2»»»-2^— o2»»-» . (2). 

*C"^ft 

110. And the sum of any two equal powers of different quantities, 
is also divisible by the sum of their roots, when the exponent of 
the power is an odd number. For since 

=5;^— aay+ar* j 



X' 

ar*4-fl* 



=3c^ — aaP-^cFa^-^x+a* ; 



ar-(-ft 
Hence we may conclude that, in general, 

-y =a:*;»— aa:2m-i_|,. .~^a^'^x+a^. .(3). 

6* 
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111. In the formulee (1), (2,) (3), as well as in all others of 

a similar kind, it is to be observed, that if m be any whole num- 
ber whatever, 2m will always be an even number, and 2m-f- 1 
an odd number ; so that, 2m is a general formula for even num- 
bers, and 2m-|-l for odd numbers. 

112. Also, if a in each of the above formulae, be taken =1, 
and X being always considered greater than a ; they will stand 
as follows : 

^x^'-^+2^^+af^+ .... +X+1 . . . (4). 

— -I^=:a:^«-»— :p''»-2+^2m-3_, . .+a;— 1 . . . (5). 
a:+l 



x+l 

113. And if any two unequal powers of the same root be 
taken, it is plain, from what is here shown, that 

j:"»— a:**, or x"(a;'»~'» — 1) (7), 

is divisible by x — 1, whether m — n be eVen or odd ; and that 

a:'" -a:", o^ a:«(a:'»-»»— 1) (8), 

is divisible by a:-f-l, where m — n is an even number; as also 
that 

x^-\-x^j or xn{(t^-^-\-l) (9), 

is divisible by a:-f-l> when m— nis an odd number. 

114. It is very proper to remark, that the number of all 
the factors, both equal and unequal, which enter in the for- 
mation of any product whatever, is called the degree of that 
product: The product a^6^c, for example, which comprehends 
six simple factors, is of the sixth degree; this, a^b^c is of the 
tenth degree ; and so oh. 

Also, that if all the terms of a polynomial, or compound 
quantity, be of the same degree, it is said to be homogeneous. 
And it is evident from the rules established iu Multiplication, 
that if two polynomials be homogeneous i their product will be 
also homogeneous ; and of the degree marked by the sum of the 
numbers which designate the degree of those factors. 

Thus, in Ex. 1, page 29, the multiplicand is of the fourth 
degree, the multiplier of the third, and the product of the de- 
gree 4+3, or of the seventh degree. 

In Ex. 12, page 31, the multiplicand is of the third degree, 
the multiplier of the third, and the product of the degree 3-|-3, 
or of the sixth degree. 

Hence, we can readily discover, hy inspection only, the er- 
rors of a product, which might be committed by forgetting 
some one of the factors in the partial multiplications. 
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CHAPTER II. 

ON 

ALGEBRAIC FRACTIONS. 

115. We have seen in the division of two simple quantities 
(Art. 84,) that when certain letters, factors in the divisor, are not 
> common to the dividend," and reciprocally, the division can only 
be indicated, and then the quotient is represented by a fraction 
whose numerator is the product of all the letters of the dividend, 
not common to the divisor, and denominator, all those letters of 
the divisor, not common to the dividend. 

Let, for example, abmn be divided by cdmn ; then, 

abmn ah 
cdmn cd' 

It may be observed, that the fraction -^ may be a whole 

number for certain numeral values of the letters a, 6, c, and d] 
thus, if we had a=4, 6=6, c=2, d=:3 ; but that, generally 
speaking, it will be a numerical fraction which can be reduced 
to a more simple expression. 

§ I. Theory of Algebraie Fractions* 

116. It is evident (Art. 103,) that if we perform the same opera- 
tion on each of the two members of an equality^ that is, upon 
two equivalent quantities or numbers^ the results shall always be 
equal. 

It is by passing thus from the fractional notation to the al- 
gorithm of equality, that the process to be pursued in the 
researches of properties and rules, becomes simple and uni- 
form. 

117. Let therefore the equality he 

a=bxv .(1). 

when we divide both sides by b which has no factor common 
with «, we shall have 

r-==t; (2). . 



Thus V will represent the value of the fraction t, or the quo- 



tient of the division of a by 6. 
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118. If the numerator and denominator of a fraction he both mul- 
tiplied^ or both divided by the same guantity., its value will not be 
altered. 

For, if we muliiply by m the two members of the equality 
(1), we will have these equivalent results, 

maz=.mhxv (3) ; 

dividing both by mb^ we shall have 

ma 

but T=v ; therefore • 

ma a 

mb^''"='h, ^^^' ' 

m being any whole or fractional number whatever. 

119. i/" the fraction is to be multiplied by w, it is the same whether 
the numerator be multiplied by it^ or the denominator divided by it. 

For, if we divide by 6, the two members of the equality (3), 

we obtain the following, 

ma 
. Y=^Xv (5). 

The equality (1) may also be put under the form 

1 

o= — bx^'o (6), 

m ^ " 

whence we derive,, dividing each side by - b, 

m 

^^mXv (7). 

—6 

m 

120. ij^ a fraction is to be divided by m, it is the same whether the 
numerator be divided by w, or the denominator multiplied by it. 

For, from the equality (1), we deduce these 

(8) — =oX — ) a=mhx — (9), 

V / w m m ^ " 

dividing the first by b and the second by »i6, in order to have 
~, they become 

a 

V a v 



(^<»)-i=«' ^6=^- •••(")• 



a 

It is to be observed, that in -r, the numerator is — and the 
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denominator A, and that we employ the greater line for se- 
parating the numerator from the denominator. 

121. If two fractiom have a c(mrnon denominator ^ their stim will 
be equal to the sum of their numereUors divided by the common 
denominator. 

For, let now the two equalities be 

(12) .... a=bxv ; a'=zbXvf (13), 

corresponding to the fractions . 

a a' ' 

which have the same denominator ; adding the two equalities 
(12) and (13), we shall have 

a+a'=r6v-f-6t;'=:6(t;+v') ; 
and dividing both members by 5, in order to have the sum 
flought v+v', it becomes 

^^=zv+v' .... (14). 

J^Tote. Jn adding the above equalities, the corresponding 
members are added \ that is, the two members on the left- 
hand side of the sign =, are added togeiher, and likewise 
those on the right. The same thing is to be understood 
when two equalities are subtracted, multiplied, &c. 

122. If two fractions have a common denominator^ their difference 
is equal to the difference of their numerators divided by the comr 
mon denominator. 

For, if we subtract the equality (13) from (12), weshall have 

a — a'=6t; — 6v'=6(v — v') \ 

dividing each side by ft, and we will obtain 

a — a' 

~-T =±t^— ^'. (15). 

123. Let us "suppose that the fractions have different deno- 
minators, or that we have the equalities 

a=b .Vfa'==b* ,v' ] 
we will multiply the two members of the first by 6', and those 
of the second by 6, an operation which will give 

ct6'=:66V,a'6==66V; 
then adding and subtracting, we have 

fl6'±a'6=65>-t:^'), 
the double sign db which we read plus or minus^ indicating at 

the same time both addition and subtraction ; dividing each 

side by bb\ in order to find the sum and diflference sought v ± «;', 

we will have 



1 
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-^=t;±.' (16); 

from whence we might readily derive the rule for the additiop 
and subtraction of- fractions not reduced to the same denomi- 
nator. 

124. It would be without doubt more simple to havo re- 
course to property (4) in order to reduce to the same denomi- 
nator the fractions 

a a! , 

but our object is to show, that the principle of equality is suf- 
ficient' to establish all the doctrine of fractions. 

126. We have given the rule for multiplying a fraction by 
a whole number, which will also answer for the multiplication 
of a whole number by a fraction. 

Now, let us suppose that two fractions are to be multiplied 
by one another. 

Let the two equalities be 

a=zb . V, a'=y . r' ; 
multiplying one by the other, the two products will be equal ; 
thus, 

aaf=bb', vv\ 
and dividing each side by bb\ in order to have the product 
sought vv\ we will obtain 

Therefore the product of two fractions ^ is a fraction having for 
its numerator the product of the numerators, and for its denominator 
that of the denominators. 

126. It now remains to show how a whole number is to be 
divided by a fraction ; and also, how one fraction is to be divid- 
ed by another. 

Let, in the^ first case, the two equalities be 

m=f»; fl=i . v; 
if we divide one by the other, the two quotients will be equal, 
that id, 

mm 

a bv ^ 

and multiplying both sides by i, in order to have the expres- 

m , „ y, 

sion — , we shall find 
V ' 



mb m 
a V 



(18). 



i 
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Therefore, to divide a whole number by a fraction^ we must mul- 
tiply the whole number by the reciprocal of the fraction^ or which i$ 
ike same^ by the fraction inverted. 

Lei, in the second case, the two equalities be 

0=6 . v, a'=6' . v' ; 
if the first equality be divided by the second, we shall have 

multiplying each side by b' and dividing by 6, for the purpose 

V 

of obtaining the expression -7, we will arrive, at 

ab v' b a \ / . 

Therefore, to divide one fraction by another , we must multiply 
the fractional dividend by the reciprocal of the fractional divisOKf 
or which is the same^ by the fractional divisor inverted, 

127. These properties and rules should still take place in 
case that a and b would represent any polynomials whatevef . 

According to the transformation 0""^=-^, demonstrated 

(Art. 86), we can change a quantity from a fractional form to 
that of an integral one, and reciprocally. So that, we have 

-=6X-=6Xo~»= ba-\ --r=^X 4= hXa'"^= b(r"^, and 
a a ^ qf^ a'^ 

0-26-2^-3=-- X -7T X -^,'=^-;nn^' ^^ like manner an v quan- 
o* b* d^ a^b'dr "^ ^ 

tity may be transferred from the numerator to the denominator, 
and- reciprocally, by changing the sign of its index : 

128. If the signs of both the nvmeraior and denominator ofafrq^ 
tion be changed^ its value wUl not be altered. 

Thus ""^^+^-4- « _ « . ^LZ^ _^ ''' 

Which appears evident from the Division of algebraic quan* 
tities having like or unlike signs. Also, if a fraction have the 
negative sign before it^ the value of the fraction will not be altered 
by making the numerator gnly negative^ or by changirig the signs 
of alliis terms. 



It 
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a , -— o - a— ^ , 0— tf 6— A 
Thu., __=+-_, and - _=+_ =-^ 

And, in like manner, the value of a fraction having a negative 
sign before it^ will not be altered by making the denominator 
only negative : Thus, , 

h . a — h a — b 



c — d d— c d — c' 

129. JVb/e. It may be observed, that if the numerator be 
equal to the denominator, the fraction i9 equal to unity ; thus, 

if aa=6, then ■r=-=l : Also, if a is >6, the fraction is greats 

a . 

er than unity ; and in each of these two cases it is called an 
improper fraction : But if a is < 6, then the fraction is less than 
unity, and in this case, it is called a proper fraction. 

§ II. Method of finding the Greatest Common Divisor of two or 

more Quantities. 

130. The greatest common divisor of two or more quanti- 
ties, is the greatest quantity which divides each of them ex- 
actly. Thus, the greatest common divisor of the quantities 
16a^6^ l^a'hc and Aahc", is 4a6. 

131. If one quantit}" measure two others, it will also mea- 
sure their sura or difference. Let c measure a by the units in 
f», and h by the units in n, then a=^mc^ and i=nc ; therefore, 
a-|-&='wc-|-«c=(m-f-«)c ; and a—b^mc — nc=(m— w)c ; or 
a-i-ft=(min)c ; consequently c measures a+6 (their aum) 
by the units in m-f-w, and a^b (their difference) by the units 
in m—'n. 

132. Let a and b be any two numbers or quantities, where- 
of a is the greater ; and \eip= quotient of a divided by 6, and 
c==: remainder ; gz^ <]uotient of 6 divided by c, and d= re- 
mainder ; r= quotient of c divided by d, and the remainder =0 ; 
thus, 

b)a{p -] 

pb Then, since in each case the divisor multi- 

— plied by the quotient plus the remainder is equal 

c)bijk I to the dividend ; we have 

gc / I c=:rd, hence gcz=grd (Art. 60) ; 

I 6=;ycH-d=^rc^-d=(yr-(~l)d; Bind pb^pgrd 
d)c {r +j»d=(io?r+jo)d (Art. 61.) ; 

rd /. o=sj56+c =::pgrd^pd-^rd^ (jpj;r4-i»+r)d. 
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Hence, since ;>, g, and r, are whole twmbers or integral 
ffuaniitits^ d is contained in h as many times as there are units 
in ^r-}-l, and in a as many times as there are units in pqr-\^p 
^r\ consequently the last divisor d is a common measure of 
u ^nd b ; and this is evidently the case, whatever be the length 
of the operation, provided that it be carried on till the remain- 
der is nothing. 

' This last divisor d is also \hQ greatest common measure of a 
and 6. For let 2: be a common measure of a and h ; such that 
tf =»»a:, .and 6=n3r, ih^n ph=zpnx\ and c^a- pbz^mx-^pnx 
= (m -/?n)iP, also d^=^h — qc i=s nx — {qmx --qpnx) = nx—qmx 
^pgnx-={n — qm--\-pqn)x] (because yc=yma; — qpnx) therefore 
as measures d by the units in n — qm'\^pqn, and as it also 
measures a, and 0, the numbers, or quantities a, b. and d have 
a common measure. I^^ow the greatest common measure of d 
is itself; consequently d is the ^greatest common measure of a 
and b, . • _ 

133. To -find the greatest common measure of three num- 
bers, or quantities, /r, ft, c ; let d be the greatest common 
measure of a and 6, and x the greatest common measure of d 
and c ; then x is the greatest common measure of a, 6, and c. 
For, as a, 6, and d have a dommon measure ; if d and c have 
also a common measure, that same number or quantity will 
measure a, 6, and c ; and if a: be the greatest common measure 
of d and c, it will also be the greatest common measure of a, 
6,anic. 

And, in like manner, if there be any number of quantities ; 
a, 6, c, rf, &c. ; and that x is. the greatest common measure 
of o and fr ; y the greatest common measure of a: and c ; z the 
the greatest common measure of y and d', 6lc. &c. ; then will 
y be the greatest common measure of a, 6, and c ; 5: the great- 
est common measure of a, 6, c, and d ; <kc. &c. 

134. The preceding method of demonstration is similar to 
that given by Bridge in his Treatise on the Elements of Alge- 
bra, The following is according to the manner of Garnier. 
Thus, to find the greatest common divisor of any number of 
quantities A, B, C, <fec., it is sufficient to know the method of 
finding the greatest common divisor of two numbers or quan- 
tities. For this purpose, we will at first seek the greatest com- 
mon divisor D of the quantities A and B, then the greatest 
common divisor D' of D and C, and so on, and finally the last 
greatest common divisor will be that which was required. 

Let, in order to demonstrate it, the three quantities be A, B, 
Cj we will have 
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A=mriy 



i A=mD, 



Ist . . . ^ « ^^ ^ m g_ ^^, 

!Tv r\' / whence < * 

D=rD,( ) 

m and n are necessarily prime to one another, oiber^M^ise D 
would not be the greatest cornnion divisor of A and B ; r and 
g are also prime to one another, in oi^der that D' maj ^be the 
greatest common divisor of D and C Now rD', the greatest 
common divisor of A and B, cannot be the greatest common 
divisor of A, B, and C, unless that r be equal to 7, or a Gsictor of 
g] but r and y being prime to one another; jy remains the 
greatest common divisor of A, B, and C. 

135. As the problem of finding the greatest common divisor 
of any two quantities A and B, is the same as to reduce a 

A 

fraction -it to its most simple expression ; because that in divid- 
ing A and B by their greatest common divisor, we have the 
two least quotients possible ; admitting this enunciation, and 
supposing A > B. 

The greatest common 'divisor of A and B, cannot exceed B ; 
it could be B itself, which we can readily know, if we perform 
the division of A by B, which gives 

y being the integral quotient, and R the remainder, if A is npt 
exactly divisible by B. The fraction — being changed into g 

R jtP /"^'^ BV 

4" 5-, cannot be reduced unless that ~ or its reciprocal -Is re- 

^.. ^ R/ 

ducible, because q is an integral quantity which Is always ir- 
reducible; or B being >R, the quantity which ought to re- 
duce ■^, cannot exceed R, it might be R itself, which we will 
know in performing the division of B by R, which gives 

R =/+-f^- . . • (2), 

/ being the mtegral part of the quotient, and R' the remain- 

R 

der< R ; we say still that the reduction of -r^ depends on that 

TV 

of- , or its reciprocal, because that / is an irreducible quan- 

lity ; so that by continuing in this manner we shall have the 
following decompositions : 
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jp7=y -r^ • • • • v^ji 

We see very- clearly that the quantity which ought to re- 

* A R B ' 

duce— -isthat which- must red uce*^ or -z^, which' must re- 

duce":^ or 777, which must reduce j^- or 



R R" R' R" • 

If, for example, R"'=0, this quantity cannot be greater 
than R" ; R" is therefore the greatest quantity which can re- 

A 
duce the fraction -ir- ; consequently it is the greatest common 

divisor of A and B. 

136. LetR"=Oand R'=l : unity will be, according to 

what has been above* demonstrated, the greatest common di- 

A 
visor of A and B ; the fraction ^ ,will therefore itself be the 

most simple expression, that ia, it '^ill be irreducible. ReciprO' 
cathfy the last divisor being unity ^ we may conclude that the fraction 
proposed is irreducible^ or in its lowest terms. 

137. It may also be shown, that the greatest common mea- 
sure of two quantities will, in no respect, be altered, by mul- 
tiplying or dividing either of them by any quantity which is 
not a divisor of the other, or that contains no factor which is 
common to both of them ; thus, let the quantities ab and ac 
be taken, of which the common measure is a ; then, if cA be 
multiplied by d, they will become aftcf, and ac] where it is 
evident that a is the common measure, as before. And, con- 
versely, if the first of the two quantities ahd^ ac^ be divided 
by d, they will become ab^ ac, where a is still the common 
measure. 

138. But it will* not be the same if one, or two of the quan- 
tities be multiplied or divided by a quantity which is a divisor 
of the other, or has ^ common factor with it ; for if the first 
of the two quantities ofe, ac, be multiplied by c, they will be- 
come abc^ aCj of which the common divisor is ac, instead of 
a ; and, conversely,' if the first of the two quantities abc and 
aCj be divided by c, they will become ab and. ac ; of which 
the common divisor is a,' instead of a>c, 

139. Hence, if the numbers or quantities be «z«cN, pgcN' ; 
the common factor c, to simplify the operation, may be sup- 
pressed, observing, in the meantime, after having found the 



>!h 
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greatest common divisor a, vf the two ^^uotients ]N Qfli^'j ^ 
TDultiplj^ it by this factor c, and the product will be the greatest 
common divisor sought. Also, if a factor d is introdticed inta 
the two quantities, it is necessary to divide the greatest com- 
mon divisor by this factor. 

140. As the foregoing demonstration may be extended to 
any algebraic quantities whatever, we* are therefore conduct- 
ed to this practical rule. 

Tojlnd the greatest common divisor of two or more compound 

algebraic pumtitias. ' 

RULB. 

141. Arrange the two quantities according to the order of 
their powers, and divide that which is of the highest dimen- 
sions by the other, having first expunged any factor that may 
be contained in all the terms of the divisor without being 
common to those of the dividend ; then divide this divisor by 
the remainder, simplified, if necessary, as before ; and so on, 
for each remainder and its preceding divisor, till nothing re- 
mains : then the divisor last used will be the greatest com* 
mon divisor required. And the greatest common divisor, of 
more than two compound quantities, is found in like man- 
ner ; by finding in the first place the greatest common divisor 
of two of them, 8ls abqve» and then of that commoa divisor and 
the third, and so on. The last divisor, thus found, will be the 
greatest common divisor of all the quantities. 

Example 1. The greatest common divisor of the compound 
quantities 3a^ — 3a" b-^ ab^ — b^ and 40*6 — 6a6'+^, is requited* 



Dividend. 
3a'-3««6-|- ab^'-P 
4 

l2a'—l2a'b-\'4ab^-'U^ 
12a^— 16a«5-|-3aA» 



Divisor. 
4a^ ^^ab+b" 



Partial. qUot, 3a 



(3a*6-|-aA'— 4^^)-2.6= 
4 



12o"+ 4fli— 165" 
12a"-15o6+ W 



19ai— 196" 



Divisor. 
4o"— 6a6+A' 

Partial quot. 3: 
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Dividend. Divisor. 

4a2-5oi+6^ (I9a6— 196')-^196= 
4a^— 4a6 a — h 



ab+y 
abXb^ 



Q^ot. Aa—b 



Here !the quanthies .are already arranged according to the 
powers of the letter a ; the first is taken for a dividend, knd 
the second for a divisor : In the first place, the factor b is 
found in every term- of the diyisor^ and not in every term of 
the dividend ; therefore, tt^e divisor is divided by the factor 6, 
and the result is 4a^-^5ab-{-¥ ; but the first term of this re- 
sult will not divide exSictly that of the dividend, on account of 
the factor 4, which is not in the dividend ; the dividend is 
therefore multiplied by 4 in order to render the division of their 
•first terms complete : Now, the dividend 12a^— 12a^^+4a6^ — 
46^ is divided by the di\isor 4a^ — 5a6-f-&", and the partial quo- 
tient is 3a. Multiplying the divisor by this quotient, and sub- 
tracting the product from the dividend, the remainder is da^b 
+a6^— 46^, a quantity which, according to (Art. 135), must 
still have' with 4a^— 6a6-|-^ the same greatest common divisor 
as th$ first. 

Suppressing the factor 6, common to all the terms of the 
remiainder,. or, which is the same, dividing the remainder by 6, 
and multiplying the result by 4, to render possible the division 
of its first term by that of the divisor, we have then for the 
dividend the quantity 

12a^4-4a&— 166S 
and for the divisor the quantity . » 

the partial quotient is 3. 

Multiplying the divisor by the quotient, and subtracting the 
product from the dividend, the remainder is 

19a6— 196V 
and the question ia now reduced to finding the greatest common 
divisor of 19a6 — 196^ and 4a^ — SabJ^b^, 

But the letter a, according to which the division has been 
performed, being of the second degree in the divisor, and only 
of the first in the remainder ; it i^ necessary therefore to take 
the last divisor for a new dividend, and the remainder for a new 
divisor. 

Having, at the commencement of this new division, divided 
the divisor .19a6 — I9b^ by the factor 196, common to all its 

7* 
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terms, and which is not at all common to those of the dividend ; 
therefore, the dividend is 4ei^ — 5a6+ 6', the divisor a— 6, and 
the quotient 4o- 6 ; 

The operation is completed, because nothing remains ; and 
consequently, (Art. 135), a — 6 is the greatest common divisor 
sought. 

If we divide the two proposed quantities by a — 6, the quo- 
'tients will be 

3a«+6^and4a6— 6': 

Whence, the two given quantities are thus decomposed as 
follows : 

(3a»+6«) X (0—6), (4a6- 6«) xC«-^)- 

Ex. 2. Required the greatest common divisor of 3«'' — 2a — 1 
And4a'— 2a»-— 3o+l. 

Dividend. Divisor. 



4a3~2a^--3a+l 
3 

12a3— 6a*-9o+3 
12a3— 8a* — la 



2a2— 5a+3 
3 



30"— 2a— .1 



6a'— 15a +9 
6a»— 4a-^2 



Partial quoL 4a 

Divisor. 
3aa-2a— 1 



Partial guot. 2 



(— ila+11)-^ 

Dividend. 



-11= 



30^— 2a--l 

3a»—3a 

a— 1 
a — 1 



a-1 



Complete guot. 3a +1 



In the above operation, the remainder — lla+11 is divid- 
ed by —11, (its greatest simple divisor with a negative sign), 
80 as to make the leading term positive : Or, which is the sariie, 
if any of the divisors, in the course of the operation, become 
negative, they may have their signs changed, or be taken 
afl&matively, without altering the truth of the result ; thus,, in 
the above operation, changing the signs of —lla4- 11, it be- 
comes llfl — 11, and dividing llo — 11 by its greatest simple 
divisor 11, we have a— 1, as before. 
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Therefore a— .1 is the greatest common divisor iought, 
and the two given quantities may be readily decomposed, 
thus; 

(Sa+l) X («— 1), {4a^+2a— 1) X(«-l), 

Ex. 3. Required the greatest common divisor of c^^lP^ 
a^+2a%'\'2ah^+h\ and a'+o^V+h'. 

In the first place, the greatest common divisor of a^— 6' 
and cP'\'2a%'\-2ah'^r\-lP^ is fl^-|-^^4-^^ ^^^^^ ^^ found thus ; 

Dividend. Divisor. 






a 



a^^-^h' 



Partial quoL 1 



[2a%-\-2ah^J^2¥)^2h=z 
Dividend. 



^o?h--ah^—V' 



Complete quot. a — 6 



. * * * 

Hence, the greatest common divisor of c^ — ^ and a^+2a^^ 
+2fl6^+^^ is fl*+a6+6' ; and the greatest common divi- 
sor of a^+flS+ft^ and a*+fl'6«+6*, is- found to be a^-a6+^^ 
thus ; . ^ , 

Dividend. Divisor, 



a''-{'0^bJ^c^h^ 



—c^b'-a^b^—ab^ 



a^'\-ab-\-b9 



Quotient. 



a^b^+ab^. 
a'b^-{-(ib^- 



.6* 
b* 



Consequently a^-^ab-^b^ is the greatest common ditisor 
which iRas required ; and dividing each of the given quanti- 
ties by this divisor, we will thus decompose them as follows : 

{a-b) (a»+a64-6^), (a+6) (a^J^ab+b^), (aa— a5+6») («» 
+ab+b^). 

■ 142. It has been remarked (Art. 136.), that if the last divi- 
sor be unity, and the remainder nothing ; then the fraction is 
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already in its lowest terms ; this observation is applicable to 
numbers, and as in algebraic quantities, the greatest simple di- 
visor may be readily found by inspection. 

Now, it only remains to discover, if. compound algebraic 
quantities can admi( of a compound divisor. 

If, by proceeding accordmg to the Rule (Art. 141), no com- 
pound divisor can be found, tha^is, if the last remainder be only 
a simple quantity ; we may conclude the case proposed does 
not admit of any, but is already in its lowest terms. 

Ex. 4. Required the greatest common divisor of h^+ax^a^' 
and o^-f-2a»a;+3ar»+4a?'^. It is" plain by inspection that they 
do not admit of any pimple divisor ; then the operation accord- 
ing to the rule will stand thus ; 

Dividend. Divisor. 



fl^+ a'x+aar' 

a^x-\- ax^'\' aP 



a^^fiX'\-x^ 



Partial quoU a-^-x 



{ax'+Zx')^x'=^ 
Dividend. 
a'_|_ ax' -\- x^ 



d^-V^ax 



1ax-\- Qp' 
-2ax— 6a;'' 



a -|-3a; 



Partial quot. a — 22? 



* -{-Ix" 

Here, the last remainder is found to be the simple quantity 
1x^ ; we may therefore conclude thai the given quantities do 
not admit of jany divisor whatever. ' .' 

143. Whcm the quantity ^which is taken for the divisor con- 
tains many terms where the letter, according to which we have 
arranged, has the same exponent ; then every successive re- 
mainder becomes more complicated than the preceding one ; in 
this case, Analysis make use of various artifices, which can pnly 
be learned by experience. 

Ex. 5. Required the greatest common divisor oi^h-\-cic'^ 
— d' and ah — ac+dr. 

Dividend, Divisor, 



a^b — a^o+a<P 
rem . a^c 4- clc^ — ad- — tP 



ab — ac+dl^ 



Partial quot, a 



Dividing at first a^b by ab, we find for the quotient, a \ 
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Divisor. 
a6— oc-j-cP 



r* 



mxiltiplj^ing the divisor by this quotient, and subtracting the 
product from the dividend, the remainder contains a new term, 
uft?, arising from the product of —€u:}iy a. 

By proceeding after this manner, there will be no progress 
. made in the operation ; for, taking a*c-|-ac-— cwi^ — d' for a 
dividend, and multiplying it by hy to render possible the divi- 
sor- by o^, we will have 

Dividend. 
Mc+ab&'-^abdi'—bd^ 

Partial quoU 
rem. oV-j-a6c^— ocd'* — abd^ — 6cP j oc 
and the term ^—ac will still reproduce a term aV, in which the 
exponent of a is 2. 

To avoid this inconveniency, we must observe that the di- 
visor ah — ac-(^(P=fl(6— c)-h^, reuniting the terms ah — ac 
into one, and putting, to abridge the calculations, 6 — c=^m\ 
we will have- for the divisor aw-f-^^ ; it is necessary to mul- 
tiply all the dividend a^b'\-ac^ — d^ by the factor w, for the pur- 
pose of finding a new dividend whose first term would be divi- 
sible by the quantity am forming the first term of the divisor ; 
the operation will become, 

Dividend. Divisor. 

fl'6m-|-oc'w— (Pm am-f-cP 



Ist rem. +flc^m — aicP — cPm 



Partial quot. 
ah+c" 



2d rem: ^ahd^-c'd^'^d^m 
By the first operation, the terms involving a* are taken away 
from the dividend, and there remain no terms involving a ex- 
cept in the first power. In order j;o make them disappear, we 
will at first divide the term ctc^ by am, and it gives for the 
quotient c^ ; multiplying the divisor by the quotient, and sub- 
tracting the product from the dividend, we will have the second 
remainder ; taking this second remainder for a new dividend, 
and cancelling in it the factor cP, which is npt a factor of. the 
divisor, ijb will become • 

— oft— c"— dm; 
multiplying by w, we shall have 

Dividend. Divisor. 



-^ahm-^f^m^dn^ 
-^ahm^hd^ 

rem. +^d"-^— dw' 



am-f-d* 
Partial quot, —6 
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The remainder, bd' — c^— dm\ of this last divieioD does not 
contain the letter a ; it follows, then, that if there exist betweea 
the proposed quantities a common divisor, it must be indepen- 
dent of the letter a. 

Having arrived at this point, we cannot continue the divi- 
sion with respect to the letter a ; but observing that if there be 
a common divisor, iivlependent of a,. of the two quantities 
MP — c'm — dm^ and flm-f-tP, it may divide separately the two 
parts am and dl* of the divisor ;• for, in general, if, a quantity be 
airanged according to the powers of the letter a, every term 
of this quantity, independent of a, must divide separately the 
quantities by which the different powers of this letter are 
multiplied. 

In order to be convinced of what has just been said, it is 
sufficient to observe, that in this case each of the proposed 
quantities should be the pro(^luct of a quantity dependent on 
a, and of a common divisor which does not at all depend on it 
Now, if we have, for example, the expression. 

Aa*+Ba'+Ca«4-Da4-E, 
in which the letters A, B, C, D, E, designate any quantities 
whatever, independent of a, and if we multiply it by a quan- 
tity M, also independent of a, the product, 

MAa-'+MBa^+MCer'-f.Mpa-fME, 
arranged according to a, will still contain the same powers of 
a as before ; but the coefficient of each of these powers will be 
a multiple of M. 

This being admitted, if we substitute for m the quantity 
{b — c), which this letter represents, we shall have the quan- 
tities 

a(b^c)+d^] 
now it is plain that b — c and cP have no common factor what- 
ever : therefore the two proposed quantities have not a com- 
mon divisor. 

144. The greatest common divisor of two quantities may 
sometimes be obtained without-having recourse to the general 
Rule : Some of the methods that are* used by Analysts for this 
purpose, will be exemplified by the following Examples. 
♦ Ex. 6. Required the greatest common divisor of a'^b^-^cPP 
^i*c=»— aV-a'^6c=-AV, and a^i+ai'+i'^— fl^c~fl6c-^<;. 

After having arranged these quantities according to the 
powers of the letter a, we shall have 

{b^^c')a'+(P—bc^)a'+b*c^^ bh\ 
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it may at first be observed, that if ihey admit of a common di- 
visor, which should be independent of th« letter a, it must di- 
vide separately each of the quantities by which the different 
powers of a are multiplied, (Art. 143), as well as the" quanti- 
ties 6V— 6V and 6*— 6*c, which .comprehend not at all this 
letter. 

The question is therefore reduced to finding the common 
divisors of the qiiantities 6^— c^ and 6— c, and, to verify af- 
terward, if^ among "these divisors, there be 'found some that 
would also divide 6'— 6c^ and 6"- 5c, fr'c*— fe*c* and b^ — b^c. 

Dividing 6^ — cr* by 6— c, we find an exact quotient b+c: 
b — e is therefore a common divisor of the quantities b^ — c^ 
and b — c, and it appears that they cannot have any other iif 
visor, because the quantity 6 — c is divisible but by itself and 
unity. We must therefore try if it would divide the other 
quantities referred to above; or, which is equally as well, if it 
would divide the two proposed quantities ; but it will be found 
to succeed, the quotients coming out exactly, 

and a^-f-fr«4-6^ 

In order to bring, these last expressions to the greatest pos- 
sible degree of simplicity, it is expedient to try if the first be 
not divisible by b-{-c] this division being effected, it succeeds, 
and we have now only to seek the greatest common divisor of 
these very simple quaniities ; 

a^+6a'4-6V, and a»4-6a+6^. 

Operating on these, according to the Rule, (Art. 141), we 
will arrive, after the f?econd divi.sion, at a remainder contain- 
ing the letter a in the first power, only ; and as this remainder 
is not the common divisor, hence we may conclude that the 
letter a does not make a part of the common divisor sought, 
which is consequently composed but of the factor 6V*c. 

Ex. 7. Required the greatest common divisor of (cP — c*) 
Xal'-\-c'—d'c'' and 4rfa2— '(2c2+4c</)ft-L 2c\ 
Arranging these quantities according to rf, we have 
(a^ - c')d'+c 'j—ah\ or (a^-^- c'Od'— (fl^— <r»)c^, 
and (4a2— 4ac) X d^ia-^c) X 2c^ ; 
it is evident, by inspection only, that a^ — c^ is a divisor of the 
first, and a — c of the second. But a^—c^ is divisible by a — c ; 
therefore a — c is a divisor of the two proposed quantities : Di- 
viding both the one and the other by a — c, tUe quotients will 
be 

(a+c) X (^-^)j and 4adr—2(^ ; 
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which, by inspectioo, are found to have no common dxyiaoff 
consequently a — c is the greatest common divisor of the pro* 
posed quantities. 

Ex. 8. Required the greatest common divisor of y* — x^ and 
yS — ^x — yx^-^-x^. Ans. y* — a^. 

Ex. 9. Required the greatest common divisor of o^ — 6* and 
a«— A«. Ans. o«— 6«. 

Ex. 10. Required the greatest common divisor of a^-^a^b-^ 
aP-^b' a,nd a'+a'b^'+b'. Am. c^+ab+b'. 

Ex. 11. Required the greatest common divisor of a' — 2aar 
+x* and a^ — a'x— ar'+r*. Ans. a^ — 2(M?+a:*. 

Ex. 12. Find the greatest common divisor of Gx'— 8yar'4- 
3y"j? and 12a;^— I5yx+*6i/^ . Ans. x — y, 

Ex. 13. Find the greatest common divisor of 366^a' — 186^o* 
-2762a*+96«a^ and •276»a5— 186V— 95V. 

Ans. 96 « a*— 96V. 

Ex. 14. Find the greatest common divisor of (c — d)a^ + 
(2hc'-'2bd)a+[b^c-b»d) and (6<:-6d+c«— cd)a+(6«d-|-5c» 
— b^c — bed). Ans. c — d. 

Ex. 16. Find the greatest common divisor of if+9a?»-^27a: 
— 98 and r +12:r— 28. Ans. a:- 2. 

§ III. METHOD OF FINDING THE LEAST COMMON MULTIPLE OF 

TWO OR MORE <IUANTITI£S. 

145. The least common multiple of two or more quantitie^ 
is the least quantity in which each of Ihem is contained with- 
out a remainder. Thus, 20a6c is the least common multiple 
of 5a, 4oc, and 26. 

146. The least common multiple of any number of quanti- 
ties, literal or numeral, monomial or polynomial, may be easily 
found thus : 

Resolve each gimntity into Us simplest factors, putting the pro- 
duct of egual factors when there are any in the form of powers , then 
multiply all together the highest powers of every root concerned, and 
the product will be the least common mvUipk required. 

Ex. 1. Required the least common multiple of a^6*z, ocSar*, 

Here the quantities are already exhibited in the form requir- 
ed. Therefore the least common multiple is a^6*c*da:^. 

Ex. 2. ^tequlred the least common multiple of 2c?x, 4,ax^, 
and %s?. 
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Here the Kteral quantities are already in the form requir- 
ed. The coefficients resolved into their simplest factors he- 
come 2, 2', 2x3. The least common multiple is therefore 

• £x. 3. Required the least common multiple of 12a^ (^+^)i 
6flr't(«+12fl^6y'+6a6y, and4ay. • 
These quantities resolved into theirsimplest factors become 

Hence the least common multiple required is 2' x^X^^V 

Ex. 3. Required the least common multiple of 8a, 4a^, and 
l2cA'. . ^ Ans24a"6. 

Ex. 4, Required the least common multiple of a? — 6', a+b, 
and €^+li*, ' ^ Ans. a*—b*. 

Ex; 5. Required the least commpn multiple of 27a, 155, 
9d6, and3a^. ' Ans. 136a"6. 

Ex. 6. Required the least common multiple of a'+3a^6+ 
3«A'+y,fl'+2a6+6»,a^5'. Ans. a«+2fl3i-2a6'— i^*. 

Ex. 7. Required the least common multiple of a+b^a^b^ 
cf+ab+b\ md o'—ab+bK Ans. a«— *•. 

§ lY. REDUCtlON Of ALGEBRAIC FRACTIONS. 

- CASEL 

To reduce a mixed juantity to fin improper fraction^ 

RULE. 

147. Multiply the integral part by the denominator of the 

fraction, and to the product annex the numerator -with its pro* 

per. sign : under .this sum place the former denominator, and 

the result is the improper fraction required. 

.2b 
Ex. 1. Reduce 3^: + t~ ^^ an improper fraction. 

The integral part 3^;, multiplied by the denormmtor 5a of 
thejfraction plus the wwwera^or (25), is equal to 3irX^A+2^' 
= 15aa;+26; 

Hence, r * is the fraction required. 

I-* 3it» 

Ex. 2. Reduce 5a — — to an improper fraction. 

8 
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Here Saxv^^^y 5 to this add the numerator with its jMro* 
per sign, viz. — Sx ; and we shall have 5ay — 3a:. 

Hence, —^ is the fraction required. 

y . . 

Ex. 3. Reduce 3^ -— to an improper fraction: 

Here, a^x^^^] adding the numerator a^ — y^ with its pro^ 
per sign : It is to be recollected that the sign — affixed to the 

* f^ — y^ 

fraction ^— means that the whole of that fraction ia to be 

subtracted, and consequently that the sign of each term of the 
numerator must be changed^ when it is combined with aP, 

hence the improper fraction required id • ■ ^ . Or, as 

i-er '—-z=. ' ; (Art. 6,7), the proposed nuxed 

quantity ^r" — , may be put under the fotm ar^-^-- , 

which is reduced as Eic. 1. Thus, ar'xa?-|-y'-»-a^=ar*-{-y'— «^ ; 

hence, a;" 4-^ =_J!l2L, — . 

^ z X 

32^ a4-7 

Ex. 4. Reduce 5a"*-j — to an improper fraction. 

Here, J5a*X2oa;=10a'a7; adding the numerator Sx^ — a+7 
to this, ajad we have l0a^x-\'S3ir* — a-|-7. 

Hence, —~ ^-^ is the fraction required. 

Ex. 6. Reduce 4ar* 5"^^ ^^ ^^ improper fraction. 

Here, 4r*x2ac=8acar*, in adding the numerator with its 
proper sign ; the sign — ' prefixed to the fraction signi- 

fies that it is to be taken negatively, or that the whole of that 
fraction is to be subtracted ; and consequently that the sign 
of each-term of the numerator must be changed when it is 

8acz^— 3a5 — c 
combined with ^ac3^ ; hence, — -, — is the fraction re- 

. , ^ 3ai+c , -r-3a5— c — 3a J — c ,\ 

qtiired. Or, as -— ! — = + — = — (Art. 

^ 2ac 2ac lac ^ 

108).; hence the reason of changing the signs of the numera- 
tor is eyMent. 
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Ex. -6/ Reduce x r to, an improper fractioD. 

Ans. . 

Ex. 7. Reduce afe— — «~^ to an improper fraction. 

. bahx — €?—c 

Ans. . 

5a? 

Ex. 8. Reduce aai?-^ — to an improper fraction. 

. * Ans. -; — — . 

Ex. 9. Reduce a — x^ to an improper fraction. 

X 

' a^ — a^ 

Ans. . 

• X 

Ex. 10. Reduce 3a^ — . ■ * to an improper fraction. 

sCl. if 

, 21oar»— 4x+9 

Ans. • 

7a 

Ex. 11. Reduce 6x — — ^- to an improper fraction. 

^ 'l3a:+6 

Ans. - — - — -. 

Ex. 12. Reduce l+2a;— r — to an improper fraction. 

a:+10a?''+4 

• Ans. — — = • 

ox 



CASE II. 

To reduce an improper fraction to a whole or mixed quantity, 

■ #. 

• » 

RULE.. 

148. Observe which terms of the numerator ate divisible by 
the denominator without a remainder, the quotient will give''the 
integral part ; and pat the remaining terms of the numerator, if 
any, over the denominator for the fractional part ; then the 
two joined together with the proper sign between them, will 
give the mixed quantity required. 
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Ex. 1. Reduce » to a. mixed quantity. 

Jifsc% "\j^— =^+2"^ is ^^ integral part, and —5 is the 
fractional part ; . 
therefore a;+2a-(-— is the mixed quantity required. 

Ex. 2. Reduce Jj^JJV^ ^ * ^^^^® quantity. 
Dividend. . Divisor. 









x^+xy+y* 
Quotiera. 



ary+rry+y" 

•a^y-fa^y+y* 

Here the operation is performed according to the rule 
(Art. 93), and the quotient a?*— tt^yM-y* is the whole quantity 
required. . ' 

Ex. 8. Reduce to a mixed quantity. 

X 

26* 
Here,--=a is. the integral, and — the fractional part; 



ax 

Ic ^ " X 

26«. 



therefore a is the mixed quantity required. 

X 

Ex. 4. Reduce to a mixed quantity. 

a;+a^ar*— a'+6(a;— a4- -v^ ^^e mixed quantity required. 
jB^+aa? 



— aa; — a^ 
— oa: — a^ 



* +6 
Here the remainder 6 is placed over the denominator a?+«i 
and annexed to the quotient as in (Art. 89). 

3a*i'+6a6— 2a;+2c ^ , , 

Ex. 6. Reduce ^J-^ —:— -X— to a mixed quanUty. 
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Here — -jTTt^ — ^ao +2 is the integral p^rt, 

, ^2x+2c 2x—'ic . . 2c— 2a:, / . . , 

^ -^^-^ - -3^=+ -SuT^^''- 1»«)' "^^^ ^ 
tionalpart; . " . 

L I ft 2x-'2t -L % CK i 2c — 2a: . , . 
,'. ae>+2- g ' ^ , or a6+2+ - -^ is the mixed quantity re- 
quired, 

T^ ^ . x> , 21a2r'*— 4aH-9 

ii^x. €. Keduce - — -1= — — r— to a mixed quantity. 

'■> ' ■ ■, ■ , , 

» ■ Ans. 3a?* ~ — , 

• ■ la 

iiiX. 7. Keduce — ~ ^ — - to a mixed q^ntity. 

. . _ , 3aa?+66 

tix;. 8. Reduce r^q--^ to a wiiole quantity. 

Ans. a^—c^, 
n-x. 9. Keduce r: — -^ — ^^ to a mixed quantity. 

Ans. 3a— 1 -| ^--^ . 

9cr 

Ex. 10. Reduce — o \^ to a mixed quantity. 

Ans. oT'f' 



ar»-^-3y»* 
J!iX. 11. Keduce — ^"^X-j to a mixed quantity. 

AnB.x^-a^+^^, 

Ex. 12. Reduce — — ^HS to a mixed quantity. 



32: 



Ans. a^-^a-^+~^. 



8« 
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? CASE in. 

To rabice afraetim to its lowest terms, or imst simple 

expretsion. 

' auLE. 

r 

f 

149. Observe what quantity will divide all the terms-both 
of the numerator and denomina:tor without a remainder : Di- 
tide them by this quantity, and the fraction is reduced tq its 
lowest terms. Or, fincj their greatest common divisor, accord- 
ing to the method laid down in (Art. 141) ; by which divide 
both the numerator and deuominator, and it will give the frac- . 
jdon required. 

Example 1. 

ft 

Reduce ~rr-¥-^- to its lowest terms. 

. 21a;* 

The coefficient of every term of the numerator and deno- 
minator of the fraction is divisible by 7, and the letter x also 
enters into every term ; thierefo^e 7h will divide both the nu-. 
merator and denominator without a remainder. 

Now ^—j= — -■ =2ar-Laa;+4, and -—- =3a; : hence 

'g^-L.aar-l-4- 
the fraction in its lowest term is — — — ^^. 

3a; , 

Ex. 2. Reduce ^-r- r — '■ to Us lowest terms. 

ooaocx 

Here the quantity which divides both the numerator and. 

denominator without a remainder is evidently 6abc ; then 

30a2<^c-6a6c2— 12aV6 . ' . ^ ^ SSabcx 

-— , =5ao ^ — c — 2ac : and —-—, — =6a: ; 

6abc . .' eabc ' 

5a6— c — 2ac . ,-..., 

f Hence — : — - is the fraction in its lowest terms. 

I oa?> 

„ ^ _, _ a^ — b^ . , 

Ex. 3. Reduce -z — r; to its lowest terms. 

; Here, a' — ¥ = (a^+ b^) x («'— ^), (Art. 107.) ; and, 

consequently, a^— fe^ will divide both the numerator and de- 

nominator without a remainder ; that is, ^ — ^ = 1 = new 
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numerator, and 
1 



(a»+nX(«"-ft^)_o_L«_ 



hmce, 



a?+6= 



is the fraction in its lowest terms. 



a?-^5^= new denominator ; 



Ex. 4. Reduce -^-_^^-^_ to its lowest 

terms. 

Here, by proceeding according to the method of (Art. 141), 
we find the gl'eatest common measure of the numerator and 
denominator to be a:'+2oar— 20^ ; thus, 






'2aar^- 



•Ucf'x— Sa" 



— 2aa:^+ 2a'ar'4-16fl'x— ^12a* 

remainder . . . — 2aV— 4a?ar+4a* ; 

^ . • -2a»ar'-4a'a:+4a* 
,r then, ' 



x^^aj^^Sa^x+6cP 



Partial quoU a:— 2a 



-20=^ 



= a;^ + 2ax — - 20* = the next di- 



visor; 



U' 



^ f2aa:~2a2)r»— aar»-8a'a:+6a3(a;— 3a 

— Saar* — 6fl"j:+6a' 
~3aa;2— ea^ar+Ga^ . 



* ^ ¥f 

And^ dividing both terms by the greatest common measure, 
thus found, we have the fraction in its lowest terms ; but the 
.numerator, divided by the greatest common measure, gives x 
— 3'a, as above, equal to the new numerator ; apd the denomi- 
nator, divided by the same, gives a^ — 5flx+4fl^ ; thus, . 



ar^-^Sar' — 8flV+18a'fl:— Sa" 

a;*+2ajr^— 2aV 

' ' ■' ■ ' » 

—bajp— 6a=ar"4-18^ar 
— 6ar^— 1 Ofl=r'4- 1 Oa'a; 



x'+2ax-^2a? 

Quotient, 
3^ — bax-\-^o^ 



Ac?x^- 



S(Px^Sa* 
8a^a;-8a* 



Hence, the fraction in its lowest terms is 
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X — 3a • 



V— 6aj:-|-4a' ' 

150. In addition to the methods pointed out in (Art. 144), 
for finding the greatest common divisor of two algebraic quan- 
tities, it may hot be improper to take notice here of another 
method, given by Simpson, in his Algebra^ which may be used 
to great advantage, and is very expeditious in reducing* fr9.c- 
tions, which become laborious by ordinary methods, to tixe 
lowest expression possible. Thus, fractions* that have in 
them more than two different letters, and one of the letters 
rises only to a single dimension, either in the numerator or in 
the denominator, it will be best to divide the nunieratpr or de- 
nominator (whichever it is) into two parts, so that the said 
letter may be. found in every term of; the one part, aiid be to- 
tally excluded out of the other : . this being done, let the 
greatest common divisor of these two parts be found, which 
will evidently be a divisor to the whole, and by which the 
division of the other quantity is to be tried } as in the following 
example, • i • 

Ex. 6. Reduce d" a^ . o^^ onh ^^ itslow- 

est terms. 

Here the denominator being the kast compounded, atid 6 
rising therein to a single dimension only ; I divide the same 
into the parts x^'\-2ax^ and — hx — 2a6; which, by inspec- 
tion, appear to be equal to (ar+2o)a:, and {x-\-2a)'y^ — 6. 
Therefore x-^2a is a divisor to both the parts, and likewise 
to the whole, expressed by {x-\-2a) x {x — h) ; so that one of 
these two factors, if the fraction given can be reduced to lower 
terms; must also measure the numerator : but the former is 
found to. succeed, the quotient coming out ar* — ax-\-hx--ah^ 

• 3? CLX I pT » Q p 

exactly ; whence the fraction is reduced to — 



X — h 

which is not reducible farther by x—h^ since the division 
does not terminate without a remainder, as upon trial will be 
found. 

Ex. 6. Reduce -rr rTrTra i o ^i.a . ^n to its low^est terms. 

Here, the ^eateet simple divisor of the numerator and de- 

nommator is evidently, a^h] Now, ^ — aT~^ == 

So'+lOa'o+SaD' ; and — --2— -^ ^ =a'+2a?6+ 
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S«i'+6». Hence the result ia^-j-2^i^;^^P^; and the 

greatest common measure of this result is a^b^ which is found 
thus; ■ 

5a^-flOa^A+10a6"+66' 

■ " ' ' " ■■' ,. . * '■ '■ ' ' ■- 

remainder .... — SoJ*— 66^ 

And ^ — = a 4-^1 which by another operation is 

found to divide the numerator without a remainder ; and con- 
sequently dividing both the numerator and denominator of the 

. / ; ^ . 6tt'4-l0a»64.5a6^ ^-^ , ^ ^ 
m Its lowest terms ; that is, , ; =5ar-f-5a6 ; 

andffi^i^±^^«'+«6+6': 

6o'-f-6a6 ' . * 
Hence ^ , - , r is^ the fraction in its lowest terms. 

Ex. 7. Reduce — -—5: ^ to its lowest terms. 

lary 

Ans.??=?^. 
z 

Ex. 8/ Reduce r=-5-^- to its lowest terms. 



3a:»— ar+2 
Ans. -J — . 



Ex. 9. Reduce -» — rr to its lowest terms. 



Ans. 



Ex. 10. Reduce -ri — 7 — -?- — r to its lowest terms. 

xr-\-:€ur — crx — or 

Ex.11. Reduce t-r---rTrT-rr^T5 — rrr to its lowest terml. 

OCT — 18a^J+l 1«^ — 6^ 

7fl5— 2^ ^ 
Ans. 



6a'^3ai4.26'** 
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a*— 6* 
Ex. 12. Reduce -5 — r- to ita lowest terms. 

Ans ^^+^ 

y*— x* 
Ex. 13. Reduce -5 — % — = — r- — - to its lowest terms. 

y — y« — ysr-^-ir 

Ana. ^^±^. 
Ex. 14. Reduce . , '. , -r^ — to its lowest terms. 

„ ,^ „ . a'— 3a»ar+3aa:>— a', . , • 

Ex. 15. Reduce :: to its lowest terms^ 

Ans. : :• 

o-f-o: 

« , « ^ 0^4-26024.3620" 
Ex, 16. Reduce ^ . ot a -^gr-o— ^ to it$ lowest terms- 

2o — oba — 00 2 o^ 

_o%-|-26+36» 
^^•2a»— 36a^l6^' 

Ex. 17. Reduce -1 — ' T> . ^ to its lowest terms. 

or — a^X'T-ax^+ar 

Ans; — p-. 

• Ex. 18. Reduce ' , ■ . , . - to its lowest, terms. 

a2-*-o3 
Ans. — j-|-. 
a+o 

CASE IV. 

To reduce fractions to other equivalent oneSj that shall have a 

common denominator, 

RULE I. 

151. Multiply each of the numerators separately, into all 
ftie denominators, except its own, for the new numerators, and all 
the denominators together for the common denominator. 

It is necessary to remark, that, if there are whole or mixed 
quantities, they must be reduced to improper fractions, and then 
proceed according to the rule. 
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Ex. I. Reduce --v-^ and - to a common denominator. 

4 c a \ 

66 x4X<*=2P«& /inew numeratoi* ; 
a;XcX4— 4ca? j. 



-I — -^ 



4X<^><^=4ac common denominator: 

^, • / ;.' . . , Sd'c 20ab , 4ca7 

Hence the fractions required are - — , — — , and - — . 

^ 4ac 4ac 4ac 

2:c4-l ^2a^' 
Ex.- 2. Reduce — ^r— , and — to a common denominator. 

^'':^i^xl=^=i } new.numerators - 

• 36 X 2? = 3607 common denominator. ; 

V . 22^-i-x 6o^6 

• Hence the fractions required are -jr?--, and ---,-. 

Sox Sox 

3 ' 6x ' Sx^ 

Ex. 3. Reduce tj ^i and 0+ -—, to a common denoraina- 

4' 3' ' .5' 

toi;. 

Herea+-^ = — -^. 

3X3x5=45 ^ 

6a;x4x5 = 100a? .> new numerator ; 

(5a+3ar') X4 X3=60a+36a:' j 

..11 . ■ ' . ■ ' i . , 1 I ■- 

4x3x5 =60 common denominator j ♦ 

\r ^^ r .-' J 46 lOOar , 60a-f 36a:^ 
Hence the fractions required are --, -^~» and ^- — . 

• ■ • 

RULE II. 

' ' ' 

152. Find the least common multiple of. all the denomina- 
tors of the given fractions, (Art. 147), and it will be the com- 
mon denominator required. . 

Divide the common denominator by the dienominator of each 
fraction, separately, and multiply the quotient by the respective 
numerators, and the products will be the numerators of the frac- * 
tions required. 

3a^6 5a6 

Ex. 4. Reduce -— r- and - — = to the least common denomi- 

x^ 4aa? 

nator. 



-■■J 
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Here 4a2^ is the. least common m,ultiple of :? and Aaaf\ 

then -^x3a'6=:4ax3o'6=12a'6 

4^^ > new numerators, 

and - — . x5«^=5tt6 

Hence - — 5- and -^--5 «^© the fractions required. 
4aar 4aar ^ 

Or, as 4aa;' (the least common multiple) is the denomina' 

tor of one of the fractions^it.is only necessary to reduce the' 

fraction --j to ati equivalent one, whose denominator shall 

be 4ax" ; hence, —3- = 4a, and — =- X :r- = , ^ = 

12a?6. 

-j—j is the fraction required. 

These rules appear evident from (Art. 118). For, let 

ace., ,^ ., adf chf edb 

P J 7» "® the proposed fractions ; then r^ 7^ r^. are frac- 
tions of the same value with the former, having the coitimoiCi 
denominator W/. Sinc6^=f; J-|=^; and?|=j:. 

•n «. T^ 11 3a^6- y , .5^^ , , , 

Ex. 5. Reduce —5, ^, and ---^ to the least common do- 
nominator. 

Here, the least common multiple dr4ca;', 2a?, and Scu^.^ (Art 
147), is Sac'x' ; then, 

-2^ X3^6=2acx3a"^=6a3ic 

— r — Xy=^^^Xy=^^^^ ^new numerators ; 

quired. 

» Ex. 6. Reduce —; — % — «— , and r- to a common denomi- 

nator. 

ZOi^ 2a^x—2j^ ^ 3a+3jg 
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Mi4X* 7. Jtteduce , and -5—7- to a common denomi- 

nator. •» 

eabx+9 ah 5y'+2a? 

Sabx ' 3a6a? 

Ex. 8. Reduce - , -— -—, and --- — to a common denomi- 

nator. 

, 4r'+4a: 3j?»+6a;+3 ^ 122r-^ 

Ans. ■ , , and ■*-. 

12i;+12' 12a:-f-12 ' 12a:+12 

^ •' ■ a 2(r» , , 3a — a^ 

iiiX. 9. Ked^ce t, -n and x-i to a common deno- 

a X 

minator. 

adx 2hc^x , 3ahd 
* * hdx^ bdx * bdx * 

Ex. 10. Reduce --, a — , and 7-4 — to a com- 

oy 3x '2 

mon denominator. 

6a?^ S0axy -^1 0x'y-\ -50y SOaxy—lSxy 

Ex. 11. Reduce -r r, r -— , and — ; — to other equiva- 

ar — X* 4a — 4x o-j-o? 

lent fractions having the least common denominator. 

4a dab +Sbx 20ax^20x* 

^"^- 4^CJ4^. "4"i?i:"4?» ^^^ "It^ITi?'"- 

Ex. 12. Reduce -^-r-- — t—^ -5 — --3, and , * - ' to the 
least common denominator. 

' a^ - ax*+a'^X'^x^^ a* — aa;*+o*a?-«** 
and 5fly+5a:t/ 

a^ — ax^4-'**^'^^ ' 



§ V. ADDITION AND SUBTRACTION OP ALGEBRAIC FRACTIONS. 

To add fractional quaniiiies together. 

RULE. 

153. Reduce the fractions, if necessary, to a common deno- 
minator, by the rulee in the last case, then add all the nume- 

9 



86 ALGEBRAIC FRACTIONS. 

rators together, and under their sum put the common denomi- 
nator , bring the resuhing fraction to its lowest terms, and it 
will be the mm required. * 

Ex. 1. Add — , — , and - together. 
2a;X'''X9=126a:-1 126a;-|-135a;+21a: 282x 

*X7X3=21x}. 93^ 

' " + T^a ^^ ^^® s^^ required. 

Ex. 2. Add T, rry, and -— together. 

12a^4^6+156'_ 

•"• "l2^6« " 

ax35x4a=12a^6^ 20a«6+1563 

2ax6x4a= 8a^6 -—--ll-.^^ (dividing by 6) 

56x36x6= 1564 ^ Jg^,. . 

6x36x4a=12«6«J —2"^- ^ ^^^ ^^ ^^-«^- 

Or, the least common multiple of the denominators may be 
found, and then proceed, as in (Art. 152). 

It is generally understood that mixed quantities are reduced 
to improper fractions, before we perform any of the operations 
of Addition and Subtraction. But it is best to bring the frac- 
tional parts only to a common denominator, and to affix their 
sum or difference to the sum or difference of the integral parts, 
interposing the proper sign. 

Ex. 3. It is required to find the sum of o^ 7-, and 6+ 

'nere, a- lf=±l^^, and ft+B^^^t^-ff . 
♦ 6 6' ' c , c 

Then, (a6-3r^)Xc=a6c-3ca:' ) 

(6c+2aa:) x6=6^c+2a6a; / ^""^erators. 



• • 



6xc=6c= denominator. 

^ a6c - 3c3i^+b^c+2ab x abc+b^c 
be ~~ 6c ' 

2o6a:— 3cr* . , , 2a6ar— 3ca:* 

—6—-="+^+ — ST- 

is the^um required. . 
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Or, bringing the fractional parts only to a common deno- 
minator, 

Thu8,3a;'Xc=3cx' I numerators 

And 6xc=6c common denominator. 

Whence a — -, [-bA — -— =:o+6-| -. thQ sum. 

. be be be 

X'-2 

Ex. 4. It is required to find the sum of 5x -\ — aod is 

2a?— 3 

dx 

Here, ( x-2) x5a:=5^~10^ > numerators 
(2a:— 3) X 3 = 6x — 9 f numerators. 



And 3x^^—13^ common denominator. 

,^. ^ 6a:*— 1 Oar 6a:— 9 . Sx" — 10* 

Whence oa; -4 -— |-4a; --= — =9arH 

' 16a? ' 16a? | 15x 

, 9— 6a; ^ , 5a^— 16a:+9 , . ^ . 

H — -- — =9arH — — — the sum required. 

• 16a; ' 16x 

Here, — — is evidently = -— — (Art. 128) ; but we 

might change the fractions into other equivalent forms before 
we be^n to add or subtract ; thus, the fractional part of the 

2x 3 

proposed quantity 4a? — may be transformed by chang- 

ox 

ing the signs of the numerator, (Art. 128), and the quantity 

3 2ar 

itself can be written' thus, 4a;-| — - — : It is well to keep thi« 

ox ' 

transformation in mind, as it is often necessajy to make use of 
it in performing several algebraical operations. 

1? K Ajj 3a« 2a ^b 

JEiX. o. Add -^, — and - together. 

106a^+28a*+10iJ 
Ans. -^ 

X X 2^ 

Ex. 6. Add and — r- together. Ans. —z — ;-.. 

X — 3 a?-^3 ^ ar— 9 

Ex. 7. Add -^j- and ^^^ together. 

2(i>+2fi^ 
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Ex. 8. Add -^— and p- togrether. 

a — X a-\'X 

Ana. 



d^—X^ 



Ex. 9. Add 2a?-j — - and 3x-f- — r — together. 

Ans. hxA — . 

^ 12 

7*c X 

Ex. 10. Add 4a?, — and 2-|- - together. 

AAcX 
Ans. 4i?+2-U-Tv-- 

Ex. 11. Add 6a; and -^ — 4a? together. 

Ans. a:+ -—-^ 

Ex. 12. It is required to find the sum of 2a, ^ and 

a — X 

An8.2«4-2+^. 
To sitbtract one fractional quantity from another, 

RULE. 

164. Reduce the fractions to a common denominator, if ne- 
cessary, and then subtract the numerators from each other, 
and under the difference write the comm6n denominator, and 
it will give the difference of the fractions required. 

Or, enclose the fractional 'quantity to be subtracted in a 
parentheses ; then, prefixing the negative sign, and perform- 
ing the operation, observing the same remarks and rules as in 
addition, the result will be the difference required. 

The reason of this is evident ; because, adding a negative 
quantity is equivalent to subtracting a positive one (Art. 63) ; 
thus, prefixing the negative sign to the fractional quantity 

, it becomes — ( — ^ ] = = ; to the 

c ' \ c J c . c 

ar'4-a / x^4-a \ 
fractional quantity ■ — , it becomes — f J = 

. 3^+a , . ax — h . 
+ (Art. 128) ; to the fractional quantity g— , it 



c 
2 
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Irecomes — ( ^— J = — — ; to the mixed quantity 

Sa: -^— ^-, it becomes — ( 6x '— ) = — 6x4 -^ ; 

y \ y y v 

2 — X 

and to the mixed quantity — 3a-| — -— , it becomes — 

C y c c 

Zx 5ar 

Ex. 1. Subtract -=-, from — . 

"S 35 oO 

5 x7=35 com. denom. L^iffe^ence required. 

T-i «. « 1 2a— 4a: _ x — y 

Ex. 2. Subtract — - — fronk-^rr^' 

Here (2a — 4x)x36=6a6— 126a; > 

(a;-y) x5c= 5ca;— 5oy / numerators. 

6c X 36= 166c common denominator. 

MVh ^^^ — ^^y ^^ — 126a:_5cg — 6cy , 126a? — 6a6_ 

Whence, — -g-^ 1567"= 166c ' r66r""" 

. 5cx — 6cti-l-126x — 6fl6 . . _. _ . _ 

^~~r: ■- IS the difference required. 

166c 

Or, by prefixing the negative sign to the quantity — - — 

6c 

2a ""* 43? 4/1*— "-2a 

it becomes — = — = ; then it only remains to add 

5c 6c- "^ 

— and -^ together, as in addition, and the result will 

5c oo ^ 

be the same as above. 

Ex. 3. From 2a6-| — ; — subtract 2a6 r— • 

o+ar ar\-x 

Here prefixing the negative sign to the quantity 2a6 — 

o— a? , / a'^x\ , a — x 

— ; — , we have — ( 2a6 — - )=»— 2a6H j— : hence the 

a-f-x \ a-4-ar/ a^x ' 

difference of the proposed fractions is equivalent to the sum 

C"~" X C L ' \ X ' * 

of 2a6H ; — , and — 2a6+---!--. : but the sum of the firac* 

o-j-a? a — a;' 

9* 
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a—x , a-\-x . 2«^+2ar> _, ^ , ,.^ 
tional parts — r— and — i— , is — r-^- -^ : Therefore the diffe- 
o-f-j? a — X or — 3r 



rence 



required.is 2a^— 2a5H — _[_.= ■_. 



IS^-a:' c?— j;* 



Ex. 4. From — - — subtract — - — . 

Here(10a:-9)x 7=70a:-63> ' 

(3ar-6)xl5=45a;-76 \ ""n^®'^*^^^"- 

15x7=105 common denominator. 

Therefore, — ^-r-?.^— = 

' 105 105 

70a:- 63— 45^+75 25a:4-12 . ^^ . 

— z — ' — = — -'- — 18 the fraction required. 

105 105 ^ 

Ex. 6. From — ^ subtract r. Ans. -5 — r-.. 

a — 6 a-\-b ar-~tr 

1 1 2z 

Ex.6. From subtract . Ans. -r ^ 

a—x a-^-x a^— or* 

Ex. 7. From —HI subtract — - — . Ans. —7—-. 

3 3x ox 



X T~^ A 

Ex. 8. From 3x+ r- subtract x — . 

c 



Ans. 2x-\' 



■r. A « , * 2a:4-7 ^ 3ar'+o» 
Ex. 9. Subtract -^ from — ~T-~. 

o 36 



I 



24a:'+8a»— 66ar— ? 1 6 



246 



Ex. 10. Subtract ^x — from 5x-] ^^.;r-. 



, liar- 19 

Ans. ar-i — — . 

15 



CE-+-2: Ct^-^X 

Ex. 11. Subtract ~— : from a-\ 



c{a— ar) a(a^x) 

Ax 
Ans. a— 



Ex. 12. Required the difference of 3j and 



3a+12a: 



. 3x — 3a 

Ans. — - — , 
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Ex. 13; From %xA — =r- subtract Zx ?^-. 

16ar+23 



§ YI. MULTIPLICATION AND DIVISION OF ALGEBRAIC FRAC- 
TIONS. • 

To multiply fractional gitantities together. 

RULE. 

t 

165. Multiply their ntimerators together for a new nume- 
rator, and their denominiitors together for a new denominator ; 
reduce the resuhing fraction to its lowest terms, and it will be 
the product of the fractions required. 

It has been already observed, (Art. 119), that when a frac- 
tion is to be multiplied by a whole quantity, the numerator 
is multiplied by that quantity, and the denominator is retain- 
ed : 

Thus,-Xc=-r-, and -y-X^="t-; or, which is the same, 
making an improper fraction of the integral quantity, and 
then proceeding according to the rule, we have t X r = -t-» 

, 2x 5 10a; 

Hence, if a fraction be multiplied by its denominator, the 

a J ab. , ^ 
product is the numerator ; thus, ^ x ^ = -r- = 6. In like 

manner, the result being the- same, whether the numerator 
be multiplied by a whole quantity, or the denominator divid- 
ed by it, the latter method is to be preferred, when the de- 
nominator is some multiple of the multiplier ; Thus, let 

T- be the fraction, and c the multiplier; then t-x<^=7;-=" 

ad . (id ad ad . ^ 

TY- ; and — X^=i =-T-» as before. 

b ^ be hc^c b 

Also, when the numerator of one of the fractions Us be mul- 
tiplied, and the denominator of the other, can be divided by 
some quantity which is common to each of them, the quo- • 
tients may be used instead of the fractions themselves ; thus. 
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^"T"- y — — z=z -^ ; cancelling a+6 in the numerator of the 
a — 6 a+6 a — 6' 

one, and denominator of the other. 

3a 4a 

Ex. 1. Multiply — by y. 

3ox4a=12a»= numerator,) ^^^ ^^^.tj^^n required is 

5 X 7 s= 35 = denommator ; J 
12a» 

35* 

Ex. 2. Multiply —J— by -y . 

' Here, (3a:4-2)x8a;=24^+16rc= numerator, 
and 4 X 7 = 28 = denominator ; 

Therefore, -—!—-= (dividing the numerator and denomi- 
nator by 4) — ~ — the product required. / 

Ex. 3. Multiply -^ by --. 

Here, {a'—it^ X 7a;^=(a+^) X(a— ^) X '^^= niimerator 
(Art. 106), and 3ax(o— ^)= denominator; see Ex. 15, (Art. 
79). 

(a+x) X (« — a?) X *^^ /J- -J- 

Hence, the product is —^-^jTr-ir^ (dividmg 

6a X {a-^^} 

Irya + x) 
the numerator and denominator by a — a;), -^ = 

*lax^^1x^ 
3a * 

Ex. 4. Multiply a+- by a — -. 

X 5a4-a: , x 3a — x 
Here, a+r = — ^^ — , and a — -== — - — : 
' 5. o 3 ^ 

Then, (5a+2;)x(3a— ar) = 15a2— 2oa;-rar»=: new numerator, 
and 6x3 = 15= denominator: Therefore, ^ = 

^ f^X- is the product required. 

15 

156. Bttt, when mixed quantities are to be multiplied to- 
gether, it is sometimes more convenient to proceed, as in the 
multiplication of integral quantities, without reducing them to 
improper fractions. 
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Ex. 6. Multiply a;^— i-x+| by ix+2. 
+*+2 






Ex.6.MuU.ply— 4— by^p-3^,- 

Ex. 7. Multiply ^^- by — ^^. Ads. ~. 

17 o n/i , • 1 2a— 2ar . 3cw? . ^ 2a: 

Ex. 8. Multiply——-, - by r — -=-- Ans. --r. 

^•^ Sab ^ bor—bx bb 

Ex. 9. It is required to find the continual product of 

3a '2r» ^a4-b , 2ax+2bx 

6-'T»^°^^- - ^"'- 5"""^ 

Ex. 10. It is required to find the continued product of 

o^— ar* a+v , a — y . , 

-2 — ^1 T-r-Ai and — ^. ' Ans. a+x. 

Ex. 11. It is required to find the continued product of 

a? — x^ c^ — 6' J a a ''^ — ^ 

— -r-j-, — ; — , and ^. Ans. . 

a4-6 a-^x ax — ar x 

Ex. 12. Multiply :r'--5^+l by rc^-^rr. 

Ans. a^ -irc^+ Va;^-4«- 



To divide one fractional quantity by another. 

RULE. 

157. Multiply the dividend by the reciprocal of the divisor, 
or which is the same, invert the divisor, and proceed, in e#ery 
respect, as in multiplication of algebraic, fractions ; and the 
product thus found will be the quotient required. ^ ^ 

When a fraction is to be divided by an integral quantity ; 
the process is the reverse of that in multiplication f^or, whMJi 

120), or divide the numerator by iT. The latter mode is to be 



is the same, multiply the denon^ipAtor by the integral, (. 
preferred, when the numerator is a multiple of the divisor. 



94 ALGEBRAIC FRACTIONS. 

Ex. 1. Divide — by -. 

a c 

b c 6aj c 5cx . 

The divisor - inverted, becomes ri nence — Xr="rr" ^ "^® 
c 6 a ao 

fraction required. 

Ex. 2. Divide — t-t— by — rir-- 

a-\-b a-|-o 

(6a — 5x\ o-[-6 
Tf- ) mt;er^e(/, becomes r—; 
a+ft / ' 5a — 5a; 

3a— 3a; a-|-6 3a— 3a; 3 (a— a;) 3 . . 

hence — rr-Xr ^~=^ ^"=^7 ( = k ^® ^"® *1^^" 

a+6 ^5a^6a; 5a— 6a; 5(a-a;) 5 

tient required. 

Ex. 3. Divide by a +6. 

a; 

The reciprocal of the divisor is — -^ ; hence --^ x 



0+& a; ^a-f-^ 
(a+6)(a~6) a-6 . . . ^ . , 
t — TTn^ ^® ^^® quotient required. 

Or, — lt =a— ^ ; hence — is the fraction required. 

Ex. 4, Divide — ; — - by a+ • 

a+c ' a 
a^—flS ^_L./p2 ^a ^2 ^ ^» 

Here, a+ = =— ; then, the fraction — z — - 

a a a a+c 

3^ 3? -t^ a aa^ — a^ 

divided by — becomes — T"-X:j= — Tl — ia= ^^® quotient re- 
a a'T"C a;^ ax — ♦— cx 

quired. 

168. But it is, however, frequently more simple in practice 
to divide mixed quantities by one another, without reducing 
them to improper fractions, as in division of integral quantities, 
especially when the division would terminate. 

Ex. 6. Dividea:^— |a;''+V^— ^^ by ^*— ia;. 
:r' - ^x)2^ - ix^+Ya^-- ia;(a;»-f x+ 1 



T 



x^^-V^^ J« 



, '^ ^x'^ far* 






« 41^ 
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4a 3a . ^^ 

Ex. 6. Divide y by y. Ans. y. 

Ex. 7. Divide^- by.^-. Ans. 2x. 

9t'^Zx, x" a ^^*^-3 

Ex. 8. Divide — r— by -. Ans. — ^-. 

Ex. 9. Divide ^32^,-+^ by -"t^^ . Ans. x+-. 

2x^ X .22? 

Ex. 10. Divide -^-p-i by ^3^^. Ana. ^n^q:^ 

Ex. 11. Divide — ; — by -5-;-- j-3. 

a4-a? a*4-2aa:+ar 

Ans. a^+2ff'x+2ax^4-a;3. 
Ex. 12. Dividea^— yx'+a^^+^a:— 2by-ar-2. 

Ans. -a:^ — «^+^- 
4 Z 



CHAPTER 111. 

ON 

SIMPLE EQUATIONS, 

INVOLVING ONLY ONE UNKNOWN QUANTITY. 

159. In addition to what has been already said, (Art. 34), 
it may be here observed, thefl the expression, in algebraic 
symbols, of two equivalent phrases contained in the enuncia- 
tion of a question, is called an equation^ which, as has been 
remarked by Garnier, differs from an e^t^/i/^, Jo this, that 
the first comprehends an unknown quantity combined with 
certain known quantities ; whereas the seconcf takes pJace 
but between quantities that are known. Thus, the expression 

s d 
o=- + o» (Art. 102), according to the above remark, is Called 

an equality ; because the quantities a, 9, and ^, are$uppQi|d 
to be known. And the expression *.+a? — d=5, (Art. 103), is 
called an equation, because the unknown quantity x, is com- 
bined with the given quantities d and s. Also, a^-»a=:0 is an 
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equation which asserts that a: — a is equal to nothing, and there- 
fore, that the positive part of the expression is equal to the nega- 
tive part. 

160. A simple equation is- that which contains only the first 
power of the unknown quantity, or the unknown quantity 
merely in its simplest form, after the terms of the equation have 
been properly arranged : 

X X ' 

Thus, X'\'a=b ; ax-\'bx=:c ; or --^-=(i, &c. where x de- 

notes the unknown quantity, and the other letters, or numbers, 
the known quantities. 

§ I. REDUCTION OF SIMPLE EQUATIONS. 

J 

161. Any quantity may he transposed from or^e side of an equa- 
tion to the other ^ by changing its sign. 

Because, in this transposition, the same quantity is merely 
added to or subtracted from each side of the equation j and, 
(Art. 48, 49,)' if equals be added to or subtracted from equal 
quantities, the sums or remainders will be equal. Thus, if x 
-p5=12 ; by &ubtracting 5 from each side, we shall have 

but 5 — 5=0, and 12 — 5=7 ; hence a;=7. 
Also, if X'{-a=b — 2x ; by subtracting a from .each side, we 
shall have 

a;-|-a— a=6— 2a: — a ; 
and by adding 2j;to each side, we shall have 
ar-f-tt — «+2^ = ft — 2x — a-\-2x ; 
but a — a=0, and — 2a;-j-2a:=0; therefore 

x^2x=:b — c^ or 3xz=:b — a. 
Again, if (zx — c — d, and c be added to each side, ax—c-^-t 
=d--f-c, or ax-=dr\-c. 

Also, if 5a: — 7=2a:+12 ; by subtracting 2a; from each side, 
we shall haye 

^ 5a:— 7T-2a:=2a:+12— 2a:, or 3a:— 7=12 ; 
subtracting — 7, or. which is the same thing, adding + "^ to 
each sjd^ of this las| equation, and we shall have 
^ 3a:— 7+7=12+7; 

but 7— 7=0, .•.3a:=19. 
*)., Finally, if a: — a-\-bz=zC'-2x-\-d^ then, by subtracting 6 from 
each side, we shall have •• % 

X — 0+5 — ^ = c — 2x-\-d — b ; 
and adding a-|-2a; to each side, it becomes 
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but cK^tt=0, i-6=0, and — 2i4-2ir=0 ; 
therefore, a?+2a;=c+a-— ^-[-<]f» or 3a?=c+fl — ftHrd. 

Cor. 1. Hence, if the sign^ of the terms on each side of 
an equafciSri be changed, the two sides still remain equal ; be- 
' oause in this change every term i& transposed: Thus, if*-« 
-J-^ — c=:a — 9-}-a; ; then, a?— 6r4-c=9— a — a; ; or, which is the 
same thing,' by transposing the right-hand side to the left and 
the reverse, we s-hall have 9-^— rc=a; — 6-}-c. 

Cor: 2. Hence, ly hen the known and unknown quantities 
Are connected ia an equation bj the signs + or — , they may 
be separated by transposing the known quantities to one side, 
and the unknown to the other. 

Thus, if3a;— 9— a=12+6-4ar'; then, 4ar»+3a?=d+6+21.. 

Also, if 3r»— 2+a:=:fr— 42r^— 3a;^ ; then, 3a?*+4a;'+33r»+ 
a?t=;64;2. 

Hence also, if any quantity be found on both sides of an 
equation, it may be taken away frpm eaph ; thus, if it-]^a=za 
•4-6, then a:=5 ; if x — 6=:;c+rf— -^» tl^en x=C'\-d] because, 
by atdding b to each side, we shall hare x — b-{-bz=C'\^-~ b+b ; 
but b — 6=0, .*.a?=c-[-rf. 

162. If every term on each side of an equation he muliipliecf b^ 
the, same quantity ^ the results mU be equal : because, in nrilti- 
• plying every term on each Bide .by any quantity, the value of 
the whple side is multiplied by that quantity ; and, (Art. 50), 
if .equals be multiplied by the same quantity, the products will 
be equal. 

Thus, if a;=^6+o, then 6a?=30+6a, by multiplying every 

tenn by 6. And, if — =4, then, multiplying , each side by 2, 

X* X 

we have — X2^4x2, or x= 8, because, (Ar.t. l&S), -'X2=«. 

X 

Also; if - — 3=0—^, then, by multiplying every term by 4, 

we shall have X — 12=4a— 4&. 

3 
Again, if 2x — - -f-l=« j then, 4a; — 3-|-2=2ar ; and 4a? — 

2a?=3— 2, or2a;=l. 

Cor. 1. Hence, an equation of which any part is fraction* 
al, may be reduced to an equation expressed in integers, by 
multipljnng every term by the denominator of the fraction ; 
but if there be more fractions than one in the given equation, 
it may be so reduced by multiplying every term by the pro- 
duct of the denominators, or by the least common multiple of 

•10 
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them ; and it will be of more advantage, to multiply by the 
least common multiple, as then the equation will' be in its 
lowest terms. 

3' X X 

' Let --|- -+ -=1I ; then, if every terra be multiplied by 

24, which is the product "of all the denominators ; we Jiave 

^X 24+5X24+jX24=ll x24; and 12a;+8fl:+6^=264 ; 
2 o 4 

or, if every term of the proposed equation be multiplied by 

12, which is the least comihon multiple of 2, 3, 4, (Art. 146) ; 

we shall have 6x+4x-f-3a:=132, an equatiofi in its lowest' 

terms. ^ • 

Cor. 2. Hence also, if every term on both sides have a 

common divisor, that common divisor may be taken away ; 

. .^dx , a+6 22:-U7 . , • , • v *. 

thus, if — H — ~- = — r' — , then, multiplying every term oy 6, 
o o o • 

we shall have 3a:+a+.6=2a;4-7, or ar=l— a. 

Also, if 1 — = , ithen multiplying by c, we shall 

have oo: — b+3=7—XyOX(ix+x=zb+4, 

163. If every term on each $ide of an equatitn fie divided by ' 
the same quantity ^ the results wUl be egual : Because, by divid- 
ing every term on each side by any. quantity, the value of; the 
whole side is divided hy that qu^intity ; and, (Art. 51), if 
equals be divided by the same quantity, the products will be 
equal. 

Thus, if 6a'-f 3a;=9 ; then, dividing by 3, 2g'+a;=3. 

Also, if Qx^-rbx^acx] then, dividing every term by the 

common multiplier a?, we shall have h— =— , or ap-}-6 

X X ■ tb ' 

Cor. 1. Hence, if every term on both sides have a common 
multiplier, that common multiplier may be taken away.- 

ThuSjif aar-|-«f^=fl^ then, dividing every terra by the com- 
mon muhiplier a, we shall have a:-|-d=6. 

Also, if — I — - == ; then divtding^by the common multi- 

c c c 

ft f» 

plier -, or (which is the same thing) multiplj^ing by -, we shall 

have x-\-h=4ax. 

Cor. 2. Also, if each member of the equation have a com- 
mon divisor, the equation may be reduced by dividing both 
sides, by that common divisor. 
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I 

Thus, if ac'-r-a'a?=ofiiz— a'6iOr*(flw;— o-)ar=(aa?— fl')6 ; then' 
U'is evident that each side' is divisible by ax^a\ whence :p=6. 

Again, if jt^ — : o* =a?+a ; then, because :1c''— a'=(x+a) 

. {x — a\ It is evident that each side is divisible by a?+a ; and 

I.- 1. a^-a^ x-^a ^ _^ , ' 

hence we have -^-r — ^=— — , or x --^t= 1, and a;=a4-l. 
• j^J^a x-f-ar ' ' 

164, The ur^hown quantity may he disengaged from a divisor or 
a eoeficient^ by tnultiplying or dividing all the terms of the equation 
by that divisor or coefficient. 

^ ' b h 

Thus, if 2a;+4=&, theri ^+2=- and x— - —2. 

X ■ 
Also, let -+9=17 ; then, multiplying by 2, we shall have 



a: 



~X2+18=lfx2, 

or ar+18=34, .% xrr 34—18, 
Again, let.ax+6x=c -d, or, which is the same, let {a^b)x 
zszc—d ; then, dividing both sides by a+6, the coefficient of x, 
ajid we shall have 

X—-~'~: r» 

a+b 

Finally, let ^ — ^==0-+^ ; then, the equation may be put 

under this form, 

/I i\ 



(i-iy=' 



ind dividing ^ach side by- — t, we shall have a;={c4-c^)' 



G-S ' 



which 'may be.' still farther reduced, because — 



T-= — r- ; therefore 

* / I j\ b — a 
«=(c+d)4.— ^, 

/ 1 in' *^ 

€ibc+abd 



• • «* — ■ 



b — a 



165. Jiny proportion may be converted into an equation ; for thi 
product of the extremes is equal to the product of the means^ 
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Because, if a',h ::xi d\ then t«= -^ (Art. 24), and .«;. 

(Art 162), ad=^hx^ by clearing of fractions. 

Let 3x : 6x : : 2x : 7 ; then 7x^x=;2xXd'« 

or 21x=10x' : and .'. 2l = 10x. 
Again, let 6x+.20 : 4x+4 : : 6 : x+l ; then, 

(5x+20)x(x+l)=6x(4x+4); • 
or, 5a;»+26x+20=20x+20 ; 

and (Art. 161), 6x»+25x=20r; 

.-. (Art. 163), 5x4-26=20. 

166. When an unknown quantity enters into, or forms a 
part of an equation ; and if the equation can be so ordered, 
that the unknown quantity may stand by itself on one side, 
with its simple or first power, and only known quantities on 
the other, the quantity that was before unknown, will then be- 
come known. 

Thus, suppose.3a:4-18=:6ar— 2 j then, by transposing Sx 

and — 2j we shall have 

18+2=6a:—3x, or 20=20: ; • 

20 
therefore, a: = — =10. 

Here, in the above equation, the value of the unknown 
quantity x, becomes known, and 10 is the value of x that fxil« 
fils the condition required, which we can readily see verified, 
by substituting this value of:tin the giveii equation ; thus, 

3x-3xl0=30, and'5x=5X10=60; 
hence, 3x + 18 = 30+18= 48, and 5a: — 2 = 60-2=48 ; 
therefore 10 is the true value of a:, which answers the condi- 
tion required, and this value of a; is called the root of the egua" 
Hon, 

167. Hence the root of an equation is such a number or 
quantity, as, being substituted |br the unknown quantity, will 
make both sides of the equation vanish or equal to each other : 
Thus, in the simple equation 

3a:— 9-f6=0; .• 

the value of a: must be such, that if subsfltuted for it, both sides 
must vanish, because. the right-hand side is ; but this value 
is found to be 1, for by transposition 

,3a:=9— 6=3, 
and dividing by 3, we shall have 

3x 3 , 

- = ~,orx=l; 

therefore 1 is the root of the given equation, which can be' 
easily verified by substituting it for x \ thus, 
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3a;— 9+6=3 X I— 9+6=3— 9+6;=9— 9=0. 

Hence, the value of the unknown quantitj being substituted 
in the equation, will always reduce it to 0=0. 

^ § II. RESOLUTION 6f SIMPLE SqUATIONS, 

Involving only one unknown Q^(mtUy. 

168. The resolution of simple equations is the disengaging 
of the unknown quantity, in all such expressions, from the 
oth^r quantities with which it n connected ; and making it 
stand alone, on on^ sfde of the equation, so as to be equal to 
such as are known on the other side, or, which is the same 
thing, the value of the unknown quantity cannot be ascertain- 
ed till we transform the given equation, by the addition, sub- 
traction, multiplication, or divison of equal quantities, so that 
we may finally arrive- at the conclusion, ' 

' x=n, 
n being a number, or a formula, which indicates the opera- 
tions to be performed upon known numbers. This number n be- 
ing substituted for j; in the primitive equation, has the property 
of rendering the first member ^qual to the second. And this 
value of the unknown quantity, as has been already observed, 
is called the root of the equation, this word has not here the 
sanye acceptation as in (Art. 15). 

169. In the resolution of simple, equations, involving only 
one unknown quantify, the following rules which are dedue- 
ed from the Articles in the preceding Section, are to be ob- 

serv^ed. 

/• • • 

RULE I. • 

« 

When the unknown qmntiiy is only connected with known quantiHet 

by the signs plus or minus. 

170. Transpose the known quantities to one side of the 
equation, so that the unknown may stand by itself on the other ; 
and then the unknown quantity becomes known. 

Ex. 1. Given a:-|T8=9, to find the value of x. 

By transposition, it=9 — 8, .*. a7=l. , 

Ex. 2. Given *6x — 4=2a?4-6, to find the value of «. 

By transposition, Zx — 2a?=6+4, .•. a?=9. 
Ex. 3. Given a:-|-a=a4-5,'to find the value of a?. 
By taking a from both sides, we have 

ar=6 ; or by transposition, 
ar=a — a+S ; but a — a=0, /, a?=5. 

10* 
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Ex. 4. Given 9—- ar=2, to find the value of ir. 
By changing the signs of all the terms; we have 

-9+*=^ 2, 
by transposition, a?=9 — 2, .*. x=7. 
It may be remarked, that it is the general practice of A^- 
lysts, to make the unknown quantity appear on the left-hand 
side of the equation, which is principally the reason for chang- 
ing the signs. 

Ex. 6. Given — b — x=a — cto find rein terms of a, 6, and c. 
(161. Cor. 1), by changin|^ the signs of all the terms, we 
have 6+a;=c — a ; .•. by transposition, «=c-^6— o. 

Ex. 6. Given 2a;— 4+7= 3a:— 2, to find the value of a:. 
(161.) by transposition, 23;— 3a: =4— 7— 2, and (161. Cor. 
1), by changing the signs, 3ar — 2a:=7+2— 4 ; but Sx — 2a:= 
<a?, and 7+2 — 4=6; .-. 3:=6. 

Ex. 7. Given7a?+3— 6=6x— 2+7, tofindthevalueofx. 

Ans. x=7. 
Ex. 8. Given 3.T+5— 2— 2af— 7=0, to find the value of x. 

Ans. X 2=4. 
Ex, 9. Givenx—3-+4 — 6=0, to find the value of x. 

Ans. x=5. 
Ex. 10. Given 7+x=2a:-+i2, to find the value of x. 

Ans. x= — 5. 
Ex. 1.1. Given 12— 3x3=9— 2x, to find the value of x. 

Ans. x=^3. 

Ei. 12. Given X — a+fe-c=0, to find the value of x in 

terms of o, 6, and c. . Ans. x=a — 6+c. 

Ex. 13. Given x—a-+6=i=2x—2o+6, to find the value of X 

in terms- of a and b. Ans. xt=a. 

Ex. 14. Given 2x+a=x+6, to find x in terms of o and 6. 

Ans. x=6-a. 

RULE ll. 

171. Transpose the known quantities to one side of the 
equation, and the unknown to the other, as in the last Rule ; 
then, if the unknown quantity has a coefficient,^ its value may 
he found by dividing each side of the equation by the coeffi- 
cient, or by the sum of the coefficients. 

Ex. 1. Given 3x+9=18, to find the value of x. 

By transposition, 3x=ia — 9*, or 3x=9 ; dividing both sides 

* 3^ 9 

of the equation by 3, the coefficient of x, we have -5-=^, .'. a?. 

3 3 

s=3. 
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Ex. 2; Given2x— 3=9— ar, to find the value of X. 
' Bj transposition, 2x+a?=:9+3, 
\)y collecting the terms, 3a?= 12, 

by division, -^^i- ; .-.2:= 4. 

Ex. 3. Given 7— 4x=t3x— 7,to find the value of ar. 

By transposition J — 4x — 3jr = — 7—7, 

by collecting the terms, — ^7a = - 14, 

by changing the sign8,'7x=: 14, 

, J. . . • *7x 14 
by division, ---=--^- .-.0^=2. 
7 7 ' 

Ex. 4. Given 6r+10=3x+22, to find the value of x. 

By transposition, 6x - 3a;r=:22 - 10, 

by collecting the terms, 3x= 12, 

by division, "3-=^ J •'• ^=^- 

Ex. 6. Given ax+6=c to find the value of x in terms of a, 

h^ and c. 

By transposition, ax==€— ft, 

, ..... ax c — 'h c — b 

by division, — = • ,•, xz= — - 

a a , a ' 

The value of x is equal to c— ft' divided by a, which may 

be positive or negative, according as c is greater or less than 

9 — 5 
b ; thus, if c=9, ft=5, a=2, then x=:-- — =2 ; if c=12, b=z 



,^ J r. 1. 12-16 —^ 

16, and 0=2, then — - — = — = — 2. 

^ 2 

Ex. 6. Given 3x— 4=7x- 16, to find the value of x. 

Ans. x=3. 
Ex. 7. Given 9 — 2x=3x— 6, to find the value of x. 

Ans. x=3. 
. Ex. S.^Given aar*+6x=9x?+(fx, to find the value of x in 

terms of a, 6, &c. Ans.x=^. 

a — 9 

Ei. 9; Given x-^9=4x, to find the value of x. 

Ans. x= — 3. 

Ex. 10. Given6ax-c=ft-3ax, to find the value of. a*! 

terms of o, ft, and c. Ans. x=-^ 

80 

Ex. 11. Given 3x— 1+9 — 5x=:0, to find the value of x. 

"* Ans. z=4. 

Ex. 12. Given axxab — oc, to find the value of x. 

Ans. x=ft — c. 
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Ex. 13. Given 3^^2x=i(x-\'af^ to ^d the vshxe of X. 

f Ans. xssz 



2— 2a 

Ex. 14. Given (x — ^l)'=a:+l, to find the value of x. 

Ans. x=3. 

Ex. 15. Given x'+2x»-fx=(a!H-3x)X(a?—l)-fl6, to find 

the value of ar. Ans. x=4. 

RULE III. 

172. If in the equation there be any irreducible fractions, in 
which the unknown quantity is concerned, muhiply every term 
of the equation by the denorninalors of the fractions in succes- 
sion, or by -their least common Inuliiple^, and then' proceed ac- 
corling to Rules 1, and II. - . 

2x 
Ex. 1. Given --4-l=x-^9, to find the value of x. 

4 

Multiplyinor by 4, 2a;+4=4x— 36, 

by transposition, 2x--4a:=: — 86-^4, 

by collecting the terms, — 2x= — 40, 

by changing the signs, 2x=40, 

by division, -=Y ; .•.a:=20. 

XX X 

Ex. 2. Given ~ — -_[-3=:5 -^ to find the value of x. 

Sfi o -4 

2jr 2x 

Multiplying by 2, x— ~4-6 = 10— — , 

6x 
..... by 3, 3x -2x4-18=30— -, 

.... by 4, 12x~8.r+72=120— 6x, 
by transposing, and collecting, 10.t=:48, 

, - . . . lOx 48 

by division, y^ =Yq ; •"• a:=4i. 

Or, it is more concise and simple to multiply the equation.by 
the least common multiple of the denominators ; because, then 
the equation is reduced to its lowest terms ; thus, 

Multiplying by 12, the least common multiple of 2, 3, and 4, 
we have, 6x - 4j--|-36 ==60 — 3t, 
by transposition, 5x=24, 

by division, -^=-r- ; .'. x=r4|. 

X X X 

Ex. 3. Given x — - — 1 =^^4--, to find the value of x. 

3 6*6* 
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Here 30 is the least common multiple of 3, 5, and 6 ; 

30a? 30r . 30a: 

Multii^jang by 210, 30r— — -^SO^-— +— , 

.% SOoJ—lOfl:— 30= 6x4.6a:, 

bjf transposition, ftz = 30, . 

, ,, . 9x 30 10 _. 

bydivison, — =— =y ; .-. ar=3f 

Ex. 4. Given -■ — o=- — 3, to find the value of a?. 

4 6 ' * 

flere 20j the product of 4 and 5, 'being their least common 

multiple, 

•Multiplying by 20, -~ 20a= 60, 

.-. 6.r— 20a=4x-60, 
by transposition, 6x — 4a: = 20a — 60, 

.•. x=20a— 60. 

Ex. 6. Given =- =^^i to find the value of a?. 

5 5 5 

Multiplying by 6, -|^ J^=:_-f^ 

.% ax— 6x=2a, 

by collecting the coefficients, (a — 6)x=?2a, 

..... 2a 
.*. by division, a: = =. 

Ex. 6. Given l--;r-=- — 1-3, to find the value of x. 

c ' 2 a 

. Here 2ac, the product of 2, a, and c, being the least common 

multiple, 

Multiplying by 2ac, 4a^x-|-8ato==10ca:-J-6a^, 

by transposition, and collecting the coefficients, we shall have 

(4a^+3a6c-— 1 0c)x = 60c, 

, ,. • • ^^ 

.'. by division, a:=T-aT"5ri: ttt* 

•^ * 4a'+3a6c — 10c 

Ex. 7. Given 3x — !^IL-— 4=. — ^ i^, to find the va- 

4 o 

lue of X. 

Multiplying by 12, the least common multiple, 

, we have 36t — 3x-|-12 — 48=20j:-f.66 — 1, 

by transposition, 36x— 3a: — 20i-=56 — 1+48 — 12, 

or 13x=91, 

..... 13r 91 

by division,— =~ \ .% x=r7. 



M 



< 
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1 



Ex. 8. Given-— ---=-- ^^, to find the value of x. 

Ans. x=l 

Ex. 9. Given ?ii+^?= 16-^, to find the value 

ofx. Ans. a;=13. 

jp 3 jp z— 1 9 

Ex. 10. Given -J — =20 — , to find the value 

2 ^3 2 ' 

of jr. Ans; ap=23i. 

II ^ 19 X 

Ex. 11. Given xA :: — = — - — ^ to find the value of ». 

^3 2 ' 

Ans. a?=5. 

jc 5 284 — X 

Ex. 12. Given -— — [..62= — - — , to find the value of «. 

4 ,5 

An8.»=9. 

Ex. 13. Given 3x+?^^=5+ii^^^, to find the value 

of X. Ans. «*7. 

Ex. 14. Given ^--2=~~+x, to find the value of 

X. / Ans. «==^' 

T^ ,.. ^- oar — 3 6x4-2 2t-9 x — 1 _ , ,>,- 
Ex. 15. Given — ~ -L^=_- --, to find the 

Do 2 o 

87 
value of X. Ans. x=^~^g^:^ 

Ex.16. Given ^^^±?=?f±i-f=?, to find the 

7 2 14 4 ' 

value of X. Ans. x=— ^ 

RULE IV. 

173. If the unknown quantity be involved in a proportion, 
the proportion must be converted into an equation (Art. 165); 
and then proceed to resolve this equation according to the fore- 
going Rules. 

Ex. 1. Given 3r — 2 : 4 : : 6x— 9 : 2, to find the value of «• 
Multiplexing extremes and means» we have ^ 

2{3x— 2) -=4(6x^9), 
or6x— 4=:20x— 36, 
bj transposition, 6x - 20x=:— 36-|-4 ; 

or — 14x=-S2, 
by changing the signs, 14x=32, 
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• ■ 

, .. . , 14r' 32 ^. 

by division, — . = — : .-. x=2t. 

Ex, 2. Given 3o : x : : 6-J-5 : x — 9, to find the value of*. 

Multiplying extremes and means, we have 

3a.(.r^9)=a-.(6-f5), 
or 3ax — 27a =60:+ 5a:, 

• by transposition, Zax — hx — 6a:=27o, 

collecting the coeflPs., (3a — 6— ^5)a:=27a, • 

• .... 27a 

.*. by division, a;=— — 7 — -. 

X — 5 2 3 

Ex! 3. Given — ■— *> x — 5 : : ^ : -, to find the value of x. 

4. o 4 

Multiplying extremes and means, we have 



3 /± — 6\ 2 
4(— )=3-(-^). • 



3a:— 16 2x— 10 

""■-T 6-=-^-' 

by clearing effractions, 9a:— 45— 32a: — 160, 
by transposition, 9a; — 32a: =45 — 160, 
collecting and changing signs, 23a:= 1 15, 

^ ,. . , 23a: 116 ^ 

by division, -23-=-23 ' *'• ^='^' 

Ex. 4. Given 2a: — 3 : x — 1 : : 4a: : 5x4-2, to find the value 
of X. 
•Multiplying extremes and means, we shall have 

(2x— 3).(2i:+2)=4x(x— 1), 
or 4x^—2 r— 6 =4x2— 4x. 
by transposition, <fec., 2j=6, 
.'. by division, x= 3. 
Ex. 6. Given a-\-x \h\\ c — x : d, to find the value of x i» 
terms of o, h c, and d. 

Muliiplying extremes and means, a(/-[-^ar=k-r6x, 

by transposition, &x+^*~^^"""*^) 
or {l)'\^d)x=-hc — ad, 

he — ad 
:. by division, *~~tt:t' • 

X— -1 3 

Ex. 6. Given -— — : x-f-2 : : - : 1, to find the value of x. 
« 34. 

Multiplying extremes, dec, — o~~ — r~^ 

clearing of fractions, 4x— 4=9r+18, 
^^ . ' by transposition, 4x — 9x=18+4, 



i 
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changing the signs, &c., Sxs: — 23, 

22 

/. by division, a:=— — =s - 4 |. 

Ex. 7. Given 2x — ^1 : x^l :' : -x- • t, to find the value of x. 
I Ans. X — « 1^. 

Ex. 8. Qiven x4-3 : a: : 6 : -, to find the value of x. 

X 

Ans. x=±: 



oA-l' 

1 3x ' .* 

Ex. 9. Given - : -r : : 5 : 2x — 2, to find the value of ar. 

2 4 ' 

Ans. a:= — ^i. 

^ 3 2:r 1 

Ex. 10. Given = : -r — ^ — 1 • -r-z — . to find the value of x, 

7 4 4 

Ans, x=lA- 

Ex. 11. Given -- — : ---- : : 6 : 3, to find the value of x. 

oa oa 

• " . . Ans. x=:3. 

§ III. EXAMPLES IN SIMPLE E^UATIONd, 

Involving only one unknown Q^antity, 

174. It is necessary to observe that an equation express- 
ing but a relation- between abstract numbers or quantities, may 
agree with many question^ whose enunciations would differ 
from that of the one proposed : but the principles of the reso- 
lution of equations being independent of any hypothesis upon 
the nature and magnitude of quantities ; it follows, therefore, 
that the value of the unknown quantity substituted in the 
equation, will always reduce it to 0=0, although it may not 
agree with the particular questioii. This is what wiU happen, 
when the value of the unknown quantity shall be negative ; 
for it is evident that when a concrete question is the subject of 
inquiry, it is not a negative quantity which ought to be the 
value of the unknown, or which could satisfy the question in 
the direct sense of the enunciation. 

The negative root can only verify the primitive equation 
of a problem, by changing In it the sign of the unknown ; thia 
equation will therefore agfee then with a question in which 
the relation of the unknown to the known quantities shall be 
dififerent from that which we had supposed in the first enUncia- 
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lion. We see therefore that the negative raole indicate not an 
a.bsoIute impossibility, but only relative to the actual enuncia- 
titso of the question. 

Tht n^es of Algebra, thenfore, make not only known certain 
eonlradictioKS, which may It found in enunciations of problems of 
thejirsl degree ; but they still indicate Ihei/-^ recltjicalic 
ing subtraclive certain guantiiies iiohich we had regardea 
or additive certain qitanlilies which we had regarded at 
, or in giving for the unknown quantities, values affea 
sign — . 

, Hence, it follows, that we may regard as forthii 
speaking, but one qiteaiion, those whose enunciaiii 
connected to one another in such a manner, that 
Avhich eatiefies one of the enuntiations, can, b 
cbange of the sign, satisfy the other. 

We must neverlhfiess observe that we can mat 
signs and values of the lerms of an eqnalion, 
which do not agree with the en uncial ion of aco 
tion, wiereas the change which we will make in I 
. tion might be always represented by the equation. 

These principles, which will be illustrated b} 
are applicable to equations of all (legrees, and to 
eqiialione containing many unknown quantities. 

The question which conducts to the equation. 

ia not well enunciated for<r>c,and 6>rf, since th 
her is greater than the second. 
Thus the formula 
■ . _d—b 

gives for x a negative value ; but by rendering th 
X negative, the equation is changed into the follow 

which is possible under the above relations betwi 
h and d, and which gives-then fori an absolute va 
If webave 6>iiandc>a, the two subtractions 
:posmbIe in the formula 

but in order to resolve the equation, let ua sut 
from, both members, which would be impossible, b 
cx-^b is greater than- each of the two memberi 
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therefore, on the contrary, take away ax-\-d from both sides, 
and it becomes 

■ b — d=ex — ax ; 
from whence we deduce . 

6-5 " . 

This formula CDinparad to the preceding, differs from ilia tbU, 
that the signs of boiti terms of life fraction are changed. 

We may therefore conclude, Ma( we can operate on negative 
isolated quantities, as we would do if they had been positive. 

>ri ^--■pleawill be clearly eluciilated, when we come la 

Lilioiis of Froblema producing simple E^uaiiona : 
proceed to illustrate [he Rules in ihe preceding 
'arieiy of praciical examples. 

, 3^-11 5a:— 5 . 97— 7i , , ' 

both sides of the equation by ]G, the least com- 
>f 16, 8, and 2, we shall have 
i+Sx— 11 = 101—10+776— 56t ; 



by division !=—--, .•. x=9. 

n x-\ — =12 5—, to find the value of a. 

both sides of the equation by 6, the product of 
. is ihe least common mulriple, we have 

63)+9x~l5-72~4x+8; 
.: by transposition, 6a-i-9x-(-4r=724-8+l5, 
or 19:!;=:95 ; 
95 
by division, ^=7^1 ■'• x=6. 

iple, vben the fraction ~ — , is multiplied 



<ame thing, when the sign — stands before a 
I be transformed, so that the sign + may stand 
angir.g ihe sign of every term in the numerator ; 
sake the ai>ovo step ^-4a:-(-8, and not Ax — 8. 
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a:— 1 2x — 2 
Ex. 3. Given 4a? r^-rsiar-j — +24, to find the value 

Multiplexing by 10, the least common multiple, and we have, 
40a;~5a:+5=: 10x+4x~4+240, 
by transposition, 402;— 6r — \Qx — 42:=S40— 4 — 6, 

• * of,402?— 192r=5e31 ; 
and21x=231, 

• by division, x=s—-, .'. a:=ll. 

X 

Ex. 4. Given 2a? — --|-l=6a?,— 2, to find the value of a?. 

2 

Multiplying by 2 ; we have, 

4a? — a?+2=«10a?— 4, 

, • . by transx)osition, 4ar — a:— 1 Oa? = — 4 — 2, 

or— 7a?=— §, 

by changing the signs, 7a?=6, 

.•. by division, ar= -. 

Ex. 5. Given Saa:— 2fixr=36— ra, to find the value of a?. 
Here, Boa?— 26a?=(3a— 26)a?, by collecting the coeflScients 
of a?. Therefore, 

(3a— 26)x-=36 — a, 

by division, a7= - — -^rr* 

Ex. 6. Given 6a?+.a:=2a:4-3fl, to find the value of a;, 

by transposition ta: -f- a? — 2a? = 3 a, 

or (6 — l)a?-=3a, 

, ,. . . 3o 

.•. by division, 2?= t— :. 

3a? ar 22? 

Ex. 7. Given c+7-=4a?+-r, to find the value of a?. 

. o 6 a ' 

Multiplying by ahd ; we have, 

Zhdx - a6cd-|-adr=4o6dx-f"2o6a:, 

by transposition, 3&c{x-{.adx— 4a5dlx— 2a^x=a6cc{, 

or (36d-4-afl?— 4a6d—2a6) a?=afecfif, 

, . . obcd 

.'. by division, x^^rrrr-^ — r-n — :r~i» 
•^ ' Sbd+ad - 4abd - 2ab 

Ex. 8. Given c"fi:i'^~^+^i ^^ ^"^ ^^® value of x. 

Multiplying by 30, the product of 5 and 6, the product be- 



comes w 



.^ 



112 SIAiPLE EQUATIONS. 

» 

6r — 5r+5a=30i-f 30c ; 

by transposition, 6t — 5j:=306+30c — 5tf, 

and .'. x=^Z0b^\-30c''ba, 

« -. ^. 12 — X ^ 14+x 

Ex. 9. Given — -— : 5x : : 1 : 8, to find the value 

of a:. 

Multiplying extren^es and means, we have 

96— 8r ^ 14+x 

'■ ■ — — ^roar— — . 

9 3 ' 

Multiplying by 9, the least common multiple, 

96 — Sx=45t^ 42— 3r, 

by transposition, — 45x — Sx-\Sx= — 96 — 42, 

by changing the signs, 45f+82r — 3j:=96+42, 

or60x:=138, 

, ,. . . 138 ^ 19 

.-. by division, j:=: — =2 —. 

• . ax—b^.a bx bx-a \,^ ^ 

Ex. 10. Given — \-7:='7: ;r-r tp find the value 

4-32 3 

of r. 

Multiplying by 12, the least common multiple, of the deno- 
minalors, and the eq nation will become, 

Sax-3b+4a=6bx—4bx+4a, . . (1). 
by taking away 4a from each member, we shall have 

^ Sax — 36 =: 66x — 46a;== 26a:, 
by transposing — 36 and 2bx^ it becomes 

3aa:-— 262;=36, 
by collecting the coefficients of a:, we shall have 

(3a — 26)x=36, 

by division, ar=- -, 

^ ' 3« — ^26 

Ex. 11. Given 2aar-|-6=^3ca:+4a, to find the v'alue ofa:. 

by transposition, 2ai: — 3c2;=4a — 6,. 

• by collecting the coefficients, (2a — 3c)a:=4ft — 6, 

, ,. . . 4a — 6 

. .-.by division, 2'=- . 

^ ' 2a — 3c 

Ex. .12. Given 19x+13 = 59--4a:, to find the value of.a. 

by transposition, 19j:+4a?=59 — 13, 

or, 23i'==46 ; 

.-. by division, a;=2. 

Ex. 13. Given 3a:+4 — ~=46 — 2x^to find the value of x. 

Multiplying boih sides by 3, 

9x+ 1 2— ar = 1 38— 6a^ 
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by transpositioD, 9a:+6^*!'— 3;=:138— 12, 

orl4a;=126; 

by division, a;=r— -, .'. a:=9. 

^ Ex. 14. Given a;'+15x=36a:— 3a:^, to find the value of x. 
Dividing every term by x^ 

a:+15=35 — 3x, 
by transposition, a:+3r=36 — 15, 

or. 4j7=20; 
.•. a:=5. 

Ex. 15. Giv^enf -^4-10=1-^+11, to find the value of ar. 

6 4 3 2 

Here 12 is the least common multiple of (5, 4, 3, and 2 ; 

.*. multiplying both sides of the equation by 13, 

2a;— 3a?4.120=4a?— 6ar+132 ; 

by transposition, 2x — ^x — 4a:+6x=132 — 120, 

or 8ar — 72r=12; , 

.•. a:=12. 

Ex. 16. Given-- — r-T=^^ r^, to find the value 

.76 4 ' 

of a?. Ans. a:=8. 

Ex. 17. Given ^- 1^+6= '#^, to find the 

value of a?. Ans. x=^\. 

Ex. IS. Given — - — ^-=6— 6ar-J -J—, to find 

the value of a:. Ans. j=4. 

r^ ,n i-1- 3a:— 3 , ^ 20-a: 6r— 8 . 4a-— 4 
Ex. 1.9. Given X h4=~^ T'+^T"' 

to findHhe value of ar. Ans. a: =6. 

17* .«x ^- 4r— 21 , ^, . 57— 3a: ^^, 5t — 96 
Ex. '20. Given — ^3f+— - — =241 

11a:, to find the value of x. Ans. a:=21. 

t:. o. ^ 6a:+18 11— 3r ^ ,^ 13~a: 

Sx. 21. Given— -L 45 =5a:-48 

13 * 36 12 

21 2ar 

— r^-^, to find the value of x. Ans. a: =10. 

Ex. 22. Given ax m — oo" = 6a: -| 

a ^ 2a 

hx+4a ,,.,■, , ■ . 4a6'»— 10a 



-, to'fincj the vake of x. Ana. x= 



• ^ 11* 



4a— ^ ' 
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7x4-16 14-8 X 
Ex. 23. Given -r^ t-~^7t =«» to find the value of x. 

21 Ax — 11 o 

An&. a:=8. 

r. «. .-.• 6x+7 , 7j~13 2a:4-4 ,' , , 

Ex. 24. Given — ^r^ — |-— — r^= — ^— , to find the value 

■9 6x-|-o o • . 

of x. Ads. a: -=4. 

r^ «i. --• 4pr+3 , 7x-29 8a:+l9 ^ ^ ' , 

Ex. 26. Given — s^+r- — 7^= — r^ — , to find the vaJue 

9 OX "^ 12 1 o 

of X. 4-ns. x=6. 

X 

Ex. 26. Given 12 — x : - : : 4 : 1, to find the value of x. 

• 2 • •« 

Ans. x=4. 

5x-|-4 18^ x 

Ex. 27. Given — ^^ : — - — : ; 7 : 4, to find the value 
I 2 4 

of X. Ans. x=2. 

Ex. 28. Given (2x4-8)^=:4a:^+14a;+172, to find the value- 

of a;. Ans. a:=-6. 

Ex. 29. Given — ^-4-2ar= — 1- 16, to find the value 

o o 

of X. Ans. a:=7. 

7 — X Sx — 11 . 8x+15 ' ^ 

Ex. 30. Given -— — 4-4= — '- j: — , to find the va- 

2 4 ^ 6 

lue of x, Ans. x=3. 

Ex. 31. Given— +^=-^ I to find the value of X. 

Ans. a:= . 

3fl— 1 

Ex. 32. Given 2a; — ^^4-15= — -i — , to find the value 

3 ' 6 ^ 

ofx. Ans. ar=12. 

Ex. 33. Given hax— 254-46a:=2x-[-5c, to find tbei value 

T. «. i- 2a:— 6 , 19— a: lOx— 7 6 ^ ^ , .u 
Ex. 34. Given— —--4 — = — ~ -, to find the 

value of a:. Ans, x=7. 

Ex. 35, Given a?-?— — q'"^""^") to find the value of rr. 

Ans. x=13. 

Ex. 36. Given— ^ — ——-=39— 5a:, to find the value 
w 8 o 

ofar. Ans. x=9. 



I 
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Ex. 37. Given Ax— — =15 , — , to find the va- 

5 4 ' 

lue of jr. Ans. a?=3^ 

Ex. 38. Given --=^ — --^-^^ to find the 

value of a;. Ans. :r=3. 

^ «^ ^ ,^5 , 3±-^l 7a:+3 8a?+19 ^ ^ ^ 

Ex. 39. Given 7-+--- r^~= — s"— i^ofind the 

.8.4 16 8 

value of a:. . Ans. a:=7. 

Ex. 40. Given — — — = -— « x- » to find 

11 z o A 

the value of or, . Ans. a: =6. 

•n. ., ^ , 27— 9x 6a:+2 61 2a:+5 29+42; 
Ex.41. Givenr+-~- ^-=j^ 3 ■^^, 

ta find the value of a;. Ans. a:;=;5. 

-r. \c. ^. 7a:— 8 . 15a:+8 ^ 31— a: ^ , , 

Ex. 42. Given— ,-T-—^ tt^ — =3a: r— , to find the 

11 13 2 ' 

value of ar, Ans. a: =9. 

5t— 1 7a:— —2 'x 

Ex. 43. Given — ---— =6f — -, to find the value 

of a:. . Ans. a:=3. 

lO-f-^ 4a:— 9 
Ex. 44. Given — = — : — =-- : : 14 : 5, to find the value 

5 7. 

of a:. Ans. a:=4. 

^ ^. 17— 4x 15+2a: ^ ^ , 

Ex. 45, Givea — -— - : — 2a: : . 5 : 4, to find 

4 o 

the value of ar. Ans. ar=:3. 

Ex. 46. Given 16a:+5 : -^-—r ; : 36x+i0 : 1, to find 

9a:"pol 

the value of a:. Ans. a:=5. 

Ex. 47. Given -i-^i^ : 1 : : 2ar4-19 s 3ar— 19, to find 

6a;' — 43 

the value of a;. ' Ans. x=:8. 

Ex. 48, Given 5x+-— ---=9H — - . to find the va- 

lueofar. Ans. x=3. 

-r^ -^ /-,. 9x4-20 4a:— 12 r ^ ^ , 

Ex. 49. Given — ~- — =--——-+-, to find the value of x. 

06 ox — 4 4 

Ans. x=8. 

-r, ^^ ^. 20X+36 . 6x+20 4x . 86 ^ ^ ^ ^ 
Ex. 50. Given— ^-+^;^-^=-+-, to find the va. 

lueofx. • Ans. x=:4. 



y 
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V Ki r^ lOr+17 12T-f2 6r— 4 , « , .. 
Ex. 51. Given -^ _-£l..=__ , to find the 

value of x. Ans. x=4. 

Ex. 62. Given -—- — ^•^— ?T-r=— r:?— • ^o ^nd the 

2o ox-f-14 14 

value of X. Ans. x=7. 

■n e« -o.- a.(ft'+x'j .flap ^ , , ', 

Ex. 53. Given r- — ^— ac+-r-i to find the value of x. 

6x o* 

Ans. x=-. 
.■ c- 

Ex. 64. Given — ---—=—--- , to find the value of x. 

a-f6x c4/x' ^ 

. ad — ct 

Ans. x=--- — j-j. 

<y — 6rf 

Ex. 66. Giveni— 4-~4-7:-+^r=A, tofind'the value ofx 

ox tu; fx fix 

' _adfh +hcfh 4- bdeh-hbd/g 
Ans. X Tpr 

Ex. 56. Given (a+x).(6+x)—a.(6+c)=-y+:r', to find 

the value of X. Ans. x=-7-. 



1? Krr r^' 3^—3 3x— 4 „. 27+4x , ^ , ,, 
Ex. 67. Given — t"^"^ o — ~^ q — > to find the 

value of X, Ans. x=9. 

17 CO ^- 4r— 34 258— 5x 69— x , ^ , , 

Ex. 68. Given — = — - — , to find the 

17 3 2 ' 

valuoof;^. Ang.a;=51. 

1:1 • e^ ^- « 4x— 2 2x4-11 7— 8x ^ , ^ 

Ex. 69. Given 2x r:r-= — r ;r— » ^o find tl^e 

13 6 7 

value of X.* Ans. x=7. 

t:^ ^^ r^- ^^+1 402-3X ^ 471— 6x 

Ex. 60. Given -^ — =9 , to find 

29 . 12 2 * 

the value of X. Ans. x=72. 

^ 3o+x 6 J 

JiiX. 61. Given 6=-, to find the value of x. i 

X X ' 

. 3o— 6 

Ans. x= — ■ — . 
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' CHAPTER IV. 

ON 

\ 

THE SOLUTION OF PROBLEMS, 

PRODUCING SIMPLE EQUATION'S. 

175. The solulion of a problem is the method of discover- 
ing^ by analysis, quaniriies which will answer its several con- 
ditions ; for this purpose, there are four things to be dietin- 
.guished : . ' 

I. The given, that is to say^ the known quantities, enunciat- 
ed in the problem, and the quantities thalt are to be found. 

IL The translation of the problem into algebraic language, 
which is -com posed t)f the translation of every distinct condi- 
tion that It contains into an algebraic equation. 

HI. The resolution of the equations, that is, the series of 
transformations which the immediate translation must under- 
go, in order to arrive at an equation containing in t|ae first 
member one unknown quantity alone in its simple state, and 
in the other a formula of oper^itions to be performed upon the 
representations of given numbers. 

iV. Finally, the numerical, valuation, gr the geometrical 
construction of this formula. 

176. Algebraic problems and their solutions may be con- 
sidered as of two kinds, that is, numerical and hteral, or par- 
ticular and general. In the numerical, or particular method 
oif solution, unknown quantities are represented by letters, and 
the known ones by numbers, as in arithmetic. In the literal, 
or general solution, all quantities, knQwn and unknown, are re- 
presented by letters, and the answers given in general terms. 
A problem solved in this way, furnishes a theorem, which may 
be applied to the solution of all questions of the same kind. 

§ I. SOLUTION OF PROBLEMS PRODUCING SIMPLE EQUATIONS, 

Invoking only one unknown Quantity. 

177. If from certain quantities whith are tnown, another 
quantity be required which has a given relation to them, let* 
the unknown quantity bfe represented hy x\ then, the condi- 
tion enunciated in the problem being clearly understood, it can 
be easily translated into an algebraic equation, by means of the 
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signs pointed out in the Introduction. Having now bronght 
the question into ah alirebraic form, the value of the unknown 
qnaniitj can be readily found bj the ap|>Iicat4on of the rules 
delivered Chap. III.' 

Or, if there be more tb^in one unknown quantity required, 
and that they bear given relations to one another, instead of 
assuming a symbol to represent each of theai, it is more con- 
venient to assume one (Ally, and from the conditions of .the 
problem to deduce expressions for the others in tejtros of that 
one and known quantities. And as the number of conditions 
ought to be one more than the number of quantities thus ex- 
pressed, there will remain one to be translated into an equa- 
tion ; from which the value of tbe unknown quantity maybe 
determined as above ; and this .being substituted ip the other 
expressions, their values also may be discovered. 

Problem L 

What number is that, to which 17 being added, the sum will 
be 48? 

Let the required number be represented hy z : 
Thea by the problem, a--l-17=4d ; 

by transposition, ar— 48— 17 : 

.•.:p=31. 

Prob. 2. What number is that, from which a being sub- 
tracted, the remainder isb 1 

Let X represent the number required. 

Then by the problem x-=-a=b ; • . 

by transposition, x=a+b. 

Here, if a=16. and ?>=:14; then a:=r 164-14=30 ; that is, 
30 is a number, from which 16 being subtracted, the remain- 
der is 14. 

Prob. 3/ To find a number which, being subtracted from a, 
leaves b for a remainder. 

Designating the unknown number by x, we shall have this 
translation, 

a — x=bj .*. x=:a — 6. 

178. If we suppose a= 10, 6=4, we shall have x=6 ; then 

the subtraction is arithbietically performed. But if we had 

a=10, 6=14, we must subtract 14 from 10^ which cannot be 

'done except in part, or that with respect to the portion of 14 

equal to 10. * 

The excess, in as much as it exists subfractively, will indi* 
catft that the number :u of which it is the representation must 
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enter negatively it! the. enunciation where it is already sub- 
tracted frotn the number aj so that t he enunciation of the pro- 
blem is corrected ^and brought to these terms: to find a num- 
ber tohicfi \being adied ■ to 10 y the sum wiU He 14 ; a problem 
whose translation is, desrg rifling the unknown quantity by x^ 

104.a;c=j4- .;. r=i4~i0=4; 
whereas, the translafipp.in the fbrmer case would be 
lb— 37=14; ,•. a:=10-^14„.orr=-4. 
The negative root V4, satisfies the equation of the problem, 
besides it annbunqes & rectification in the enunciation ; this is 
what appears evident, siiice the subtraction of a negative 
quajptity. is equivalent to the addition, of a positive, (Art. 63). 
In fact, as has been. .already observed, (Art. 174), it makes 
known that the enunciation ought to be taken in an opposite 
sense- to that which we first proposed in the problem. 

Prob. 4., A person lends at interest for one year a certain ca- 
pita,! at 5 per cent ; at the end of the year, according to agree- 
merit^.he is to receive a sum h, besides the principal and interest, 
and the \vhole sum he receives must be equal to the capital. I 
demand what is ^he capital ? 
■ Let the capital be designated by j: :^ . 

Since 100 dollars becomes at the end of the year 105 dollars, 

we&hall have the capital at the same tim^ by this proportion, 

105a: 
^ 100 : 106 :\xi -tt^^ tbe capital 

^ 105x 
•The »uni -77^+^7 ^y the problem, must be equal to a:, we 

have therefore the equation 

105r 

^+b =3: ; .% X05ar+1006= IOO2: ; 

^by transposition, 5a:= — 1006 ; 

.•. by division, a: = — 20i. 

179. Thus the- capital shall be -—20^. This answer does 

not agree with the problem, and still if this value — 206, be 

substituted for x in the equation found, we obtain , 

and, peribrming the operations indicated in the first member, it 
becomes 

_206==--206, 
which is true. This value pf a?, although it is negative, satis- 
fies the equation of the problem^ as has been already observed 
(Art. 174), since.its two members become identically equal bj 
making the proper substitution. 
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• 

If we return again to the enunciation, we di^over that it is 
impossible that a capital augmented by the interest 'woxild re- 
main equal to itself, and that much more this impossibyity takes 
place, if, besides the interest, we^add to it a sura 6,; it is ne- 
cessary therefore that one of thes6 tw$ parts, namely, the in- 
terest at 5 per cent, and 6, be subtraQtied. .',''] 

In fact, if we carry into the first equation this circtiiQstance 
— x, which is but x = — a number; wq find . - 

105 , , * 1Q5JC 

100 ' 100 » • - • 

a translation of the enunciation, by supposing the interest ad- 
ditive to the capital, in' which case, the sum b ought to be Sub- 
tracted. 

This equation, treated as the preceding, shall give 

x=206, . ' . 

If the interest at 5 per cent be subtracted from 100, in whiqh 
case 100 reduces itself to 95, we have the capital x at the end 
of the year, by the proportion 

100 : 95 : ; x : ^7;^= the capital, 

952; 

consequeritly, Tqq+*=-^ i • 

raulliplying by 100, and transposing, we shall have 

1006=5x, .-. a;=20fr. 
The negative isolated result, that is, the negative value of 
X would announce a rectification or a conection in the terms 
of the enunciation, and the problem proposed could be re-es- 
tablished in two ways. 

Prob. 5. What number is that, the double of which exceeds 
its half by 6 7 

Let rc= the number ; ' . 

X 

Then by the problem, 2x — o^®' 

.•. multipl3ring by. 2, 4x — ^x=12, 

or3j:=12, 
.'.by division, a:=4. 

Prob. 6. From two towns which are 187 miles distant, two 
travellers set out at the same time, with an intention of meet- 
ing. One of them goes S miles, and the other 9 miles a day. 
In how many days will they meet ? 

Let r= the number of days required ; 
then Sx^ the number of miles one travelled, 
and 90^"=^ the number the other travelled ; 
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and since they meet, they must have travelled together the 
whole distance, 

consequently, 82:+9a:=187, 

orl7«*=187, 
/. by division, a?=ll. 

Prob. 7. What number is that, from which 6 being subtracted, 
and the remainder multiplied by 11, the product wUl be 121 ? 

Let X3S the number required ; 

Then by the problem (a:-.6)x 11=121, 

by transposition, llx=121-f66, 

or llar=187, 
.% by division, a: =17. 

Prob. 8. A Gentleman meeting 4 poor persons, distributed 
live shillings amongst them : to the second he gave twice, the 
third thrice, and to the fourth four times as much as to the first. 
"What did he give to each 1 

Let x=i the pence he gave to the first, 

.*. 2x= the pence given to the second, 

and *6x= to the third, 

4r= to the fourth. 

.-. by the problem, a;+2x+3x+4x=:6X 12=60, 

or 10x=60, 
by division, x=:6, 
and therefore he gave 6, 12, 18, 24 pence respectively to 
them. 

Prob. 9. A Bookseller sold 10 books at a certain price ; and 
afterwards 15 more at the same rate. Now at the latter time 
he received 35 shillings more than at the former. What did 
he receive for each book ? 

Let x= the price of a book. 

then 10x=» the price of the first set, 

and 15x= the price of the second set ; 

but by the problem, 15x=10x+35; 

.'• by transposition, 5x=r35 ; 

and by division, x=7. 

Prob. 10. A Gentleman dying bequeathed a legacy of 1400 
dollars to three servants. A was to have twice as much as 
B ; and B three times as much as C. What were their re- 
spective shares 1 

Let 2r=C's share, 

••• 3x=B'8 share, 

and 6x=A^B share ; 

12 
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then by the problem, a:+33:+6ar=1400, 

or 10x=1400, 
.•. by division, a?=140=C's share. 
.*. A receiyed 840 dollars ; B, 420 dollars ; and C, 140 dol- 
lars. 

Prob. 11. There are two numbers whose difference is 16, 
and their sum 59. What are the numbers ? 

As their difftrmce is 15, it is evident that the greater num- 
ber must exceed the lesser by 15. 
Let, therefore, x= the lesser number ; 
then will a?-hl5= the greater ; 

.'. by the problem, a:+a:4-15=59, 

or 2a?+L5=59, 

by .t ransposition , 2a: = 59 — 1 6 =44, 

.-. by division, a?=22 the lesser number, 

and j:+15=22+15=37 the greater. 

Prob. 12. What two numbers are those whose difference is 
9; andifthree times the greater be added to five times the 
lesser, the sum shall be 35 % 

Let a?= the lesser number ; 
then j:+9= the greater number. 
And 3 times the greater =3(a:+Si)=3ar+27, 
6 times the lesser =5j;, 

.-. by the problem, (3x4-27)+ 6 j:=35; 
by transposition, 3a?-f-5x=35 — 27, 

or 8x=8 ; 

.\ by division, x=l the /esscr number, 

and ar+9 = 1 + 9 = 10 the greater number. 

Prob. 13. What number is that, to which 10 being added, 
f ths of the sum will be 66 % 

Let ar= the number required ; 
then j:-f.lO= the number, with 10 added to it. 

Now f ths of {x+l(^)^i(x+lQ)^^-!^:^=.^^l, 

But, by the problem, f ths of (x-|-^^)=^^6 i 

3ar+30 ^^ 

by multiplication, 3a:+30=330 ; 

by transposition, 3a?=300 ; 

.*. by division, a:=100. 

Prob. 14. What number is that, which being multiplied by 
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6, the product increased by 18, and that sum divided by 9, the 
product shall be 20 ? 

Let x= the number required ; 
then 6x= the number multiplied by 6 ; 

6iF-4-18= the product increased by 18 ; 

and 5f±l®= that sum divided by 9. 

.*. by the problem, — ~ — =20 ; 

by multiplication, 6ar+18=:20x9 J 
by transposition, 6j?=180— 18, 

or 6ar=:162 ; 
.*. by division 2;= 27. 

Prob. 15. a post is ith in the earth, f ths in the water, and 
13 feet out of the water. What is the length of the post % 

Let »= the length of the post ; 
then -g = the part of it in the earth, 

— = the part of it in the water, 

and 13= the part of it out of the water. 

But by the problem, part in the earth + part in water 4- 
part out of water = whole part ; 



•••(0+(t)+''=- 



and |x35+y x35+13X36=35a? ; 

or 7ar-4-l 5^/1-466 =r 865:. 
by transposition, 456 = 36ar — Ix — 1 5 x = 1 3x, 

or 13j;=455 ; 
•*. by division, a;=35 length of the post. 

Prob. 16. After pajring away ith and f th of my money, I 
had 850 dollars left. What money had I at first % 

Let a:= the money in my purse at first ; 

i_ X . X 

then -+ -= money paid away. 

But money at first— money paid away = money remaining ; 

^ X x'\ 
.*. by the problem ar— { 7 + ;y ) = S50j 

X X 

orx — T — s = 850. 
4 7 
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MultipljlDgby 28 the product of 4 and 7, which is the least 
common multiple, 

and 28a?— jX28— |x28=860x28, 

or 28j;— Ix — 4x = 23800, 
.•• 17a:=23800 ; and by division, a: = 1400 dollars. 

Pros. 17. What number is that, whose one half and <me 
third plus 12, shall be equal to itselt? 

Let X =: the number required ; 

X X 

then, by the problem, ar= - + ^+12 ; 

2 «> 

Now to clear this effractions, multiply by 6, 

and 6ar=3iF+2ar-f-72 ; 
by transposition, 6a? — 5x=r72; 

.-. a?=72. 
It can be readily proved that 72 is the number required ; 

thus, ^ + ^+12=36+24+12=72. 

AJl other problems in this Section may be proved in like 
manner. 

Prob. 18. To find a number whose half minus 6, shall be 
equal to its third pare plus 10. 

Let xzs: the number required ,* 

X X 

then by the problem, -—6= r-+10, 

2 3 

.*. clearing effractions, 3r— 36=2a:+60, 
by transposition, 3a;— 2ar= 60+33, 

.•• a?=96. 

Pros. 19. Two persons, A and B, set out from one place, 
and both go the same road, but A goes a hours before B, and 
travels n miles an hour, B follows and travels m miles an hour. 
In how many hours, and in how many miles travel will B 
overtake A. 

Let x=: the hours that B travelled ; 
then a;+a= the hours that A travelled. 

Also mx=z the number of miles travelled by B ; 
and n(X'\-a)sznx'\'na=: the miles travelled by A ; 

.r.-by the problem, mxzzmx+na ^ 

by transposition, mx — nx=zna^ 

or (m— »)x=aa j 
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.'.by division, ^ — = , 

^ »i— n m — n 

... a:= — — the hours that B travelled. 
m — n 

-_, . na , na+ma — na ma . 

Then a?4-a= Ua= = , the hours 

' m — n ' m — n m — n 

mnci 

that A travelled : and mx= = the miles travelled. 

' m — n 

180. This is a general or literal solution, because m, n, a, 
may be any numbers or quantities taken at pleasure ; for ex- 
ample, 

Let a=9, w=6, and ?^=7 ; ^^ 

Then, A travels 9 liours at the rate of 6 miles an hour, be- 
fore B sets out ; and B follows after at the rate of 7 miles an 
hour. 

Now, by putting these values of o, n, and m, in the formula, 
found above ; we have, 

na 9v5 45 

xr=: =-——=■-- =-22^, the hours that B travelled ; 

w— » 7—6 2 ' 

, ma 9X7 63 „, . ^ „ , , . 

and x=z ==^=-^==311, the hours travelled by A. 

m— « 7 — 5 2 -*' -^ 

And ma:=7x22^=167^, the miles travelled by each. 

Prob. 20. Four merchants entered into a speculation, for 
which they subscribed 4756 dollars ; of which B paid three 
times as much as A ; C paid as much as A and B ; and D paid 
as much as C and B. What did each pay 1 

Here, if we knew how much A paid, the sum paid by each 
of the rest could be easily ascertained ; 

Let, therefore, 27= number of dollars A paid ; 
3x= number B paid ; 
4a7= number C paid ; 
and 7x= number D paid ; 

.-. (a;4-3r-f4a:+7a:=)16a?=4766, 

and a:=317. 
.*. they contributed 317, 961, 1268, and 2219 dollars re- 
spectively. 

PaoB. 21. Let it be required to divide 890 dollars between 
three persons, in such a manner, that the first may have 180 
more than the second, and the second 115 more than the third. 

Here, it is manifest that if the least or third part were knowo^ 
the remaining parts could be easily ascertained ; theref(»e^ 

12* 
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Let the least or third part . . =ar. 
Then the second pent . . . =j:+115. 
.-. the ^reo^/ or first part . . aaor-f- 115+180. 
But the sum of the three parts . = 890. 

.-. 3x+l 15+1 15+ 180=890, 

or3i;+410=:890; 

.•. by transposition, 3x=890 — 410, 

or 3a;=480, 
.-. x=160= least part. 
.•. a?+116=160+ll6=275= second paii. 
andar+115+180=160+115+180=455= greatest part. 

Fhob. 22. A prize of 2329 dollars was divided between two 
persons A and B, whose shares therein were in proportion of 5 
to 12. What was the share of each 1 

Let 5ar=A's share ; 
then 12a?— B*s share ; 

.-. '6ar+12a:=?:2329, or 17a;=2329 ; 

andar=137 ; 
,% their shares were 685 and 1644 dollars respectively. 

Frob. 23. A Fish was caught, whose tail weighed 91b8. ; 
bis head weighed as much as his tail, and half his body ; and 
his body weighed as much as his head and tail. What did the 
fish weigh ? 

Let 2x= the number of lbs. the body weighed ; then 9+rr= 
the weight of the tail ; 

.'. 9+9+«=ar; 

by transposition, ar=18 ; 

.♦. the fish weighed 36+27+9=721bs. 

Prob. 24. A hare, 50 of her leaps before a greyhound, takes 
4 leaps to the greyhound's three ; but two of the greyhound's 
leaps are as much as three of the hare's. How many leaps 
must the greyhound take to catch the hare 1 

Let Sx'= the number of leaps the greyhound must take ; 
.*. 427= the number the hare takes in the same time, 
,'. 4a?+50= the whole number she takes, 

apd 2 : 3 ; : 32; : Am+BO ; 
.'. 9a;=8ar+100; 
hy transposition, «=100, 
and the*greyhound must take 300 leaps. 

Prob. 25. The number of soldiers of an army is such, that 
its triple diminished by 1000, is equal to its quadruple augment' 
ed by 2000, What is this number ? 
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Let X designate the number required ; 
then, we are conducted to this equation, 

3ar— 1000 =4a?+ 2000, whence a;=— 3000, 
which gives an absurd answer with respect to the terms of the 
question, since that a number of soldiers cannot be negative. 

181. We shall render this impossibility very plain, by observ- 
ing that the triple of a number being less than thp quadruple of 
the same number, the triple diminished by 1000 is much less 
than the quadruple augmented by 2000. But by writing —a; 
in the place of -^-x in the equation of the problem, then chang- 
ing the signs of both sides, we find 

3a:+1000=4a:— 2000 ; .-. a?=3000. 
We can from the equation 

3a;+1000«:4a?-2000, 
re-establish the enunciation of the problem in such a manner 
that there results from the solution an absolute number, that is, 

ar=3000. 
If in place of taking x for the representation of the unknown 
number, we had taken ' ^r^-^."- 

a?'- 6000, or x—a/SOOO^ 
we should find for the equation 

3a:'— 19000 =42/- 22000 ; 
.*. by transposition, 22000 — 19000= 4a;'— 3a/, 

and /, a/ =3000 as before. 



A' 
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Thus the value x= — 3000 being represented, on a line; by 
the length A'M, counted from A' towards M, or to the left of A', 
we pass by the substitution x=x^ — 6000 from the origin A' 
to the origin A, to the left of A', and distant from A' by 6000 
= 2A'M ; then the length AM=a;' is positive. 

Prob. 26. A Courier sets out from Trenton for Washington^ 
and travels at the rate of 8 miles an hour ; two hours after his 
departure another Courier sets out after him from JVew-York, sup- 
posed to be 68 miles distant from Trenton^ and travels at the rate 
of 12 miles an hour. How far must the second Courier travel 
before he overtakes the first ? 

N- ^ ^— W 

T R M 

Let X represent the number of miles which the second Cou- 
rier travels before he overtakes the first : then, by a little at- 
tention, we discover that this distance should be equal to the 
distance from New-York to Trenton^ or NT=68 miles, plus 
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the distance travelled by the first Courier bx two hours which his 
departure preceded that of the second, together with the num< 
her of miles which the first travels whilst the second Courier is 
on rout ; that is, NM, or x=NT+TR+RM. 

Let us translate the two last distances, that is, TR and RM ; 
in the first place, 2 x8=lfi=TR= the number of miles which 
the first Courier travels before the second sets out ; then, in 
order to find an expression for MR ; we shall say, since the dis* 
tances peutsed over in an hour are as 8 : 12, or 2 : 3 ; as, 2 : 

2x 
3 : : MR : x ; and consequently MR=— . So that we obtain 

for a translation of the enunciation, 

ar=68+16+-=84-|-^; 

by multiplication, 3a;=252+2a; ; .•. 2;=252, 
that is to say, the two Couriers would meet when the second 
shall have travelled 252 miles. In fact, while the second 

2x 

travelled 252 miles, the first travelled 168 miles ; since — is 

o 

the expression for the number of miles which the first tmveUed 

while the second was on rout ; that is substituting 252 for or, 

2x 2X252 504 __ ., 

— i=: =---=168 miles. 

3 3 3 

Now, the place from whence the first Courier departed, being 
68 miles distant from New-York, besides he has the advantage 
of having travelled 16 miles before the second set out. Con- 
sequently 68-4-16+168 must be equal to the number of miles 
which the second Courier travels before they meet ; that is, 
68+16+168=252. 

We see here an example of verification of the value of the 
unknown ; it is a proof which the student can, and should al- 
ways make. 

182. In order to have a general solution of Hpis problem, 
let us therefore represent in general, by a the distafvce between 
the two places of departure, which was 68 miles in the preced- 
ing question, by 6 the number of hours which the departure of 
the first precedes that of the second, by c the number of miles 
that the first Courier travels per hour, and by d the number 
which the second travels in the same time. Let a?= the dis- 
tance which the second Courier must travel before they meet ; 
then, we shall have the distance travelled by the first Courier 
during the time that the second has been travelling, by calculat- 
ing the fourth term of a proportion that commences thus \ 
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, cy^x ex 

d\ c I '. X : — 7— or -r. 
a a 

The first Courier travelling c miles an hour, he will have tra- 
velled cx^ miles before the second sets out. 

Therefore by the condition of the problem, we shall have 

a:= -T— |-^c-|-a ; whence a;= — -t— ^-, 

which gives the solution of all questions of the same kind. 

In order to show the use of this formula, let us resume again 
the preceding enunciation, and by recollecting that we must re- 
place a by 68, b by 2, c by 8, and d by 12. 

Then the value of x becomes 

a?= — ^-r—— '=252 miles as before. 
12 — 8 

Pros. 27. What two numbers are those whose difference is 
10, and if 15 be added to their sum, the whole will be 43 1 

Ans. 9 and 19. 

Prob. 28. What two numbers are those, whose difference 
is 14, and if 9 times the lesser be subtracted from six times the 
greater, the remainder will be 33 ? Ans. 17 and 31. 

Prob. 29. What number is that, which being divided by 6, 
and 2 subtracted from the quotient, the remainder will be 2 ? 

Ans. 24. 

Prob. 30. What two numbers are those, whose difference 
is 14, and the quotient of the greater divided by the lesser 3 1 

An&. 21 and 7. 

Prob. 31. What two numbers are those, whose sum is 60, 
and the greater is to the lesser as 9 to 3 ? Ans. 45 and 15. 

Prob. 32. What number is that, which being added to 5, 
and also multiplied by 5, the product shall be 4 times the sum i 

Ans. 20. 

Prob. 33. What number is that, which being multiplied by 
12, and 48 added to the product, the sum shall be 18 times the 
number required 1 Ans. 8. 

Prob. 34. What number is that, whose i part exceeds its -J- 
part by 32 ? Ans. 640. 

Prob. 35. A Captain sends out i of his men, plus 10 ; and 
there remained ^, minus 15 ; how many had he 1 Ans. 160. 

Prob. 36. What number is that, from which if 8 be sub- 
tracted, three-fourths of the remainder will be 60 ? Ans. 88. 

Prob. 37. What number is that, the treble of which is as 
much above 40, as its half is below 51 ? Ans. 26. 

Prob. 38. What number is that, the double of which ex- 
ceeds four-fiaha of its half by 40 ? Ans. 26. 
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Prob. 39. At a certain election, 946 men voted, and the 
candidate chosen had a majority of 558. How many men 
voted for each % Ans. 194 for one, and 752 for the other. 

Pros. 40. After paying away -J- of my money, and then ^ of 
the remainder, I had 140 dollars left : what had I at first ? 

Ans. 180 dollars. 

Prob. 41. One being asked how old he was, answered, that 
the product of ^ of the years he had lived, being multiphed 
by i of the same, would be his age. What was his age 7 

Ans. 30. 
< Prob. 42. After A had lent 10 dollars to B, he wanted 8 
dollars in order to have as much money as B ; and together 
they had 60 dollars. What money had each at first 7 

Ans. A 36, and B 24. 

Prob. 43. Upon measuring the corn produced by a field, 
being 48 bushels ; it appeared that it yielded only one third 
part more than was sown. How much was that ? 

Ans. 36 bushek. 

Prob. 44. A Farmer sold 96 loads of hay to two persons. 
To the first one half, and to the second one fourth of what his 
stack contained. How many loads did that stack contain ^ 

Ans. 128 loads. 

Prob. 45. A Draper bought three pieces of cloth, which 
together measured 159 yards. The second piece was 15 yards 
longer than the first, and the third 24 yards longer than the 
second. What was the length of each ? 

Ans. 35, 50 and 74 yards respectively. 

Prob. 46. A cask which held 146 gallons, was filled with 
a mixture of brandy, wine, and water. In it there were 15 
gallons of wine more than there were of brandy, and as much 
water as both wine and brandy. What quantity was there of 
each 1 Ans. 29, 44, and 73 gallons respectively. 

Prob. 47. A person employed 4 workmen, to the first d 
whom he gave 2 shillings more than to the second ; to the se- 
cond 3 shillings more than to the third ; and to the third 4 
shillings more than to the fourth. Their wages amounted to 
32 shillings. What did each receive ? 

Ans. 12, 10, 7, and 3 shillings respectively. 

Prob. 48. A Father taking his four sons to school, diNdded 
a certain sum among them. Now the third had 9 shillings 
more than the younger ; the second 12 shillings more theun 
the third ; and the eldest 18 shillings more than the second ; 
and the whole sum was 6 shillings more than 7 times the sum 
which the youngest received. How much had each 1 

Ans. 21, 30, 42, and 60 shillings respectively. 
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Prob. 49. It is required to divide the number 99 into five 
such parts, that the first may exceed the second by 3 ; be less 
than the third by 10 ; greater than the fourth by 9 ; and less 
than the fifth by 16. Ans. 17, 14, 27, 8, and 33. 

Prob. 50. Two persons began to play with equal sums of 
money ; the first lost 14 shillings, the other won 24 shillings, 
and then the second had twice as many shillings as the first. 
What sum had each at first ? Ans. 52 shillings. 

Prob. 51. A Mercer having cut 19 yards from each of three 
equal pieces of silk, and 17 from another of the same length, 
found that the remnants together were 142 yards. What was 
the length of each piece ? Ans. 54 yards. 

Prob. 52. A Farmer had two flocks of sheep, each con- 
taining the same number. From one of these he sells 39, and 
from the other 93 ; and fiilds just twice as many remaining in 
one as in the other. How many did each flock originally con- 
tain ? Ans. 147. 

Prob. 53. A Courier, who travels 60 miles a day, had been 
dispatched five days, when a second is sent to overtake him, in 
order to do which he must travel 75 miles a day. In what 
time will he overtake the former ? Ans. 20 days. 

Prob. 54. A and B trade with equal stocks. In the first 
year A tripled his stock, and had $27 to spare ; B doubled 
his stock, and had $153 to spare. Now the amount of both 
their gains was five times the stock of either. What was 
that 1 Ans. 90 dollars. 

Prob. 55. A and B began to trade with equal sums of moj-^^ 
ney. In the first year A gained 40 dollars, and B lost 40 ; ' 
but in the second A lost one-third of what he then had, and B 
gained a sum less by 40 dollars, than twice the sura that A 
had lost ; when it appeared that B had twice as much money 
as A. What money did each begin with ? Ans. 320 dollars. 

Prob. 56. A and B being at play, severally cut packs of 
cards, so as to take oflf more than they left. Now it happened 
that A cut off twice as many as B left, and B cut off seven 
times as many as A left. How were the cards cut by each 1 

Ans. A cut off 48, and B cut off 28 cards. 

Prob. 57. What two numbers are as 2 to 3 ; to eaclkof 
whioh if 4 be added, the sums will be as 5 to 7 ? 

Ans. 16 and 24. 
Prob. 58. A sum of money was divided between two per- 
sons, A and B, so that the share of A was to that of B as 5 to 
3 ; and exceeded five-ninths of the whole sum by 50 dollara. 
What was the share of each person ? 

Ans. 450, and 270 dollars. 
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Prob. 69. The joint stock of two partners, whose particular 
shares differed by 40 dollars, was to the share of the lesser as 
14 to 5. Required the shares. 

Ans. the shares are 90 and 50 dollars respectively^ 

Prob. 60. A Bankrupt owed to two creditors 1400 dollars; 
the difference of the debts was to the greater as 4 to 9. What 
were the debts 1 Ans. 900, and 500 dollars. 

Prob. 61. Four places are situated in the order of the four 
letters A, B, C, D. The distance from A to D is 34 miles, the 
distance from A to B : distance from C to D : : "2 : 3, and one- 
fourth of the distance from A to B added to half the distance 
from C to D, is three times the distance from B to C. What 
are the respective distances ? 

Ans. AB=12, BC=4, and CD=18 miles. 

Prob. 62. A General having lost a battle, found that he had 
only half his army plus 3600 men left, fit for action ; one-eighth 
of his men plus 600 being wounded, and the rest, which were 
one-fifth of the whole army, either slain, taken prisoners, or 
missing. Of how many men did his army consist ? 

Ans. 24000. 

Prob. 63. It is required to divide the number 91 into two 
such parts that the greater being divided by their difference, the 
quotient may be 7. Ans. 49 and 42. 

Prob. 64. A person being asked the hour, answered that it 
was between five and six; and the hour and minute hands 
were together. What was the time ? 

Ans. 5 hours 27 minutes 16yy seconds. 

Prob. 65. Divide the number 49 into two such parts, that 
the greater increased by 6 may be to the less diminished by 11 
as 9 to 2. Ans. 30 and 19. 

Prob. 66. It is required to divide the number 34 into two 
such parts that the difference between the greater and 18, 
shall be to the difference between 18 and the less : : 2 : 3. 

Ans. 22 and 12. 

Prob. 67. What number is that to which if 1, 5, and 13, be 
severally added, the first sum shall be to the second, as the 
second is to the third. Ans. 3. 

Prob. 68. It is required to divide the number 36 into three 
such parts, that one-half of the first, one-third of the second, and 
one-fourth of the third, shall be equal to each other. 

Ans. 8, 12, and 16. 

Prob. 69. Divide the number 116 into four such parts, that 
if the first be increased by 6 the second diminished by 4, the 
third multiplied by 3, and the fourth divided by 2, the result in 
each case shall be the same. Ans. 22, 31, 9, and 54. 
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pROB. 70.' A Shepherd, in time of war, was plundered by a 
parly of soldiers who look .-}■ of. his flock, and i of a sheep; 
another parly took from him ^ of what he had left, and -J- of a 
»heep ; then a third party tdok i of what now r^m.ained, and J 
of a sheep. After which he had but 25 sheep left. How 
many had he at first 1 Ans. 103. 

pROB* 71 . A Trader maintakied himself for 3 years at the ex- 
pense of 50/. a year; and in each of those years augmented 
thai part of his stock which was not so expended by -j- thereof. 
At the end of the third 3? ear his original stock "was doubled. 
What was that stock f ^- Ans. 7401. 

Prob. 72. In a naval engagement, the number of iships taken 
was 7 more, and the number <burnt two fewer, than the num- 
ber sunk. Fifteen escaped, and the fleet consisted of 8 times 
the number' sunk.* Of how .many did the fleet consist 1 

Ans. 32. 

Prob. 73. A cistern is filled in tw^enty minutes by three 
pipes, one of which conveys* 10 gallons more, and the other 5 
gallons less, than the tWrd, per minute. The cistern holds 820 
gallons. How much flows through each pipe in a minute ? 

Ans. ?2, ^, and 12 gallons. 

Prob. 74. A sets out from a certain place, and travels at 
the rate of 7 miles in five hours ; and eight hours afterwards B 
sets out from the same place, and travels the same road at the 
rate of five miles in three hours. How long, and how far, must 
A travel before he is overtaken by B ^ 

Aps. 60 hours, and 70 miles. 

Prob. 75. There are two places, 154 miles distant, from 
which two persons set out at the same time to meet, one travel- 
ling at the rate of 3 miles in two hours, and the other at the 
rate of 5 mile& in four, hours. How long, and how far did each 
travel before, they met ? 

Ans. 5CI hours; and 84, and 70 miles. 



Id 
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CHAPTER V. 
SIMPLE EQUATIONS, ' 

t 

INVOLVING TWO OR MORE UNKNOWN QUANTITDBS. 

183. It has been observed (Art. 159), that an equationwas^ 
the translation into algebraic language of two equivalent 
phrases comprised in the enunciation of a question ; but this 
question may comprehend in it a greater number, and if they 
are w^li distinguished two by two, s^nd independent of one ano< 
ther, they furnish a certain numbei' of equations. 

Thus, for example, let us propose to find ttvo numbers^ stich 
that double the first added to the sbcond, gives 24, and .that five 
times the first, plus three times the secM^ make 65, We find 
here two phrases, which express the same thing in different 
terms ; Ist, the double of an unknown number^ plus another tm- 
known number, then the equivalent 2^ \ Itdi, five times the first un- 
known number, plus three times the second, then the equivalent 65. 

The translation is easy, and it gives these, two determinate 
equations 

22:+ys=24 ; 6a:-f-3y=65. . . •, . 

When two or more equations, involving as rtiany unknown 
quantities, are independent of xme another, they are called de- 
terminate. But if for the second of these two conditions we 
had substituted this : and such that six times the first number, 
plus three times the second, make If 2 ; these two phrases ex- 
press nothing more than the first two, since that we have only 
tripled two equal results ; we should have but one translation, 
and consequently a single equation. It can therefore happen 
that we may have less equations than unknown quantities, 
and then the question is said to be indeterminate ; because the 
number of conditions would be insufficient for the determina- 
tion of the unknown quantities, as we shall see clearly illus- 
trated in the following section. 

§ I. ELIMINATION OF UNKNOWN QUANTITIES FROM ANT NUM- 
BER OF SIMPLE EQUATIONS. 

184. Elimination is the method of exterminating all the un« 
known quantities, except one, iGrom two, three, or more given 
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eqtiations, in order to reduce them to a single, or final equa- 
tion, which shall contain ' only the remaining unknown, and 
certain known quantities. 

185. In order to simphfy the calculations, by avoiding frac- 
tions, we shall here make use of literal equations, which will 
modify the process of. elimination : And also, to avoid the in- 
convenience arising from the multitude of letters which must 
be employed in order to represent the given quantities, whea 
the number of equations involving as many unknown quanti- 
ties surpasses twd, we shall represent by the same letter all 
the coefficients of the same unknown quantity ;. but we shall 
aft^ct them with one oi; more accents, irt order to distinguish 
them, acQording to the number of equations. 

186. In the first placer any two simple equations, each in- 
volving the same two unknown quantities, jpaay, in genera], be 
written thus : 

flx + 6y=c . . ... • . • (A), 

fl'a?4.%=c' ..-...•. (B). 
. The coefficients of tjie unknown . quantity x are represent- 
ed both by a,] those of y by b ; but the accent, by which the 
letters of the second equation are affected, shows that we do 
not regard them as having the same value as their correspon- 
dents in the first. Thus a' is a quantity different from a, 6' a 
quaatity different from b. 

187. We can readily see, by a few examples, how any two 
Bim()le equations, each it>volving the same two unknowaquan* 
titles, may be reduced to the above form. 

£x. 1. Let the two simple equations, ' 

6a:+32<— 5 = 3< - 2x+7, 
Par— 2y +3 2= a:— 7y+l 6, 
be reduced to the form of equations (A) iand (B), 
By transposition, these equations become 

6a?-|-3y — y-[-2a:=;: 7+5, 
9x — 2y— a?4-7y = 1 6—3 j 
by reduction, we shall have 

7x+2y=zn, 
8j?+5y=13; 
equations which are reduced to the form of (A) and (B), and 
which may be expressed under thQ form of/the same literal 
equations, by substituting a, 6, and c, for 7, 2, and 12 ; and 
o", 6', and-c', for 8, 5, and 13. . 
Ex. 2. Let the two simple eqiiations, 
mx-\-6y — 7 =j»a? — 2y +3, 
ra:-r-9y+6 =3y— ar-l-12, 
bo reduced to (he foxax pf e()uations (A) and (B)-. 
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By transposition, these equations become 

ra;— 9y—3i^4-3ar=: 12— 6 ; 
by reduction, we shall have 

{m—p)x+8y=l0, 
(r-f3)ar-12y=6i 
which are reducerl to the form required, and which may be ex- 
pressed under the form of the sanie literal equations, by substi- 
tuting- a for m—p^b for, 8, c for 10, a' for r4-3, b' for — 12, and 
c' for 6. 

In like manner any two simple equations may be reduced to 
the form of ecjuations (A) and (B) ; hence we may conclude 
that o, ^, c, o', b\ and c\ may be any given numbers or quai^ 
tities whatever, positive or negative^ integral or fractional. 

It is to be always understood, that when we make use'of 
the same letters, marked with different accents, they express 
different quantities. Thus, in the following equations, o, a , o", 
are three different qu^intiiies ; and. the same of others. 

188. Any three simple equations, each involving the same 
three unknown quantities, may be expressed thus ; 

ax-\-by'{'Cz^'d ^ . *. (C), 
a'x+b'y+c'^=d* ... (D), 
a^x+b'^y+c^'z^r .- . (E); 
where a, 6, c, d, a\ b\ c'^ d\ d\ b'\c'\ d'\ are A:notf^n quanti- 
ties ; and ar, y, z^ unknown quantities whose values may b^ 
found in terms of the known quantities. 

In like manner, any four simple equations may be expressed 
thus; ' 

ax-\~by-\-czJ^duz=ze . . . . (F), 
a'xJ^b'y+dz-^-du^e' .... (G), 

a"ir+fe'V+c"«+rf"«=«" *. . (H), 
a'"a:+fe'"y4-c'";^+(r"e^=(5'" . . (I) ; 
And so on for five, or more simple equations. 

189. Analysts make use of various methods of eliminating 
.unknown quantities from any number of equations, so as to 
have a final equation containing only one of the unknown 
quantities j some of which are only applicable in particular 
cases ; but the most general methods of exterminating un* 
known quemtities in simple equations, are the following. 

FIRST METHOD. ^ 

190. Let us consider, in the first place, the equations^ 

ax+hy^c . . . (A), 
a'a;4-6y»c' , , , (B). 
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It is evident that if one of the unknown quantities, ar, for 
example, had the. same coefficient in the two equations, it 
-would be suiHcieht to subtract onQ from the other, in order 
to exterminate thisf unknown : Let, for example, the equa* 
tionsbe 

10x4-1 ly=2r, 

if the second be subtracted from the first, we shall have 

lly— 9^=27-16, or 2y= 13. 

It is very plain, that we can immediately render the coeffi- 
cients ofx equal, in the equations (A) and (B) ; 

B^ multiplying the two members of the first by o^, the c<h 
efficient of x in the second ; and the two members of the se- 
cond bv Aj the coefficient of a; in the first ; we shall thus ob- 
tain, . > , 

aafx^-ah'y^ac', 
Subtracting the first of these from the second, the unknown 
X will disappear, we shall have only 

(ay — ab)y = ac'-^-^'c, 
an equation which contains no more than the unknown quan- 
tity ^, and we will deduce from it 

ad — a'c , . 



ah'- 

By eliminating in the same manner the unknown quantity 
^, fromlhe proposed equations ; we would arrive at the equa- 
tion 

firom which we will deduce 

^=5^i;?6 • • • (^)- 

191. The process which we have just employed, may be 
applied to all simple equations, for exterminating any number 
whateverof unknown quantities. 

If we apply this process to three equations, involving x, y, 
and ^, we will at first eliminate x between the first and se- 
cond ; then between the second and third ; and we shall 
thus arrive at two equations, which involve only y and z, and 
between which we will afterward eliminate y, as in the preced- 
ing article. 

If we effect the equation in r, at which we will arrive, we 
shall have a factor too much in all its terms ; and consequent- 
ly it will not be the most simple which might be obtained. 

J3* 
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SECOND MBTHOD*. 

192. Let US resume again the eqiiations,' 
(A) . . ax+ly=zc • a'x+b'y=^c* '. . . (B) : 
If weiind the value of a: in terms of y and the known qaanr 
tities in each, of these equations, we shall have 

c—by c' — b'y ^ 

a a 

the equality of the second members, furnishes the equation 

^ c — bjy _ c' — b 'y . 

a "■ . o' ' 
which, by making proper reductions, ^ves 

'^"W^^Tb' 
hy substituting this value for y^ in one of the values of or, we 
shall, after the reductions, have 

These values of x and y are the same as before. 

Now, it is evident, that by proceeding in the same manner, 
with three equations containing a-,, y; and ^, we will find I he 
value of X in each of them, then by comparing these values, 
we shall arrive at two equations,, involving only y and ;?r, from 
which we can eliminate y, as in equations (A) and (B). And, 
we can proceed, in a similar manner, when there are four equa- 
tions with four unknown quantities ; and so on, for five, or more 
equations. 

THIRD METHOD. 

193. Now, if in the equation (A), we find the value of x, in 
terms of y and the given quantities, we shall have 

by substituting this value in equation (6), we shall have 

■ 

which, by reduction, becomes 

this value being substituted for y in the albove value of x, after 
making the proper reductions, we shall obtain 

6'c— 6c' 



ae 



aV' 



n. • 
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These values of x and y are the same as in the two former 
instances. ' , 

194 We might eliminate in like manner, when any num- 
ber of simple equations are concernerl^; thus, for example : 
Let it be required to deduce ftom th« three equations, (C), (D), 
and (E), (Art. 188)," a single equation involving only the un- 
known quantity «. • ' 

By finding the value of x in each of these equations, in 
terms of y, Zj and the given quantities, we shall have 

_rf — by — cz '^ 



X' 



d 



(i)j 



xt=^~^^—. . : (2); 

Putting, the first value of x equal to the second, and also 
equal to the third, we shall have thfise two equations, 

dr-by-r-cz _ d"^ b'!y -c^ ^ 

From which we deduce, by reduction and proceeding as in 
equations (A) and.(B), 

(a'c — ac')z4-ad!^a'd 

y--^-w.z^ — • • • Wi 

_(o"c — ac' )z -\.a^'-^ard 

y~ W-a"b " • • >"• 

The equality of the second mefnbers furnishes the equation 
(a'c — ac)Z'^ad — ad^{a"c — ac^')z-\-a(r'—-a^'d 

which, by proper reductions, will give the value of z : having 
obtained the value pf«, substitute it in equation (4) or (5), and 
the value of y can be readily found. 

Now, the values of y and z being known, by substituting 
them in the equation (1), (2), or (3); we shall easily obtain 
the value of x. 

FOURTH METHOD. 

« • 

196. Let, as before, the two equations be 
(A) . . . ax-^-by^c] a'x-^-b'y^zc' . . . (B). 
Multiplying equation (A) by some indeterminate quantity 
j», it will become 

amx-^bmy^mc ; 
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and subtracting from this result equation (6), we shall haye 
(am— a')a;+(fewi— 6')y=cni — c' '. . (6). 
And sincQ the value* of m, in this equation, is indeterminate^ 

h' 

wecantake 6m— &'=:0, or m=r'; in which) case the second 
term will disappear, we shall have 



cm^^^ Co —^c ■ 



X=z 



am^a b' rab'—a'b ' 



which is the same value of x, as befor4. 
Also, as the value of r, thus found, is independent of that 

of m, we can now take am-=^al or m=- ; accprding to which 

supposition the term invohdng x will vanish| and the result will 
give 

By changing the signs of the numerator and denominator 
(Art. 128) of this value, its denominator will be the sameas 
that of Xj since we shall have^ 

^(ic'-^a'c 

^"^Clba'' 
which is the same value of ^ as in each of the preceding 
methods. 

This method, given by. BfizotiT, is very simple for eliminat- 
ing all the unknown quantities, except one ; besides, it has the 
advantage of greater brevity a,bove the' preceding methods, as 
we can deduce the values oi each of the unknown quantities 
from the same equation. 

§ II: BfeSOLUTION OF SIMPLE 'B4^UATIONS, 

Involving two unknown Quantities, 

196. When there are two independent simple equations, in- 
volving two unknown quantities, the value of each of them 
may be found by any of the following practical rules, which 
are easily deduced from the Articles in the preceding Section. 

RULE I. 

197. Multiply the first equation by the coefficient of one of 
the unknown quantities in the second equa^n, and the se- 
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cond equation by the coefficient of the same unknown quantity 
in the first. . If the signs of the term involving the unknown 
quantity b^ alike in both, subtract .one equation from the other ; 
if unlike, adil them together, and an equation arises in which 
only one unknown quantity ig found. . > 

Having obtained the value of the unknown quantity from 
this equation, the other may be determined by substituting in 
either equation the value of the quantity found, and thus re- 
ducing the equation ta one which contains only the other un- 
known quantity. 

. Or, multiply or divide the given equations by such num- 
bers, or quantities, as will make the term that contains one of 
the unknown quai;itities the sa.me in each equation, and then 
proceed as before. 

Ex. 1. Given j 5^1^2^=10 } ^° ^"^ ^^® values of x and y. 

Multiply the 1st equation by 6, then 10a;+15i/=115 ; 
2nd ... . . 2, . lOar— 4y= 20 ; 



'\. 



>' . /. by subtraction, 19y= 96, 

95 

.." -by division, 2^=~, /. y=6. 

Now, from the first of the preceding equations, we shall have 

■ 23^3y . . ' ' " ,23—15 8 ^ 
x= — --^=3(since i/=5) — ^ — =2 =^- 

* ' ■ 

The Values of x and y might be found in a similar manner, 
thua: * . • 

Multiply the 1st equation hy 2, then 4a?+6^=46 ; 
2nd 3, . 15r— 6t/=30; 

/. by addition, 19x= 76, 
by division, rr= -—=4, 

JL »7 

Now, *fr«m the first of the preceding equations, we shall 
- ^ 23— 2a: ; . . 2^—8 16 ^ . 

have j^= — - — =(smce a?=4) ~^q"^=='q''^ 

Ex. 2; Given [ J^ + ^^ ^ J|' J to find the values of x 

lipdy. 

Multiply the 1st equation. by 6, then 2^x-\-My=z2\Q j 
2Dd . . , , 4, . 24x-f48y=192; 

.•. by subtraction, 6y== 18, 



A 
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IS 

bj division, jf=— =3. 

Now, from the ^st of the preceding equations, we shall 

, 35-9y- .*. '35— 9x3 35^27, 

have x= — — -^=(sincey=3) — ---^-= — -- — ^J 

or x=z - .«. x=:2, ' 

4 

_ I • 

The values of a; and y may be foupd thus ; . 
Multiply the 1st equatipn by 3, then 12.T-f27^=106; 
2nd . . . 2, . 12x+24y=: 96; 

.'. by subrraelion, 3y=9, 

'9 

• by division, y=-=3. 

And.'. »= — :j — =^-==2. 

4 2 

The numbers 3 and 2, by which we multiplied the given 
equations, are found thus ; , • 

The product of two numbers or quantities, divided by their 
greatest common measure, will give their leas^ common mul* 
tiple. 

6x4 

.'. -- — =12 the least cdmmon. multiple/ ' 

12 ' . 

Then -J =3, the number by TVhich the first equatipn is 

12 

multiplied : ancl -r- =x 2, the number by which the second equa- 

6 

tion is multiplied. 

By proceeding in a similar manner with other equations, 

the final equation will be always reduced to its lowest terms. 

Ex. 3. Given | 3^ i^ ^^ ^ g^» \ to find the values of s 

and y. • 

Multiply the 2nd Equation by 6, then l^ar+^Sy =335 ; 
1st . . . 3, . 15a:+12y=174; 

■ ■ ■ 

• .% by subtraction, 53t/= 161, 

andy=-^g-' =7? 

whence, 6 j = 68 -4w = 68-^.28= 30, 

and,'. x=i -ir=6, 
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If the second equation had been multiplied by 4, and sub- 
tracted from the first when multiplied by 7, an equation would 
have arisen * involving only x] the value of which might be 
determined, and thence, by substitution, the valile of i^i 

Ex. 4. Given | s^Zey^^io } ^^ ^^ ^^® ^^^^ ^^ * 
and y, ' - ' 

Multiply the Isi equation by 3, 

lSx-^y= 4^; 
but 5x— «y=r-r-.10; 

< , .% by subtraction,, 13ar= 52, and x=4, 

5x4-10 '20-f.lO 30 ^ 

whence v= — i — = — :; — =-:r=S- 
^ 6 6 6 

198. These values b^ing substituted in the place of a; and 
y in each of the equa'tions, shall render both members idm- 
/2ca% equal, or, what is the same thing, each of the equations 
will reduce to = 0.. 

Thus, by substituting 4 for x, and 5 for y, in the above 
equations, they become . ' 

6X4—2X5= 14, ) i 14= 14;) 

.6X4— 6x5=='-10;f . ^ \-lO=-10. J 
. Therefore, by transposition, 

1,4-t14=0, orO=0; 
and— 10+10=0, or 0=0. 
Since (Art. 56) 14— 14=0, and 10—10=0. 
If these conditions do not take place, it is evident that there •^ ' 
. mu9t be an error in the calculation: therefore, the student, 
whenever he has. any doubt respectihg the answer, should 
always make similar stibstitutions. 

Ex. 5. Given { ^4^Zt?p^^4 } to find the values of x 

and y. ^ 

Mult, the 1st equation by 7, then 77a;+21y=700, 
2nd . . . 3, . \^x^2\y— 12;. 



jriM 



.*. by addition, 89a:=712, 

712 
by division, ;r=—; 

and .*• iT—fi • 
whence3y=100—ll»=100-TllX8=100— 88=12; ' 

12 , 



A 
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Ex. 6. Given \ «, ' /to find tho values of x and y. 

Multiply each equation by 7, 

.% a:+49y = 693', 
and y4-^9a;^357j 

.'. by addition SOar-f^Oy = 1050, 
and by qivision, x^y^—^^2\ ; 
but since a:+49t^=693, 



subtracting the upper equation from the lower, 

we have 48«=± 693— 21 -,672, 

* 672 

whence rr=21—y=21— 14=7.' 

•n y^ r^' 13' ^"" ' f to find the values of # 
Ex. 7. Given^ , 5 S ^ 

^^^+10a:=lS2,y ^ 

Clearing the first equation of fractions^ ' . , 

a;+24.24y==93; 
.% by transposition, a:4-24y= 91 . . . {1) 
Clearing the second equation of fractions, 

y+5-!f-40j?=768 ; 
.*. by transposition, 40^+jfi=763 . , . (2.) 
Multiplying equation (1) by 40, and subtracting equadoft 
(2) from it, -, ^ 

40a:+960y-=3640 ; 
40x4- y= 763; 

.\ 959y=2877, 

and by division, y^S ; 
Trom equation (1), a?=:91—24y, 
.•. by substitution, a:=91 — 24^3, 

or a;=91 — 72, . .% jr^l9. 

If from equation (2), multiplied by 24, equation (1) bad 
been subtracted, an equation would have arisen involving only 
ar, the value of which might be determined, and this being sub- 
stituted in either of the equations, the value of y might eJso be 
founds 
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Ex. 8. Given < ^J^Z!l \ to find the valuea of a; and y. 

a4-6 
By addition, 2x=o-|-6 ; .% «=— 5— . 

By subtraction, 2y=o — 6, .•. y= -^— . 
Ex. 9. Given \l^'^^lZ^l*lio(indihevBl\ieso{xMdf, 

i 2^ — -^y-^ *) ) 

Multiply the 1st equation by 2, then X'\'4y=^24 ; 
2nd .... 2, . a:— 4y= 8; 

by addition, 2x=32, 

32 
.% by division, a:=-— -=16. 



By subtraction 8y=16 ; 
••.by division, y= 2. 

Or, the values o(x and y may be found thus : 

From the first equation subtract the second, and we have 

4y=8, .-. y=2. 1 

Add the first equation to the second, 

and .*. ar=16. 

Ex. 10. Given 4a:-f3y=i 31, and 3a:+2y=22 ; to find the 

values of x and y. Ans. x^4, y=5, 

Ex. 11. Given 5a?— 4y=19, and 4x+2y=36, to find the 

values of x and y. 

Ans. a?=7, y=4. 

Ex. 12. Given ^i5[ _2y=2, and ^"7 ^ | V—-^ ) to find 

the values of x and y. Ans. a?=l 1, y = 1^ • 

Ex. 13. Given ?^ +14= 18, ), ^ ^ ,^ , , ; 

2 ' ' f to find the values of x .*' 

and!2H^+16=19,V*°'*y- 

Ans. ar=s6, and y=2. ^ 

„ , ^ ^. 2x+3y , a: „ \ '^^^ 

Ex. 14. Given — 5--^+;r=8, ) ^ ..^^ . . , %^ 

6 '3 ' f to find the values, of a? and ; 

and -^ y=ll,\ ^ 

2 ^ V 

Ans. 2=6, and y=8. 
14 
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Ex. W. Givwi ap+?=: 




find the values of x and p 

and lly — 

Ans. x=5, and y^2^ 
Ex. Id. Givenx+l : y : : 6 : 3, 

and ^^ 5— y 41 23r— 1 J. to find the values 
3 2 ~12 

of X and y. 



Ans. a;s=4, and y=3. 




^ Ex. 17. Given — r r — = s^- 

2y+4 2x+y_ z+13 ^ to find the values 

"^3 8 ■" 4 

of X and y. 

Ans. xsssT, and y=10. 

Ans. a:=8, and y=3. 

Ans. a;=6, and y=3. 

Ex. 20. Given |+|=6, ^ 

^ -. > to find the values of x and y. 

^^ 4+6 ^' ) 

Ans. a?*=12, and y=16. 

RULE II. 

199. Find the value of one of the unknown quantities in 
terms of the other and known quantities, in the more simple of 
the two equations ; and substitute this value instead of the 
quantity itself in the other equation ; thus an equation is ob- 
tained, in which there is only one unknown quantity ; the va- 
lue of which may be found as in the last Rule. 

3ar-L i/= 2* \ ^° ^^^ '^® values of ar and y. 
From the first equation, «=» 17 — 2y ; 
Substituting therefore this value of rr in the second equation, 

3.(17-.2y)-y=2, 

or 61 — 6y — y=2 ; 

•\ by chwging the signs, and transposing ; 
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7y=51— 2=49, 

.'.by division, y "7; , 

whence ar=17— 2y=17— 14=8. 
Here a value of y might be determined from either equa- 
tion, and substituted in the other ; from which would arise an 
equation involving only ar, the value of which might be found ; 
and therefore the value of y also might be obtained by sub- 
stitution, thus ; 

From the second equation, y=3a;— 2 ; substituting there- 
fore this value of 3/ in the first equation ; we have, 

a?+2.(3a:-2) = 17, 
ora;-|-6a;— 4=17 ; 

.% by transposition, 7x=17+4=2l, 

21 

by division, a:=-=-, .'. «=«3 ; 

and .-. 2f=3x— 2=3x3-2=9— 2=7. 

Ex. 2. Given I 5^'!Jli5l^?8+y, } *° ^^ ^^^ ^^"^^ ^^ ' 
andy. 
From thd first equation, y=60— 8if ; 
Let the value of y be substituted in the second equation, 

and it become^, 

6x+10=78+(60— 3«). 

Then, by transposition, Sac =78+60 --10 ; 

and by division, a?=-^-= 16. 

Whence,y=60—3a:=60— 3X16=60— 48 ; 

.•. y=l2. 

r?ZJLll!=s66— 2t/ i ' 
IT* • i-i' 33 f to find the values of 9 

Ex. 3. Given < ^^ ^ ( andy. 

\ 3 -^ 

Mult, the Ist equation by 3, then 

a:+y=198— 6y . . . (1); 
2ndby 3, thenar-- y=186— 6« . . . (2) ; 
From equation (1), w« have 3r=198— 7y ; 

(2), 7a:— y=186; 

By substituting the above value of a;, in the last equation, it 
becomes 

7(198— 7y)--y= 186, 
or, 1 386— 49y— y = 1 86 ; 
by transposition, -60y=186— 1386=— 1200, 
by changing the signs, 50y=1200, 
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..... 1200 _ . 

,% by division, y=-— -=24. 

Whence, x=198—7y=198— 7x24=198— 168, 

.•. x=SO, 

Ex. 4. Given Pi"^^"!M to find the values of x and y. 

{ x-f- y=oO, > 

From the second equation, ar=60— y : 

By substituting this value of x in the 1st equation, we have, 

60-y+2y=80, 

by transposition, y=SO — 60, 

.'. y=20. 

And »=60— y=(by substitution) 60-20, 

.'. a:=40. 

Ex. 6. Given f g^+^^^^M ^^^^^^^^^^^^^^^^^^^'^^^y* 

From the Ist equation, rr=17— 2y. 
And tbia value substituted in the second, 

3(17— 2y)— y=2, 
or 51 — 6y — y=2, 

by transposition, dec, 7y==49, 

.'.by division, y=7, 
whence, x= 17 — ^2y = 17 — 2 X7= 17 — 14, 

.'. y=3. 

Ex. 6. Given | ^^v^^' > to find the values of* and y. 

From the first equation, x=5 — y, 

squaring both sides, 2:*= (5 — y)'. 
And by substituting this value for a^ in the second^quationf, 
it becomes, 

by reduction, 25 — 10y= 5, 
by transposition, 10y=20, 

.*. by division, y=2. 
Whence, ar=5 — y=5 — 2=3. 

I U8v=194 # 

!?»/-•• )8 ' ^ 'f to find the values of op 

Ex. 7. Given ^ > andy. 

/|+8x=131,) ^ 

Multiplying the first equation by 8, 

x-|-64y=1552, 

.'. by transposition, ar=1652 — 64y* 
And substituting this value for x, in the second equation, it 
becomes. 
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|+8(I552-«4y)=131, 

by reduction, y+99328 — 4096ya> 1048, 

by uunspoBition, 4096y= 98280, 

, J. . . 98260 

by divisioiL y=- : 

"' * ' 4095 ' 



Whence «= 1 552 — 64y = 1 552 —64 X 24, 

oix=1552— 1536; 



.•. y=24. 



.•. «=16, 



The value of y might be found from the second equation, in 
terms of ;rand the known quantities ; which value of y substi- 
tuted for it in the first, an equation -would arise involving only 
X, the value of which might be found ; and therefore the value 
of y also may be obtained by substitution. 

Ex. 8. Given ' ^ ^ =27, and~^=:6, to find th« v». 
lues ofx and y. 
y, Ans. 2=9, and y=6 

Ex. 9 Given 15y-{-45a;=300, and x+16y=36, to find th« 
values of « and y. 

Ans. x=6, and y=2 
Ex. 10. Given 3a;+ y=60, and 5*4-10=78+ y, to find the 

values of* and y. Ans. «= 16, and y = 12 

Ex.11. Given l0a;-3y=38, and 3*— y=ll, to find the 

values of x and y. Ans. a;=:6, and v=4 

Ex. 12. Given *-|-y=l98-6y, and *— y = 186—6*, to find 

the values of * and y. Ans. «= 30, and y =24. 

Ex. 13. Given |-f y=26, and |-|-&r=131, to find the va- 

lues of X and y. Ans. x= 16, and y=24. 

Ex. 14. Given |-|-|=7, and|-f|=8, to find the values of 

'"^^^U r.- . Ans. « =6, and y= 12. 

Ex. 15. Given 4*.fy=34, and 4y-f-a:= 16, to find the va- 
luM of X and y. Ans. «=8, and y=2. 

Ex. 16. Given 3a4.2y=»64, and * : y : : 4 : 3, to find the 
values of x and y. Ans. *=12, and y=9. 

Ex. 17. Given f±?+6y=21, and 5^+5x=23, to find 
the values of « and y. Ans. ar=4, and y=8. 



14* 
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RULE III. 

200. Find the value of the same unknown quantity in terms 
of the other and known quantities, in each of the equations ; 
then, let the two vahies, thus found, be put equal to each other ; 
an equation arises involving only one unknown quantity ; the 
value of which may be found, and iherefor^e, that of the other 
unknown quantity, as in the preceding rules. 

This rule depends upon the well-known axiom, (Art. 47) ; 
and the two preceding methods are founded on principles which 
are equally simple and obvious. 

Ex. L Given < g^T yZ-iQQ \ to find the values of ar 

and y. 

From the first equation, ar=100 — 3y, 

jr ^ J 100-y 

and from the second, x= — —- ^ ; 

100— y ,^^ „ 

Multiplying by 2, 100— y=200-6y, 

by transposition, 6y— y=200— 100, 

or, 6y=100; 

.'. by division, y=20, 

whence, af=100—3y= 100—3x20; 

.«. a=40. 
Here, two values of y might have been found, which would 
have given an equation involving only x] and from the solu- 
tion of this new equation, a value of x, and therefore of y, 
might be found. 

Ex. 2. Given ^x+iy =7, and ^-ar-j-^ysrS, to find the values 
of X and y. 
Multiplying both equations by 6, and we shall have 
32:+2y=42, and 2j+3y=48, 

42 2y 

From the first of these equations, ar= — —~, 

o 

and from the second, x= — —— ; 

42- 2y_4 8— 8y 
••—3 -2~' 

Multiplying each member by 6, we shall have 

84— 4y=144— 9y ; 

by transposition, 9y — 4y=144~84, 

or6y=60; .'.yssli. 
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And, by substituting this value of y, in one of the values of 
s^ the first, for instance, we shall have 

42—24 18 ^ 

Ex. 3. Given 8j?+18y=94, and Bar— 13y=l, to find the 

values o(x and if. 

47 gy 

From the first equation, x=- — — ; 

and from the second, a:= : 

47-9y_l+13y. 

— r~-~8"' 

And multiplying both sides of this equation by 8, 

94— 18y=14.13y; 
.•• by transposition, — 18y — 13t(= — 94-f-l J 

Changing the signs, or what amounts to the same thing, 
multiplying both sides by —1, and we shall have 

18y+13y=94 - 1, or 31t^=:93 ; 

93 « 

l+lSy 1+39 40 ^ 
whence 3?=. ■=» — ~ — =-^=o. 

Ex. 4. Given^H-y=a, j ^^ ^^^ ^^^ ^^^^^^ ^^^^^^ ^ 

From the first equation, x=:a—y ; 
and from the second, x= — r-~ i 

de — cy 

and multiplying by b, we shall have 

ab — by=zde — cy ; 

by transposition, cy — hyz=de — ah ; 

by collecting the coefficients, (c — h) yz=.de^ab] 

, ,. . . de — uA 
,\ by division, y= -: 

de^ab 
whence x=a—y=a y- : 

, ca—ah — de^^ah ca^de 

that 18, x== ~ — = .-: 

c — c — b ' 

Ex. 6. Given 3r4-7ys=:79, and 2y— ix = 9, to find the va- 
lues of X and y. Ans. x= 10, and y =7. 
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Ex. 6. Given -^+1=6, and ^^+3=4, to find the va- 
lues of X and y. Ans. a:=ll, and y=4, 

Ex. 7. Given— ^-4 y =7, and 6a^-13y=— -, to find the 

values of « and y. Ans. «=8, and y^^^ 

Ex. 8. Given '^=ll^?I±l±l, and 8 -^=6. to find 

o 5 O 

the values of x and y. Ans. 2r=13, and y— 3. 

Ex. 9. Given x-|-y=10, and 2x — 3y— 5, to find the values 
of X and y. Ans. a:=7, and y = 3. 

Ex 10. Given 3a?— 5y=rl3, and 2a:-|-7y=81, to find the 
values of a; and y. Ans. x=16, and y=7. 

Ex. 11. Given ^~^+8y = 31, and ?^ + lOo? =192, to 
find the values of x and y. Ans. x=19, and y=3, 

Ex. 12. Given~p^+14=18,and?^i-=8. to find the 

values of X and y. Ans. x=5, and y=2. 

Ti lo i^- 2r4-3y « a: n 

Ex. 13. Given -— I--l=8 — ~, i ^ , , 

6 3 r to find the values of ar 

7y — 3x , , , i and y, 
and-^y— =ll+y, J ^ 

Ans. x=s:6, and y=8. 

201. Examples in which the preceding Rvksare applied^ in 
the Solution of Simple EguationSj Involving two unknown Quan- 
tiiies, 

Ex. 1. Given 2y ^-=^^^ =--i I ^ . ^ 

4 ' 5 ' f to find the values 

ji A ® — y «..i 2j+1 rofxandy. 
and 4x 3^=24J —^ ^ ^ 

Multiplying the first equation by 20, 

40y— 6x— 1 5 = 140+1 2x— 8y ; 

.% by transposition, 48y — 17x=155. 
Multiplying the second equation by 6, 

24x— 164-2y= 147— 6x— 3 ; 

.*. by transposition, 2y-)->30j;= 160 . . . (A). 
Multiplying this by 24, we have 



} 



SIMPLE EQUATIONS. 153 

48y4-720x=3d40; 
but48y— I7x=z 165; 

.•. by subtraction, 737a?=3685, 

and by division, »=5. 

From equation (A), 2y=s=160 — 30r ; 

.*. by substitution, 2y=160 — 150. 

by division, yi=— ; .*. y=6. 

2 . 

The values of a; and y might be found by any of the methods 

given in the preceding port of this Section ; but in solving this 

example, it appears that Rule I, is the most expeditious method 

which we could apply. 

Ex.2. Given ?|-i^=l-l±?'+^ 

18 36 3^6* 

and a? : 3y : : 4 : 7, 

to find the values of 2; and y. 

Reducing the first equation to lower terms, 

y_4£--j_ 4-fy £-y 

9 18 3 "^ 6 ' 

and therefore, multiplying by 18, 

2y — ix+ 1 = 1 8— 24— 6y+33? - 3y ; 

.'. by transposition, 7=7a:— lly. 
' But from the second equation 7ar=12y. 
Substituting therefore this value in the preceding equation, 
it becomes 

12y— Uy:x:7, or y=7, 

A 12y 84 ,^ 

and .'. ar=s--£=:-_=i2. 
7 7 

4y 

Ex. 3. Given x-?yi±i:f=l+_I , 

11 ^ 33 ' >^ 

and gg+gy y— 5_ llar+152 3y+l 
6 4 12 2 ' 

to find the values of ar and y. 

Multiplyuig the first equation by 33, 

33a;— 9y+6— 3x=334-15ar+^ ; 

multiplying again by 3, and transposing, we shall have 45x— 
31y=81. 

Multiplying the second equation by 12, 

6a?-(-4y— 3y+16=lla;+152-18y-6 ; 

••• by transposition, 19y— 6rp=:I31. 



% 
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Multipljing this by 9, 17ly— 45ar=1179 ; 

but 45jr— 31y= 81; 



.-. by addition, HOy = 1260 ; 
and by division, y=9. 

Now, 5ar=19y— 131=171— 131 =40 ; 

.*. by diviuon, a:=8. 

^ . ^. 80+3a? ,„, 4a:+8y-8 \ 

Ex.4. Given -±-=18i ±JL_,) ^^^^ ^^^^^ 

and 10y+?f=:?5=56+10., ^-^oU^^y- 

Multiplying the first equation by 105, the least commoh 
multiple of 3, 7, and 15. 

560-f-21ar=1925— 60a;— 46y+120 ; 

.% by transposition, 81x4-45y=1485 ; 
and dividing by 9, 9x+5y=165. 

From the second equation, 

50y-|-6x— 36=275+503? ; 

.-. by transposition, 50y — 44jr=310; 
and dividing by 2, 25y— 22a:= 156 ; 

but multiplj^ing the equation i 25v445:p=825 • 
found above, by 5, J *^«^ ' 



••• by subtraction, 67a;=670, 

and by division, £=10. 

Now 5y=165 -9a:=165 - 90=75, .% y=15. 

'4a? , 5y 9 
Ex. 6. Given -p+-^=- " ^ ' ( to find the values of x and 

Reducing the first equation to lower terms, 

X * y y 

4 4 

.*. by transposition, =— 1 j 

X y 

2 4 3 

from the 2nd equation, by transposition, 1— =s i 

X y A 

2 1 

.*. by addition, -=-. 
•^ a? 2 

and, consequently, :r=4« 

Nowi=i+.l=2 : .-. 2y=4, and y=2. 

y « ' ' 
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Ex. 6. Given H-~=m, 

c d c ^° ^"^^ ^^® values of a; and y. 

shiShLtl'^^"^ *^ ^^^ equation by c, and the second by a, we 

ac be 

and — f — ssna. 



.'. by subtracUon, (Jbc^ad). -^zmc-^nai 

y ' 

mc — na 

Ana -=m =m— 

* , , ^ y be — od 

_ m^c — mad-^mbc+nah nah^mad 

be — ad ^ be^ad ' 

l__ n6 — m d 6c — ad 

be — ad ' ""n6— »5' 



• t 



Ex. 7. Given 3 1=6—5^ 

5 3y ' 

o 107 



to find the values 
of X and y. 



6ar-~2 2ar+5 '^ 
Multiplying the first equation by 15y, 

... 45y— 21y— 6a?=76y— 26a;— 45 ; 
and by transposition, Sly — 19a?=45. 
Multiplying the second equation by 2a:+6, 

2xy^^^-^J^^J^^jy+J^^2xu-^ ^^^. 
^ ^ 6a:— 2 ""^^ T* ' 

" ^ 8 6a:— 2 ' 

and multiplying by 6x-^2, we shall have 

30ay— lOy-j ~ =8a?+20+30ary+75y ; 



i 
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821ar— 107 ^ , ^^ , .^ 

4 

and 321j:— 107=32r+340y+80; 
.-. by traospositioD, 340y— 2S9x= — 187. 
The coefficients of y in this case, having aliquot parts ; mul- 
tiplying the first by 20, and the last by 3, 

1020y— 380x= 900, 
and 1020y — 867a:=— 661 ; 

.*. by subtraction, 487a:=1461, 

and ar=3 j 
consequently, 61^=46+ 19a: =45 +67=102 ; 

.•. ^=2. 

r. o r.- Q 16+60ar 16a:y--107 \ 

Ex. 8. Given 8x- __=-^^p_, ^ ^^ ^^^ ^^^ ^^^ 

and 2+6y+9x=?:?¥=^^, ( ^^^« ^^' ^^^^^ 
^ ^^ 3x— 2y + l V 

Multiplying the first equation by 6+2y, 

^0s+16^-?^±^^2^±}^= 16^-107 ; 

1. %• A^ I ,/.«r 80+300x+32y+120xy 
.'. by iransposiUon 40a;+107= — ^ ? 

and multiplying oy 3y— 1, we shall have 

120xy— 40x+32ly— 107.=80+300ar+32y+120xy ; ' 

••. by transposition, 289y — 340a:=187. 
And fi'om the second equation, 

27a;^— 12y2-f 16x+2y+2=27a:»— 12y«+3S ; 
.'. by transposition, 15x-j-2y=36 ; 
whence, the coefficients of a? having aliquot parts, multiplying 
the first equation by 3, and the second by 68, 

867y— 1020x=561, 
and 136y+1020j?=2448; 

.•. by addition, 1003y'='3009, 

and y'^S; 
eonsequently, 16j;=36 — 2y=36 — 6=30 ; 

and .*. by division, x=2. 

T^ ft /-I- 2y— x ^^ 69-2a:\ 

• Ex. 9. Given «— ~ — =20 — , i ^ , ^ 

i 23— rr 2 ' f to find the values 

, , y— 3 „^ 73-3y Cofxandy. 

and y-f- ^ ,^ = 30 --^t \ ^ 

^^a?— 18 3 V 

Ans. a;=21, and yae^O. 
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• • ^ * 

.6 * ■ 'f to.find theyalueaof* 

and -^-+2ar-8=7f , \ . ^ 

Aps. ars=7, and y=5. 
Ex, 11. Given 9x4.^=70, 

I3a> ^ ^^ ^^ ^^^ values of x and y. 



and 7y— — =44, 



Ans. 22=6, and y^^lO. 



Ex. 12. Given !±f -??=2=3y-6, 

, 6y— 7 , 4a:-3 ,o- - 
and-^ — 1-_— -18-^62r, 

to find the values of x ajid y. Ans. £= 3, and y=s2. 

• ft ' V, ' , 

' / 5a:— 4w lly-.19 

and y~3— -^^ «=a>- r-^— 1 

to find the valu<es of x and y. Ans. x=6, and y=5. 

'15— a: 7x4-11 

j:x. 14. Gben 4i^i^-=2y+{?+^", 

4 xO 

^ * ' ,« 2x-fy ^ , 2y+4 

tofind'thd vdtlcssofarandy. Ans. £=3, aod j^=4. 

;Ex. 15; Given x- ?^^17=6y+l^, 

^ 22 — 6y 53:— 7^+1 8y+ S 
and— ^ 11 -~g 18""' 

to find the values .of X and y. Ans. 2^=6, and y 3=2. 

w ^. 7x— 21 3v— 0? 3a:-^19 

Ex. 16, Given ^_+ JL-^=4+^---, 



And 



6^3 ^2 

2ir+y 9.r — 7 8y+9 4x4-5y 



2 8 4 16 ' 

to. find the values of x and y. Ans. x= 9, and y = 4. 

x* ,«r n- *T^a^+6 , 4y— 9 ^ 13-nX 3y— a: 
Ex. 17. Given -^+-^— =3r-^ — ^ ^— , and 

1 1 ' <5 ■« O 

3z-l-4 : 2y — 3 : ; 5 : 3, to find the values of x and y. 

Ans. a:=7, and y=39. 

16 



158 SIMPLE EQUATIONS. 

Bx. 18. Given —I- ^—r- ^9-\ —-, and 

2 DO 

-X- : -iL — j_4x : : 4 : 21, to find the YBlnea of x and y. 

Ans. a:=5, arid y=4. 

Ex. 19. Given ?f±Jy±?_?f±f:l!=5+ ?^--* and 

10 15 ^6 

9y+5ir— 8 ar+y 7x+6 , - , , , - , ■ 
-i-^ — — -i= , to find the values of x and y. 

12 4 11 ' . tti « i a y 

Ans. a?==7, and y=9. 

and?+?(;?::57f ff: I: ! ^ ^^ *^ ^^- ^^^ « -^ ». 

Ans. a?i=45, and y=60. 
Ex. 21. Given ar4-l^^ • y— 50 : :.3 : 2, > to find the values 
and a;— 60 : y+100.: : 6 : 9, ^ of ar and y. 

Ans. ar=300, and y=350. 
Ex. 22. Given (a>+5).(y4-T)==(a?+l)(y— 9)+112, 
and 2:r-(-l0=3y4-l, to find th6 Values or\2r aiid y. 

Ans. a:=K3, and y=5. 

Ex.23. Given 3.+-6y+l=&i|^?^. . 

^' 151-.16aj 9xy-^UQ 

and 3x r-^~ — o—^ - — i 

4y— 1 3y— 4 ' 

to find the valuer of x and y. Ans. jp=9, and y =2. 

•n «i /^- ,^ i^ , I2Sa;»— 18y?U-2l7 
Ex.24. Given 16a:+6y-l«-_-^^—, 

lOx^lOy— 35_' 64 

^"^ "17+2H=3 ^^ 3^+%=!' 

to find the values of x and y. Ans. x^6^ and y— 5. 

§ III. RESOLXrriON OF SIMPLE E^UATIONSi 

Involving t/iree or more unhwwn Quaniiiies. 

202. When there are three independent simple equations 
involving three unknown quantities. 

RULE. 

From two of the equations, find a third, which involves only 
two of the unknoivn quantities, bjr any of the rules in the pre- 
ceding Section ; and in like manner from the remaining equa- 
tion, and one of the others^ another equation which contains the 
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same two unknown quantities may be deduced. Having there- 
fore two equaUone, which involV^e only two unknown quanti- 
ties, these may be detiermined ; and, bjr substituting thtar values 
in any of the original equations, that oi the third quantity will 
be obtained; 

SOS. If there be four unknown quantities, their values may 
be found froiin four independent equations. For from the four 
given equations, by the rulje^ in the last Section, three may be 
deduced which involve only tbr-ce unknown quantities, the va- 
lues of which may be found. by the last Article ; and hence the 
fouriih may be fonndr by substituting in any of the four given 
equations, the. values of the three quantities determined. 

If there be n unknown quantities, and n independent equa- 
tions,. the values of those quantities may be found in a similar 
manneiv For from th6 n given equations, n — 1 may be de- 
duced, involving only n — 1 unknown quantities ; and from these 
n^-^l, n — 2 may be obtained, involving only »— 2 unknown 
quantities ; and so on, till only one equation remains, involving 
one unknown quantity ; which being found, the values of all 
the rest may bo determined by substitution. 

Ex. 1. Giver> 3r+y4-^=:29, n 

.^-f2y4,32=62, ( to find the values of a?, y, 

Subtracting the first equation from the second, 

, y+2;?^33 . ... (A). ' 
Multiplying, the third equation by 12, the least common 
multiple of 2, 3, and 4, 

6a:+4y-f*2r=120 



multiplying the 1st equation by 6, . 6x-\-6y 



6^=174; 



.'.by subtraction, 2y-\-3z=z54 ; 
' but, multiplying equation (A) by 2, 2y-\-4zz=G6 ; 

,•. bysubtraction,.«±sl2. 
From equation (A), by transposition, y=33 — 2z ; 
.•, by substitution, y=33 — 24, or y=9. ' 
From the first equation, by transposition, 

a?=29— y — z\ 

.-. by substitution, a:=529-— 9 — 12, 
and a:=29— 21, .•. a:=:8. 
In like manner, had the first equation been multiplied by 2, 
and subtracted from the secopd, an equation would have re- 
sulted, involving only x and z ; and had it bcfen multiplied by 
4, and subtracted from the third when cleared of fractions, 
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another equation would have b,een obtained, involving also x 
and z \ whence hy the preceding^ rules, the values of x and z 
could be found, and consequently the valujs of y also, hy sub- 
Btitution, • 

Or if the first equation, be n^iulti plied by 3, and the second 
subtracted from it, an equation would arise, involving only x 
and 1^ ; and if the first when muhiplied by 3, be subtracted 
from the third when cleared of fractions, another would arise 
involving only x and y ; whence the values of a; and y might be ■ 
determined. And hence the third, that of z might be fbund. 

SECOND METHOD. 

. . ■ . . 

From the first equation, a?=29 — y — z- ; 

substituting this value of « in the. second equatioD| 

29— y— «+2y-f 3«=j62 ; 

.% by transposition, y=33— aar. 

Also substituting, in the third equation, thd value of x found 
from the first| 

29-^y-g y g 

multiplying this equation by 12, the least common multiple of 
2, 3, and 4, ' ' • 

174— 6y-^6«+4y+3«3=120, 

and by transposition, 2y-{-'3^=^ i 

in which, substituting the value of y found above, 

2(33— 2i2r)+3«J=64 
or 6a— 42f4-3«=54 
••• by transposition, «•= 12 
whence y=33-^2z3=33^24=9i 
and a?=29^-y— 3^=29— 9— 12=8. 

It may be observed, that there will be the same variety of 
solution, as in the last case, according as rr, y, or z^ is extermi* 
nated. 

THIRD METHOD. 

The Talues of x^ found in each of the equations, being 
compared, will .furnish two equations . each involving only y 
and z ; from which the values Df y and ier may be deduced by 
any of the rules in the preceding section, and hence the va- 
lue of X can be readily ascertainttl. 
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The same observation applies to this method of sohition, as 
did to the last. 

In some .particular equations, two unknown quantities may 
be eliminated at once. 

Ex. ,2. Given a:4-y+ar=31 



--y+ar=31) • 
--y— 5?=25 Vto 



find the values of x, y, & z. 

Adding the first and third equations, 2x«=40 ; 

••. y=20. 
Subtractbg the second froin the first, 2z=i6\ 

•'.«=3; 
and subtracting the third from the second, 

2y=:16-, .•. y=8. 

rx-y=2,) 
Ex. 3. Given | a:-^j8r.= 3, > to find a:, y, and z. 

Here subtrs^cting the first equation from the second, we have 
y-^sfzs:! ] whicjh is identically (he. third. 

Therefore, the third equation furnishes no new condition ; 
but what is alreadj' contained in the other two ; and, conse- 
quently, the, proposed equations are indeterminate ; or, what 
is the same, ive may obtain an infinite number of values which 
will satisfy the conditions proposed. 

204. It is proper to remark, that in particular eases, Ana- 
lysts make use of various other methods besides those point- 
ed out in the practical rules '; in the resolution of equations, 
which grep,tly facilitate the' calculation, and by means of 
wfiich, some equations of a degree superior to the first, may 
* be easily resolved, afler the same manner as simple equations. 

We shall illustrate a few of those artifices by the following . 
examples. * 

Ex. 4. Given i+14 " 

X y 8 

1,1^1 

X z 9' 

and --{—=:--, 
y z W 



to find the values of ap, y, and z. 



16* 
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' By adding the three equations, we «hall hav9 

2 2 2 1. 1 1^121 

i+y"*'2^~8+&"^10'^860* • 
Or, divkUng by 2, 

1 yl 1_12I ; 

a? y ■ «r""72a*. 

From this subtracting each of the three' first equationa^ and* 
ve shall have • 

1 31 720 ^^r 

i=720»/^'^=^¥f5.-\^2^al5 

1 41 720 ^Jt3 

1 49 7!20 ,/34 

i=720'"^*=T9-5-*-'=^^S- . 

Ex. 6. Given 2r=y4-^+M, y 

3y==x+z4-ti, f to find the values of z, y, r, 

4^=ar+y4-«)i and tt. 
• and u=fx — ^14^ j ' * 

By adding x to each member of the first equation,^y to the 

second, and z to the tbird« we shall get 

af+y +«+«=■ 3a:=4y=6-^ ; 

3jr 3i7 

and from thence, 2r=-r-, and y=—T ; 

5.4 

which values being substituted in the first equation, w6 have 
^ 3a? , 3a: , 13x 

4 5-' 20 ' 

but, by the fourth equation, «=«-— 14 ; • 

13a: 
.•. a: — 14——-, or 20x— .2d0=igar ; 

3a? 
whence |fa=40 : consequently y—— =30, 2r8s24, and «=5^— 

14«26. 

Ex. 6. Given 4x — ^4y — 4z^24, ^ .^ ^ j .u^ „ i _ ^r - ., 

6y-.2i-2^=24, V^ 5°^ ^^^ ^^"^ °^ *' y» • 
and 7z^ y— a?==24. j ^^^ ^• 

By putting a?-{-y 4-^=8, the proposed equations become 
, 8a?— 4S3=24, 8y--2S=24, 8^-8=24 ; 

.% a:=3-H8, y==3+iS, «=3+iS. 

By adding these three equations, we have 

a5+y+«=9+f S ; whence Sa*72. 



t< 
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Substituting this value for S, in ^, y, and z, we shall find 

x^39,y=2l^BLndzs=^l2. 

^ "' ''"*'" 2,+ALt+52: \ to fi"d t^e value, of ,. y. 
and 2*-r4«+40=- 10, ) ■ *' 

Ans. 27=^35, y=:SlO, and 2=^-25. 

Ex. 8. G-» ;+^=^H-.^ I , fi„d ,he value, of s,y, 

. a 6a - 7a 

Ads. 3?=yy, y^^TTi *^J^d ^^Yi* 

Ex; 9. It is required to find the values of a;, 3^, and;;, in the 
following equations ; * 

a;+y=l3, «+«=14, and y+a:=15. 

• , Ans. «=6, y=7, and ar=8. 

Ex. IQ. In the following it is required to find the values of 
Cfy,and«r. 

-+1+5=124. 
|4.H=94. 

Ex. 11. Civen ^y+«=2M t„ ^^^ the value. of z.y, 

and>-« = &; j •^"•J *• 

Ans. «— 12, y=8, and«=:6. 

Ex. 12, Given -+ ^+3-^ J. ) to find th. value, of., y. 

an4*+ y-2«= sjana^- 

Ans. ic=4, yarS, and z'^i, 

Ex. 13. «--^+/+3j^^^^^ 

andi2?+iy+ *= 6,j^^^- 

Ans. ar8s:6, y=4, and «=s2.. 

• Ex. 14. Given ar+y— «=8, .«+;r— y=9, and y+«— «= 
10 ; to find the values of x, y, and «. 

Ans. x^Biy yss9, and «rss9j>. 

Ex. 16. Given a?+iy=100, y+i«=100, and «+ij?=100 ; 
to find the values of x, y, and z. 

Ans. z^6i^ y= 72, and z=SA* 
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Ex. 16. Given ar+J"y=357,y+^a?=?476,a:+itt=595, and 
tt-|-Jx=714 ; to find the values of x, y, ^r, and u. 

Ans.\r=190, y=334, 2;«=426, ^nd ti=676. 



§ IV. 8OLUTIOI7 OP PROBLEMS PRODUCING SIMPLE E<inATIONS, 

Involving more thm one unknown Quantity, 

205. The usual method of solving determinate pr6|;>lems of 
the first degree* is, to assume as many unknown letters, name- 
ly, a:, y, «, &c., as there are unknown nuihhers to be found ; 
then, having properly examined, the meaning and condition's of 
the problem, translate the several conditions into as many 
distinct algebraic equations ; and, finally, by th^ resolution of 
these equations according. to the rules laid down in Chapter 
IV, the quantities sought will be determined. It is.prpper to 
observe that, in certain cases, other methods of proceeding 
may be used, which practice and observation alone can sug- 
gest. 

Problem I. ' 

• • 

There are two numbers, such, that three times the greatei: 
added to one- third the lesser i^ equal 36 ; and if twice the 
greater be subtracted from 6 times the lesser, and. the remain- 
der divided by 8, the quotient will be 4. What are the num- 
bers? % 

Let X designate the greater number^ and y the k^ser num- 
ber. 



Then 32:+|=36, 
o 

and.-^— =4; 



/'9ar+ y=108(A), 
"'' V^y— 2a:= 32(B); 



Multiplying equation (A) by 6, 6y+54j:=648 ; 

but ^y-- 2ar= 32 ; 

.*. by subtraction^ 56a;=3616, 
• and by division, a?=ll. 

From equation (A), y=108— i9a: ; 

.•. by substitution, y=l08— 99, or y=9. 
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Prob. 2. After A had'^von four shillings of B, he bad only 
half as many shillings as B had left. Bui had B won six shil- 
lings of A, then he would have three times a? many as A would 
hecve had left: How many had each ? 

• ■••*• ■ 

Let x=^ designate the number of shillings A had, and y=s 
the nu(nber B had I 

then $'•—4=2x4-8, 
andy4-6=3x— 18; 

.% by subtraction, 10=x — 26, 

and by transposition, 36 =a?, or a:=36 ; 

"^ by substitution, y4-6 = 3X36— 18; 

and by transposition, y= 84 ; 
.-.^A had 36, and B 84. 

Prob. 3. What fraction is that, to the numerator of which if 
4 be added, the value is one-half, but if 7 be added to the deno- 
minator, its valu^ is one-fifth ? 

x4-4 
Add 4 to the numerator, then --^ = i, .•. 2z+8— y ; 



X 



Md 7 to the denominator, then -jj- = i, .•. 6«=y+7 ; 



by subtraction, 3a; — 8=7 ; 

by transposition, 3x= 15; •*. ar=s5; 

and yj=32ar-f-8 ; •*• by substitution, y= 104*8= 18, 

6 

/ . . and the fraction is r^. 

Prob. 4. A and B have certain sums of money, sftys A to 
B, give me 15/ of your money, and I shall have 5 times as 
much as you have-left : says B to A, give me 5/ oTyour money, 
and I shall have exactly as much as you will have left What 
8um of money had each ? 

Let x:=: A*s mopey, > then x-^-lS^s^ what A would have, 
y= B's, . Rafter receiving 15/ from B. 

y— 153S what B would have left. 
Again, y-\'5z=:v^h£Li B would have after receiving 5/ from A. 

X — 5 = what A would have left* 
Hence, by the problem, a?4-15=5x(y— 15)~5y — ^75, 
andy+5=ap— 6. 



U8 SOLUTION OF PROBLEMS 

.% by the first condition, 122r-{-' 7y= 74 ; 

and by the second, Sar-f- 5y=r 50; 

Multiplyitig ihB 1st equation by 2,.24j:-4-14y=148 ; 

2nd . . by 3,24a:4-l6y=:150 5 

' .•• by subtractioti, y=2. 

And from the 2od, 8x=50— 5y=i:50— 10 ; 

.•• by division a:=5. 
Consequently the husband would hax^e gained alone 5s. par 
day, and the wife and son 2 shillings in theeame lirpe. 

206. Let us now suppose that the first suin received by the 
workman was 463, and. the second 308, the other circuai8tancea 
remaining the same as before ; • 

The equations of the question would be 

12j+7y ==46, and 8a7-}r5y=30. 

From whence we find, by proceeding as above, 

1=6, jand y= — 2. 

By putting in the place of x its value 5, in the above equa- 
tions, they become ' 

604-7^=46, and 40+5y:=30. 

The inspection alone of these equatibhs show an absurdity. 
In fact, it is impossible to form 46 by adding an absolute num- 
ber to 60, which is already great ier than it, and in like man- 
ner it is impossible to form Soby adding an absdlute. number 
to 40. 

Consequently what we attributed as a gain to the labour of 
the wife and son, must be an expense to the husband, which 
is also verified by the result j(=* — ^. 

207. The negative value of y makes known therefore a 
rectification in the enunciation of the problem,; since that, in- 
stead of adding 7y to l^a: in the ^rst equation, and 5y to Sx in 
the second, y being considered a positive or an absolute num- 
ber, we must subtract them in order to have the sum given for 
the common wages of these three persons; or, what is the 
same thing, if, in place of considering the money attributed to 
the wife and son as ja gain, we would regard it as an expense 
made by them to the charge of the workman ; then we must 
subtract this money from what the man would have gained 
alone, and there would be no contradiction in the equations, 
since tbey would become 

60 - 7y =46, and 40— 6y= 30 ; 
from either of which we would derive y=2 ; and we should 
therefore conclude that if the workman gained 5s. per day, his 
wife and son's expense is 2s., which can be otherwise verified 
thus: 
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For 12 days work, he receives 5x ^2 or 60s. ; the expense 
of his wife and son for 7 daj's, is 2 X7 or 14s. ; and there re- 
main 46 shillings. 

Again, he receives for 8" days vork 6X8 or 40s., the ex- 
pense of his wife and son during 5 days, is'2 x^ or 10s. ; there- 
fore his clear gain is 30 shillings. 

"208. It is very evident that, in place of the enunciation of 
(Prob. 9), we must substitute the following, in order that tha 
problem, proposed may be possible, with the above given 
quantities : 

Ji. labourer working for a gentleman dwing 12 days^ having 
Jiad with hinij the first 7 days, his wife and 8on^ who occasion an 
expmse to him, received 46 shillings ; he has wrought, afterwards^ 
for 8 other days, on 5 of which he had with him his tvife and son^ 
whose expenses he must still defray, and he received 30 shillings. 
Required the salary of the workman per day, and also the expense 
of. his wife and son in the same time. 

Designating by x the daily wages of the workman, and by 
y the expense of his wife and son, for the same time ; the 
equations of the problem shall be 

12a:— 7y=46, and 8x-r-5y=30 ; 
which, being resolved, will give 

x=.5s, and y=2s. 

209. Although negative values do not answer the enuncia^ 
tion of a concrete question, as has been observed (Art. 174), 
yet they satisfy, the equations of the problem, as may be rea- 
dily verified, by substituting 5 for x, and — 2 for y, in the equa- 
tions (Art. 206), since they would then become identically 
equal. 

Prob. 10. Two pipes, the water flowing in each uniformly, 
filled a cistern containing 330 gallons, the one running during 
6 hours, and the other during 4 ; the same two pipes, the first 
running during two hours, and the second, three, filled another 
cistern containing 195 gallons. The discharge of each pipe is 
required. 

Let x represent the discharge of the first in an hour ; y that 
of the secoiid in the same time. 

And in order to have a general solution, put a=5, 6=4, c= 
33d, o'=2, 6'a:i3, c'= 196 ; then by the conditions of the prob- 
lem we shall have these two equations, 

ax'\'by—c, and a'x'{'b'y=zc' ; 
which, being resolved (Art. 190), will give 

h'c^M ad — ^c 

16 



\ 
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NoW| by restoring the values of a, i, c, &c., we bave 

990—780 210 ^^ 

15-8 7 ' 

975-660 ,^ 

Thim. ibe first pipe discharges 30 gallons /^er boor, and the 
iecond45. 

210. Let ns now suppose that the first pipe running duriog 
3 hours, and the second during 7» filled a ci^em containing 
190 gallons ; that afterwards, the first running 4 bours, and 
the second 6, filled a cistern containing 120 gallons. 

In this case, a=3, 5=7, c=190, a'=4, 4'=6, c'=120; 
and, consequently, fe'c— 6c'=1140— 840=300, a*'— <i'6=18 
— 28= — 10, a(^ — fl'c=360-760=— 400, which will give x 
= — 30, and y=40. 

In order to understand the meaning of these results, we nrast 
return again to the conditions of the problem, or, what amounts 
to the same, we must trv how these values of x and y satisfy 
the equations of the problem : 

Thus, if we substitute —30 for x^ and 40 for y, in the 
equations 3j7-|-72^=^190 and 4x4~6y=120, resulting from the 
above problem, we find first, that 3a?=— 90, and 7y=280, 
consequently 3ar-|-7y= — 90*-}.280, which in effect is equal 
to 190. In like manner4i;+62f is found to be — 120+240, 
which is equal to 120. 

Having, therefore, discovered how the values — 30 and +40 
of X and y answer the equations 3a; +7y= 190 and 4x-{-63f= 
120, we perceive at the same tirae how thej would answer the 
conditions of the problem ; for since the use that has been 
made of the quantities Zx and 4a:, which express the quanti- 
ties of water discharged by the first pipe in the first and se- 
cond operation, was to subtract them from 7y and from 63f, 
which express the quantities furnished in the same operations 
by the second pipe. The first pipe must be considered in 
this case as depriving the cisterns of water instead of fur- 
nishing any, as it did in the preceding problem, and as it was 
supposed in expressing the conditions of this problem. 

211. Hence, in almost every question solved after a gene* 
ral manner, we may always conclude that when the value of 
the unknown quantity becomes negative, the quantity ex- 
pressed by it should be considered as being of an opposite 
kind from what it was supposed, in expressing the conditions 
of the problem. 

What has been said with respect to unknown quantities, is 
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m 

equally applicable to known quantities, that is, when a gene- 
ral solution is applied to any particular case, if any of the gi- 
ven quantities a, 6, c, &c. in the problem, are negative. 

212. Let it be proposed, for example, to find what should 
be, in the foregoing problem, the discharges of two pipes, 
that the first furnishing water during 3 hours, and the second 
4, may fill a cistern containing 320 gallons, and that the se- 
cond pipe afterwards furnishing water during 6 hours, whilst 
the first discharges it during 3 hours, may fill a cistern con- 
taining 180 gallons. 

We have only to put in the general solution (Art. 209), 
arp3, 6=|4, c = 320,a'=-3, 6'=6, c'=180, and there will 
result ir=40, and ^=50. 

From whenice it appears that the discharge of the first pipe 
is 40 gallons per hour, either to carry away the water as in 
the second operation, or to furnish it as in the first, and the 
discharge of the second, 50 gallons, an hour, which it furnishes 
in both operations! 

Prob. 11. A certain sum of money put out to interest, 
amounts in 8 months to 297/. I2s. ; and in 15 months its 
amount is 306/. at simple interest. What is the sum and the 
rat^ per cent 1 Ans. 28S/, at 5 per cent. 

.' pKOB. 12. There is a nurnber consisting of two digits, the 
Becond of which is greater than the first, and if the number 
be divided by the sum of its digits, the quotient is 4 ; but if 
the digits be inverted, and that number divided by a number 
greater by 2 than theiliiferehce of th6 digits, the quotient be- 
COities 14. Required the fiumber. Ans. 48. 

Prob. 13. What fraction is that, T^hose numerator being 
dfoubled, and denominator increased by 7, the value becomes 
f ; but the denominator being doubled, and the numerator in- 
creased by 2, the value becomes f ? Ans. f . 

Prob. 14. A farmer parting with his stock, sells to one 
person 9 horses and 7 cows for 300 dollars : and to another, at 
the same prices, 6 horses and 13 cows for the same sum. What 
was the price of each ? 

Ans. the price of a cow was 12 dollars, and of a horse 24 
dollars. 

Prqb, 15. a Vintner has two casks of wine, from the great- 
er of which he draws 15 gallons, and from the less 11 ] and 
fiinds the quantities remaining in the proportion of 8 to 3. Af- 
ter they became half empty, he puts 10 gallons of water into 
each, and finds that the quantities of liquor now in them are 
as 9 to 5, How many gallons will each hold ? 

Ans. the larger 79, and the smaller 35 gallons. 
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Prob. 16. a person having laid out, a rectangular bowling- 
green, observed that if each side had been 4 yards longer, the 
adjacent sides would have been in the ratio of 5 to 4 ; but if 
each had been 4 jards shorter, the ratio would have been 4 
to 3. What are the lengths of the sides ? 

Ans. 36, and 28 yards. 

Prob. 17. A sets out express from C towards D, and three 
hours afterwards B sets out from D towards €,. travelling 2 
miles an hour more than A. When they meet it appears that 
the distances they have travelled are in the proportion of 13 
to 15 ; but hati A travelled five hours less, and B had gone 2 
miles an hour more, they would have been in ihe proportion 
of 2 : 5. How many miles did each go per hour, and how 
many hours did they travel before they met 1 

Ans. A went 4, and B 6 miles an hour, and they travelled 
10 hours after B set out. 

Prob. 18. A Farmer hires a farm for 245/. per nnnum^ the 
arable land being valued at 21. an acre, and the pasture at 28 
JBhillings : now the number of acres of arable b to half the 
excess of the arable above the pasture as 28 : 9. How many 
acres were there of each ? 

Ans. 98 acres of arable, and 35 of pasture. 

Prob. 19. A and B playing at backgammon, A bets 3s. to 
2s. on every game, and after a certain number of gamea^nd 
that he bad lost 17 shillings. Now had A won 3 more lirom 
B, the number he would then have won, would be to the num- 
ber B had won, as 5 to 4. How many games did they play ? 

Ans. 9. 

Prob. 20. Two persons, A and B, can perform a piece «f 
work in 16 days. They work together for 4 days, when A 
being called off. B is left to finish it, which he does in 36 days 
more. In what time would each do it separately ? 

Ans. A in 24 days, and B in 48 days. 

Prob. 21. Some hours after a courier had been sent from A 
to B, which are 147 miles distant, a second was sent, who 
wished to overtake him just as he entered B ; in order to 
which he found he must perform the journey in 28 hours less 
than the first did. Now the time in which the first travels 17 
miles added to the time in which the second travels 56 miles, 
is 13 hours and 40 minutes. How many miles does each go 
per hour 1 

Ans. the first goes 3, and the second 7 miles an hour. 

Prob. 22. Two loaded wagons were weighed, and their 
"Weights were found to be in the ratio of 4 to 5. Parts of their 
loads, which weP6 in the proportion of 6 to 7, being taken out^ 
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their weights were then found to be in the ratio of 2 to 3 ; and 
the sum of their weights was then ten tons. What were the 
weights at first ? Ans. 16, and 20 tons. 

Pi^oB. 23. A and B severally cut packs of cards ; so as to 
cut off less than they left. Now the number 'of cards left by 
A added to the number cut off by B, make 50 ; also the num« 
ber of cards left by both exceed the number cut off, by 64. 
How many did each cut off? Ans. A cut off 11, and B 9. 

Prob. 24. A and B speculate with different sums ; A gains 
150/, B loses 50/, and now A's stock is to B*s as 3 to 2. But 
had A lost 50/, and B gained 100/, then A's stock would have 
been to B's as 5 to 9. What was the stock of each 7 

Ans. A's was 300/, and B's 350/1 

Prob. 25. A Vintner bought 6 dozen of port wine and 3 
dozen of white, for 12/. 12 shillings ; but the price of each after- 
-wards falling a shilling per bottle, he had 20 bottles of port, and 
3 dozen and 8 bottles of white morCf for the same sum* What 
was the price of each at first ? 

Ans. the price of port was 2s. and of white Zs.per bottle. 

Prob. 26. Find two numbers, in the proportion of 5 to 7, to 
which two other required numbers in the proportion of 3 to 5 
being respectively added, the sums shall be in the proportion of 
9 to 13 : and the difference of those sums =16. 

Ans. the two first numbers are 30 and 42 ; the two others, 
6 and 10. 

9rob. 27. A Merchant finds that if he mixes sherry and 
brandy in quantities which are in the proportion of 2 to 1, he 
can sell the mixture at 78s. per dozen ; but if the proportion be 
as 7 to 2, he must sell it at 79 shillings a dozen. Required the 
juice of each liquor, 

Ans. the price of sheny was 81s., and of brandy 72s. per 
dozen, 

Prob. 28. A number consisting of two digits when divided 
b^ 4, gives a certain quotient and ti remainder of 3 ; when di- 
vided by 9 gives another quotient and a remainder of 8. Now 
the value of the digit on the leflrhand is equal the quotient which 
was got when the number was divided by 9 ; and the other 
digit is equal j^^th of the quotient got when the number wa8 
divided by 4. Required the number. Ans. 71. 

f ROB. 29. To find three numbers, such,, that the >Er5/ with 
i the sum of the second and third shall be 120 ; the second 
with itb the difference of the third eind first shall be 70j and i 
the sum of the three numbers shall be 95. 

Ans. 50, 65, and 75. 

Prob. 30. There are two numbersy such, that i the greate 

16* 
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added to i the lesser is 13 ; and if 4 the lesser be taken from •}- 
the greater, the remainder is nothing. What axe the numbers ? 

Ans. 18, and 12, 

Prob. 31. There is a certain number, to the sum of whose 
digits if you add 7, the result will be three times the left-hand 
digit ; and if from the number itself you subtract 18, the digits 
will be inverted. What, is the number ? Ans. 53. 

Phob. 32. A person has two horses, and a saddle worth 
10/ ; if the saddle be put on the Jirst horse, his value becomes 
double iha.i of. the second ; but if the saddle be put on the 5C- 
cond horse, his value will not amount to that of ihe Jlnt horse 
by 131. What is the value of each horse ? 

Ans. 56' and 33. 
. Prob. 33. A gentleman being asked the age'of his two sons, 
answered, that if to the sum of their ages 18 be added, there- 
suit will be double the age of the elder ; but if 6, be taken 
from the difference of their ages, the remainder will be equal 
to the age of the younger. What then were their ages ? 

Ans. 30 and 12. 

Prob. 34. To find four numbers, such, that the s^mj of the 
1st, 2d, and 3d, shall be 13 ; the sum of the 1st, 2d, and 4th» 
15 ; the sum of the let, 3d, and 4th, 18 ; and lastly the sum ' 
of the 2d, 3d, and 4th, SO. Ans. 2, 4, 7, 9. 

^ Prob. 35. A son asked his father how old he was. His 
father answered him thus. If you take away 5 from my 
years, and divide the remainder by 8, the quotient will be i of 
your age ; but if you add 2 to your age, and multiply the 
whole by 3, and then subtract 7 from the product, you will 
have the number of the years of my age. What was the age 
of the father and son ? * Ans. 63, and 18. 

Prob. 36. Two persons, A and B, had a mind to purchase 
a house rated at 1200 dollars ; says A to B, if you give me f 
of your money, I can purphase the house alone ; but says B 
to A, if you will give me -Jth of yours, I shall be able to pur- 
chase the house. How much money had each of them ? 

Ans. A had 800 and B 600 dollars. 

Prob, 37. There is a cistern into which water is admitted by 
three cocks, two of which are exactly of the same dimensions. 
Wtieh they are all open, five-twelfths of the cistern is filled in 
4 hours ; and if one of the equal cocks be stopped, seven-ninths 
Qf the cistern is filled in 10 hours and 40 minutes. In how 
many hours would each cock fill the cistern ? 

Ans. Each of the equal ones in 32 hours, andthe other in 24. 

Prob. 38. Two shepherds, A and B, are intrusted with the 
charge of two flocks of sheep, A's consisting chiefly of ewe8> 
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many of which prdduced lambs, is at the end of the year increas- 
ed by 60 ; but B finds his stock diminished by 20 ; when their 
numbers are in the proportion of 8 : 3. Now had A lost 20 of 
bis sheep, and B had an increase of 90, the numbers would 
have been in the proportion of 7 to 10. What were the num- 
bers % Ans. A's 160, and B's 110. 
Prob. 39. At an election for two members of congress, three 
men offer themselves as candidates ; the number of voters for 
the two successful ones are in the ratio of 9 to 8 ; and if the 
first had had 7 more, his majority over the second would have 
been to the majority of the second over the third as 12": 7 
Now if the first and third had formed a coalition, and had one* 
more voter, they would each have succeeded by a majority of 7» 
How many voted for each ? 

Ans. 369, 328, and 300, respectively. 



CHAPTER VL 

ON 

INVOLUTION. AND EVOLUTION 

OF NUMBERS, AND OP ALGEBRAIC QUANTITIES. 

213. The powers of any quaniity^ are the successive products^ 
arising from unity ^ continually multiplied by that quantity. Or, the 
power of the order m of a quantity, m being a whole positive 
member, is the product of that quantity continually multiplied 
wi— 1 times into itself, or till the number of factors amounts to 
the number of units in that given power. 

^14. Involution is the method of raising any quantity to 
a given power ; Evolution, or the extraction of roots, being 
just the reverse of Involution, is the method of determining a 
quantity which, raised to a proposed power, will produce a given 
quamity. 

NoTB.— The term root has been already, defined, (Art. 12). 

§ I. INVOLUTION OF ALQEBRAIG i^UANTITIES. 

215.. It has been observed, (Art. 13), that the powers of alge- 
braic quantities are ^expressed by placing the index or exponent 
of tho power over the quantity. 
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Hence, if a proposed root be a single letter and without a eo" 
^fficieni, any rehired power of it will be expressed by the sams letter 
with the index of the power toritten over it. Thus, the ntb power 
of a is =ra**, n being any positive number whatever. 

216. Jf the proposed root be itself a power ^ the regvired power 
will be obtained by muUiplying the index of the given power into 
that of the required power. Thus the mth power of of, or 
(aF)~=a»F; for since, (Art. 213), {aF)«=aFXaPX ^''j^c.s 

aP^P'^r^^^ =0^"^ (1) 

where the number of factors aP is equal to m. 

217. Also, (fa simple quantity be composed of swertU factors^ 
it can be raised to any power by multiplying the index of every fac- 
tor in the quantity by the exponent of the power. Thus the mth 
power of (aP6«c'"), or (oJ'6«c»')"» is = aP»6«*»c»*»; for since (Art. 
274), (aPfc^c)"*:!: {a^b'ic') X (fl^ft^c*'), dec. = a^OP , . . 6«6« . . . 

c^c^ . . . =(oP)'"X(^«)'»x(0"'; • • • • (2); 
by observing that in each of these products, such as aPoj», &c,, 
or b^b^^ dec, there enter m equal factors. 

Cor. Hence, if the pfoposed quantity has a numerical coefficient, 
it mttst also he involved to the required power. Thus the fourth 
power of Sa^b" is = 3V-H"*=3X3x3x3Xa'6"=81 o^^. 
For the numerical coefficient is in this case the same as any 
other factor. 

ROOTS AND POWERS OP NUMBERS. 
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218. ^ny power of a fraction is equal to the same power of the 
numerator divided by the like power of the denominator. 

Thus the mth power of j. or ( 3 j-=g; ; for (3 /=fc Xj ' 
Xp&c.»(Art.l56),;^^— =p;j; where the num. 
ber of factors t is equal to «i. 
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And in Jike manner tl>e mtb power of -— , or f -— )•= 

C C \ ^ ^ • 

(iir)«(t?)« op^bv^ ,«. 

(c»)'»(ci*')"* c^^ci'"" 

219. ;fl»y cv«» f ott>6r qf a positive or negative quantity, is nC" 
cessarily positive. In fact, 2m being ibe formula of even num- 
bers, we have (±a)'«=[(±o)^]»*= (+«')"•=+«'" • • ; (^)- 

220. Jlny odd power of a quantity wiU have the same sign as 

the quantity itself. For, the general formula of odd numbers, 

(Art. Ill), being 2«+l, we have (±a)*»+' = (±o)*"X(±«) 

,=«*-X±o=±a^+' . • •. .(S)- 

The involution of algebraie quantities is generally divided 

into two cases. 

R 

CASE I. 

To involve a simple dgebeme. Quantity » ' 

RULE. 

i^ 221. Raise the coefficient, if any, to the required power, 
then multiply the index of each factor, or letter, by the index 
of the required power, and write their several products over 
their respective factors ; Let th-e quantities thus arising be an- 
nexed to eapb Other and to the same power of the coefficient, 
prefixing tha proper sign, and it will be the power required. 
Or, multiply the quantity into itself as many times 1^S8 one as 
is denoted by the index of the power, and the last product, with 
the proper sign prefixed, will be the answer. 

£x. 1. Required the square, or second power of 2a^. 

Here, (2ai)'=4Xo'X^'*=4rf2^'- '^»«- 
Ex. 2. What is the Cube of—3aV 1 

Here, (-3o«6«)*= (Art. 220),-(3a''6')'=-.81X«'-'X^" 
»— 81a«6*. Jlns. 

Ex. 3. What is the 4th power of -^20^3^ 1 

Here, (— 2aV)*=(Art./219), +(2a'x»)^ ^=5 16 X o'-V-^s 
16o'V. dns. 

Ex. 4. What is the cube, or thiird power of aftc ? 

Here, abc x aicxo&c = oX oxaX^X^X^X<^X^X<^= 
cr*6V. Ans. 

222. When the quantity to he involved is a fraction^ raise both 

the numerator and denominator to the power proposed. 

Ex. 5. Required the 4th power of r- ^. 
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Here, ^— ^J -+V2ay "3S^2a^2»^25"^165* 

2a 16c^ 

Ex. 6. What is the 4th power of — -- ? Ana. ^r—*- 

ox ola? 

Ex. 7. Whatsis the 8th power of 20*? Ana. 256a'». 

Ex. 8. What is the 7th power of — x 1 Ans. — x'. 

Ex. 9. What is the 6th powei^ of ^ ;% An«. -rj. 



«^» 



c . . c* 



Ex. 10. What is the 5th power of -? Ans. . 

5 31 2d 

5f 625^ 

Ex. 11. What is the 4th power of---? Ans. ^^^v 

7 2401 

Ex. 12. Required the cube of .-? Ans. -0=7-3. 

Ex. 13. Required the square of ±a't» ? Ans. a^&*. 

Ex. 14. Required the 9ih power of— ary? Ans. — 3^}^, 

Ex. 15. Required the Oih power o{xy% Ans. 1. 

Ex. 16. Required the 4th power of a*-^ 7 

• 1 
Ans. «r^, or j. 



CASE II. 

To involve a eompoimd algebraic Quantity. 

RULE L 

223. Multiply the given quantity continually into itself as 
many times minus one as is denoted by the index of the power, 
as in the multiplication of compound algebraic quantities (ArU 
79), and the last product will be the power required. 
Ex. 1. What is the square of 04.26 ? 

0+26 
'a4-26 



.^ 

Square =a?+4o6-j-46^ 
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Ex. 2. What is the cube of a?— 2"? 



a^^s^ 



«*— 2aV4-a;* 



a«— 2aV- 



eftr* 



Cube =a»-3aV+3aV— ar» 



Ex. 3. Required tbe/ot^M power of a-|-3&. 

Ana. a*-f-12a'^4.54aW+108a6'-f8l4«* 

Ex. 4. Required the ^l^t^^ire of 32^4~^^~f'^' 

Ans. 9a^+\23p+Z^J^20x^2b. 

Ex. 5. Required tfae cube of 3:;— 5. 

Ans. 27r»— 135a;"+225«-125, 

Ex. 6. Required the ctti^ of j:'--2a7-fl* 

Ans. «^— er^+lSor*— 20a?+15a;» - 6x+l. 

Ex. 7. Required the/«4r/A/iow?cr of 2+3ar. 

Ans. 16+96a;4^1§i;»4.216a!H.81^. 

Ex. 8. Required the J^Mj9CM^er of l—2ar. 

Ans. 1— 10x4-40a;»— 80a?+80a^-32aH*. 

Ex. 9. Required the square of a-f-6-f-c4-c2. 

Ans. (]^4-fc8+c»4-(r'+2(a64.o<:4.«<H**c+Ad-f-ccl). 

224. In the involution of a binomial or residual quantity of 
the form a-f-bf or a — h ; the several terms in each successive 
power are found to bear a certain relation to each other, and 
observe a certain law, which the following Table is intended to 
fNiplain. 
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TABLE pF THB POWERS OF O-f*'* 



Powers. 


Mode of ex- 
pressing them. 


Powers expanded. 


Square. 


(a+t)». 


d'+2ab+b\ 


Cube. 


{a+b)\ 


a3+3fl«6+ 306^+63. 


« 

4th power. 


(<t+b)\ 


a*+4a56+6(^6*+4a6' 
+b\ 


5th power. 


(a+6)». 

■ 


+5ab'+b'. 


6th power. 


(a+by. 

• 





The successive powers of a — 6 are precisely the same as 
those of a+ft, except that the signs of the terms will be al- 
ternately+ and — . Thus, the fifth power of a--6 is a^ — 5fl*6 

225* In reviewing that column of tb» above Table which 
contains the powers of a+6 expanded^ wc may observe, 

I. That in each case, the first term is raised to the given 
power^ and the last term is b raised to the same power ; thus, 
in the square^ the first term is a^, and the last ^ ; in the cube^ 
theirs/ term is «?, and the last 6' ; and so on of Ine rest. 

II. That, with respect to the intermediate terms, the pow- 
ers of a deer ease J and the powers of b increase^ by unity in 
each successive term. Thus, in the fifth power, we have 

In the secondtexm^ a^6 ; 

thirdj a'6' ; 

fourth^ : . . . . d^b^ ; 

fifth, .: ab'\ 

and so on in other powers. 

III. That in each case, the coefficient of the second term is 
the same with the index of the given power. Thus, in the 
square, it is 2 ; in the cube, it is 8 ; in the fourth power, it is 
4 ; and so on of the rest. 

IV. That if the coefficient of a in any term be multiplied by 
its indezy and the product divided by the number of terms io thai 
place, this quotient will give the coefficient'*of the next term. 
Thus, in the fifth power, the coefficieiit of a in the second 
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ieffA multiplied by Us index^ and divided by the number of terms 

4v5 20 
lo that place = -$- =-—= 10== coefficient of the third term. 
^ 2 2 



In the sixth power, 



Coeff. of g in t he 4th t^rm : iti index 20 X 3 

number of terms to that place. "^ T ' 



60 

---=:15= coefficient o( the fifth term. 

Hence, we are furnished with the following general rule for 
raising a binomial or residual quantity to any power, without 
the process of actual multiplication. 

RULE II. 

226. Find the terms without the coefficients, by observing 
that the index of the first, or leading quantity, begins with that 
of the 'given power, and decreases continually by 1, in every 
term to the last ; and that, in the following quantity, its indices 
are 1, 2, 3, &c* Then, find the coefficients, by observing that 
those of the first and last terms are always 1 ; and that the 
coefficient of the second term is the index of the power of the 
first ; and, for the rest, if the coefficient of any term be mul- 
tiplied by the index of 'the leading quantity in it, and the pro- 
duct be divided by the number of terms to that place, it will 
give the coefficient of the term next following. 

Ex. 1. Required the 8/A /?ot«?cr of a+^' 
Here the terras, without the coefficients, are 

a\ a% af'b^, a'b\ a*b\ a% a^h\ ab\ 5«. 
And the coefficients, according to the rule, will be 1, 8, 

28X2^3 8X1^^ 

7 ' 8 ' 

Then, the terms are thus : 

Theirs/ term is . . . ; . . . . «•. 



second^ 
thirdj 

fourth^ 
sixihf 



8a'b. 



8X7 

2 
28x6 

3 
56X5 

4 
70X4 

5 
17 



Xfl"^=»28oV. 
Xa'b^=56a'b\ 
Xo'**==70a*6*. 
X«'6^==56a'6». 
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seventh, . . . — |^x«^^=2,8a^6'. 

o 

28 y 2 

eighth, . . . — ~-Xtti''= 8a6l 

ninth, . . . -§-X ^'^ 6•• 

And thus we have, (a+6)«=a»+8a"^fi+28a«6*+6ea5J3-f 
70a*6*+56a''6*+28a26«4-8a6'+&'. 

227. From this example and the foregoing' Table the whole 
number of terms will tvidently be one more than the index of 
the given power ; after having calculated therefore as many 
terms as there^are units in the index, of the given power, we 
may immediately proceed to tlie last term* And in like man- 
ner it may be observed, that when the number of terms in the 
resulting quantity is even^ the coefficients of the two middle 
terms is the same ; and that in all cases the coefficients m- 
crease as far as the middle term, and then decrease precisely in 
the same manner until we come to the last term. By at- 
tending to this law of the coefficients^ it will be necessary to cal- 
culate them only as far as the middle term, and tben set down 
the rest in an inverted order. • 

Thus in the above example, the middle term is 70a^6*, and 
we have. 

The frst four coefficients, 1, 8, 28, 66. 
The last (out . . . . 66,28, 8, 1. 

228. But we are not yet arrived at the most general form in 
which this Rule may be exhibited. Suppose it was required to 
raise the binomial a+6 to any power denoted by the number 
(»). Proceeding with n as we have done with the several in- 
dices in the preceding examples, it appears that, 

The Jlrst term would be a\ 

The second, . . . «a*-^*6. 

The third, . . . ^^^'^^^ ^-^h?- 

-n.. fourth,. . . . , !l(^-^i2z!.Vsj,. 

The mtK »(»-l) Xi^22x<»-3) x (>!=±Wt,. 
' 2X3X4X8 

'Uhilast, i«. 



r 
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Or, (a-\^h)^=a*+na^'b+^^^a^-%^+ 

2.3 "^ 2.3.4 

a*-<&^ &;c +b\ 

By the same p rocess, (o— 6)*=a" — wfl^—^fc-f^ 

2 2.3 » T^ 

n(n-l)x(»-2)x(»-3j^^,_^^. ^^e signs of the term* 

being alternately + and — 1 ; and the sign of the last term id 
+ or -^1, according as n is even or odd ; we have the last 
term in the former case^ -{-b'*, and in the latter — 6'». 

This general and compendious method of raising a binomial 
qManfity to any given power j is called from the name of its ce- 
lebrated inventor, Sir Isaac Newton's "Binomial Theorem.*' 
The demonstration of this Theorem^ with its application to the 
finding the powers and roots of compound quantities, forms the 
subject of another Chapter. Its pretednt use will appear from 
the following Example. 

Ex. 2. Required the fifth power of x^+Sj^. 

Substituting these quantities for a, 6, n, in the foregoing 
general formula, it appears that 

"iS^^'lK) ....(«*)•..... =*«. 

2nd, . . {nefl-'b) . is BxCa^'xV • • • =i5i*y: 
3d, '. ^^^lla-^^'^ . 5x^xWX(3y^'=90^y*. 

4th. . (!!^i)xO!:i!)«-53).is6x|x|^ 

i^fY =270xy. 

6th, .|^—Jl_Ji-_ian-6^J IS 6X3X3X4X0:* 

X(3^T . • . . . . . . =4050;^. 

Last, . (5n) ^ . is(3y'*)* . r=243y»«. 

, So that(x2+3y2)5==2?"+15xy4r80x«i/^4.270a:y+405A« 
+243^^^ 

229. By means of this TAeorem, we are enabled to raise a 
trinomial, or quadrinomial quantity to any power, without the 
process of actual multiplication. 

Ex. 3. Required the square of a-{-6+<^ ? 

Here, including a+6 in a parentheses (a+b\ and consider- 
ing it as one quantity, we should have (a-|-6+c)*=[(a-|-6) 
i'k-c'y ; and comparing them with the general formula ; 
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W6 have, 0»*)=:(o+6)«=a»+2a6+6« \ 
(n(J»-»6)=2(a+6) Xc=2ac+26c V 

(6'»)=:C« =c» j 

Hence, (a+6+c)'=(«4-&)'+2(«+^) X<^+c'=a'+2a&-f. 
**4-2ac+26c4.c^ . 

Ex. 4. Required the seventh power of a — h. 

Am. a''^7a'b+2 1 a*^ - B5a'b^+'S5a^b*—2 1 a^65+7a*«- b\ 

Ex. 5. Required the sixth power of 3a;4-2y. 

Ana. 729a:«+29 1 6a^y-|^860a?y+4320a^y'+2 1 eOai^y^+STS 
3^*-f 64y«. 

Ex. 6. Required the square o( x-^-y-^-Sz. 

Ans. a:'-f 24jy+y*4-6^^+6y^+^^- 
Ex. 7. Required the fifth power of H-2a?. 

Ans. l+10ar+40a;»4.80ar^+80ar*4-32x*. 

/ Ex. 8. Required the ctfbe of a:*— 2j:y-j-y*. 

^ Ans. a/^— 6r|y+15a?y— 20ary+15^— 6ay^+y. 

§ II. EVOLUTION OF ALGEBRAIC QUANTITIES. 

230. The quantity which has been raised to any power is called 
the root of that power ; thus the mth root of a power, is that 
quantity which we must continually muhiply into itself, till 
the number of factors be equal to m^ m being a positive whole 
■ number, in order to produce the power proposed. We may 
conclude from this definition, and from the Articles in the pre- 
ceding section, 

. 231. That the mth root of a quantity such as c^^, pm being a 
multiple of p^is obtained by dividing the exponent pm of this quanr 
tity^ by the index qf the required root. Thus the mth root of 

f» 4 

af^=a^=a^\ the square root of €^==0*= a?, and the cube 

root of a?=a*=a^. 

232. Also that the mth root of a product such as «**&*", is 
equal to the mth . root of each of its factors multiplied together. 
Thus, the mth root of a*»6^ is = the mth root of a^ x the mth 

2m Sm 

loot of 6^«=a« x^"— «'^'- 

233. And that the mth root cf a fraction such as j-^ is equal ta 

the mth root of the numerator divided by the mth root of its deno- 
minator. 

m 

Thus the mth root of t-= — =t. 
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234. The square^ the fourth root^ or any even root of an affir- 
motive quantity may be either -f- or — 1. Thus the square root 
of fl?=a or — o; for 4-«X+«=+^» a^d — ax — o=+a^. 
In fact, the 2mth root of «'"• is equal to +cr or — a ; for (d=«)^ 

235. Any odd root of a quantity^ wiU have the same sign as the 
quantity itself Thus the (2m+l)th root of i®^*' is equal to 
dh^ ; for (±a)^*' is equal to -j-o*«+*. 

236. Evolution, or the rule for extracting the root of any 
algebraic Quantity whatever, is divided into the four following 
Cases. 



CASE I. 

To find any root of a simph dlgebraie Qucmtity. 

RULE. 

237. Extract the root of the coefficient for the numeral part, 
and the root of the quantity subjoined to it for the literal part, 
by the methods pointed out in the above propositions ; then, 
these, joined together, will be the root required. 

Ex. 1. It is required to find the square root of :^. 

Here, the square root of x^rs db \/a?*= ±3?^^= ±^. 
Ex. 2. Required the cube root of — 27r*a^. 
Here, the cube root of — 27j:'a"=— ^27a;'a?=:— ^27x 
Va?'Xi/«'=3X^X«"=— 3o'^- 

Ex. 3. Required the square' root of p-g. 
Here, the square root of a'a;'=:V«'X\/^=^ ^^^ ^^ 
square root of 6'c'=i^ft"x Vc*=:6c ; ••. ± rr ^^ '^^ '^^ '•" 

quired. 
Ex. 5. It is required to find the square root of 64a?:c*? 

Ans. Sac", or 
Ex. 6. It is required to find the cube root of 729(faf^. 

Ans. 9cfe*. 
Ex. 7. Required the fourth root of 256a*5'. 

Ans. 4a6*, or — 4aA". 
Ex. 8. Required the fifth root of 32a'2r^^ Ans. 2aa^. 

Ex. 9. Required the axth root of ^^^^-r * Ans. ±^. 

17* 
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Ex. 10. Required the niiHh root of —' Ans.— -^. 

,36oV , , 6aV 
Ex. 11. Required the square root of-r^. Ans. ± ^ t - 

64a;' 4a: 

Ex. 12. Required the cube root of oTHTga* Ans. ^^^ 

CASE 11. 

To «xfrac^ /Ae fij'twir^ roof o/a compound Quantity, 

. RULE. 

238. Observe in what manner the terms of the root may be 
derived from those of the power ; and arrange the. terms ac- 
cordingly ; then set the root of the first term in the quotient ; 
subtract the square of the root, thus found, from the first 
term, and bring down the next two terms to the remainder for 
a dividend. .\' \ . 

Divide the dividend, thus found, by double that part of the 
root already determined, and set down the result both in the 
quotient and divisor. 

Multiply the divisor, so increased, by the term of the root 
last placed in the quotient, and subtract the product from the 
dividend, and to the remainder bring down as many terms as 
are necessary for a dividend, and continue the operation as be- 
fore. 

Ex. 1. Required the square root of a^+2o6+^* ^ 

a" (a+6 



2a+6 



2ab- 

2ab- 



6" 



On comparing a+^ with a'-[-.2o&+^) ^^ observe that the 
first term of the power (a') is the square of the first term of 
the root (a). Put o therefore for the first term of the root, 
square it, and subtract that square from the first term of the 
power. Bring down the other two terms 2ab+b\ and double 
the first term (a) of the root ; set down 2a, and having divi- 
ded the first term of the remainder. (2a6) by it, we have 6, the 
other term of the root ; and since 2ab^b^z=i{2a-{-b) x^ if to 
2a the term b is added, and this sum. multiplied by 6, the re- 
sult is 2ab-{'b^] which being subtracted frc^lhe terms brought 
dowP} nothing remains. 
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IST 




IBk, 2. Required the square root of a*4-2ab^b^4'2ac-{'2be 
<^4-2ijA+6»+2acr4-26c + c2(a+ 6+c 



2a+b 



2aft4.6« 
2a6-l-^ 



20+26+c 



.200+2604-0* 
2ac-h2k4-c" 



On comparing the root a-^-b+Cj thus found with its power, 
the reason of the rule for deriving the root from the power 
is evident. And the method of operation is the same as in the 
last example. Thus, having found the first two terms of the 
root as before, we bring down the remaining three terms 2a 
-|-26c+<5' of the power, and dividing 2ac by 2a, it gives c, the 
third term of the root. Next, let the last term (6) of the pre- 
ceding divisor be doubled, and add c to the devisor thus increas* 
ed, and it becomes 2o-4-264-c ; multiply this new divisor by 
c, and it gives 200,4-2^0-1-0', which being subtracted from the 
terms last brought down, leaves no remainder. In like man- 
ner the following Examples are solved. 

89 
Ex. 3. Required the square root of 4x*4-6x'4- -j-^+15* 

4-25? 

4««+6ar»-l- -.««-fl5a?+25( 2a;3-|- ^x+6 

4x^ 



4x'+^^)6.^+^^ 



4 



4x'+Sx+5)20t'- 
20:c>. 



16a?4.26 
15a;+25 



Ex.4. Required the square root of a;*4-4a:'4-2a:*4-9a;* — ** 
4-4. Ans. a:'4-2r»— a:4-2. 

Ex. 5. Required the square root of a^4-4«^+^^^4-4«'^ 
+ff*. Ans. 3^'\-2aX'^c^, 

Ex. 6, Required the square root of a*— 20^4-^ fl?-ia+ fS- 

Ans. a' — o+i. 
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Ex. 7. Required the square root of 4a*+12o'rr-4-13rf3C*+ 
Cajc^+a:*. Ana. 2a^^Sax+a^. 

Ex. 8. Required the square root of 9£*+l2x'+d-kx^+20x 
+26. Ans. 3x»+2ar+5. 

Ex. 9. Required the square root of a'+2a^+6'-4-2flc-f- 
2hc+c'-^2ad+2bdr^2cd+iP. ' Ans. a+b-^c+d. 

Ex. 10. Required the square root of c*+12a^6+64o''lr"+ 
lOSah^+Slb\ ' Ans. a^+6ah+9h\ 

Ex. 11. Required the square root of a"-^6o'x+16aV — 
20aV+ 1 5aV--6ax»+a.''. Ans. o^- 30=0:+ 3ax^— a:^ 

Ex. 12. Required the square root of V — 2a"ar'+a;*. 

Ans. ^—x\ 

CASE III. 

T(7 extract the cube root of a compound Quantity, 

RULE. 

239. Arrange thd terms as in the last case ; and set the 
root of the first terms in the quotient ; subtract the cube of the 
root, thus found, from the first term, and bring down three terms 
for a dividend. 

Next, divide the first term of the dividend by 3 times the 
square of that part of the root already deterpiined, and set the 
result in the quotient ; then, to 3 times the square of iheit part 
of the root^ annex 3 times the product of the same part and the 
last resuliy and al^ the square of the last result^ with their pro- 
per signs ; and it will give the divisor, multiply the divisor by 
the term of the root last placed in the quotient, and subtract 
the product from the dividend, bring down three terms or as 
many as may be necessary for a dividend, and proceed as be- 
fore. 

Ex. 1. Required the cube root of cr*+3a*6+3a6»+6' ? 

a^+3o»i+3a6^+6= 
o^ (a+6 



3a?»+3a6-jr6'»)3fl26+3a6'+6= 
3a%+3a6«+6' 



The reason of the rule may be made evident from a Com- 
parison of the roots with its cube. 

Or, thus, if the quantity whose root is to \% extracted, has 
an exact root, the root of the leading tejrm must be one term 
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of its root ; that is, the cube root of a*, which is a, is one 
terra of the root, and the remaining terms being brought 
down, the root of the last term 6* is consequently another term 
of the root ; but as the root may consist of more terms than 
two ; the next term (6) of the root is always found by dividing 

—3=6 ) the first term of the dividend by three times the 

square of the divisor, and the two remaining terms of the di- 
vidend 3ab^-^rP=^Sah+h^)b ; hence Sab+b^ must be added 
to 3a* for a divisor ; and so on. 

Ex. 2. Required the cube root of a:"+6r^— 40ar^+96j:-64. 
2:»+6a;^— 40x3+96x-64 (x«^-2a^-4 



3:r*+ 6r»+4x')6x'— 40r» 



3«*+12af'— 24X+16)— 12r*-48:r3+96a;— 64 

— 12x*--48ar*H-96a:— 64 



Ex. 3. Required the cube root of (0+6)' + 3{a+6)'c+ 
3(a+5)c^+c^ Ans. a+b+c 

Ex. 4. Required the cube root of x'— 6ar^+15ar*— 20ar'+ 
15x»— 6a:+l. *^ ^Ans. x'— 2x+l. 

Ex. 5. Required the cube root of jx'+6x*^;:f.l5xy+20xy 
+ 16.xy +6xy*+y * Ans. x^-f 2xy+y 

Ex. 6. Required the cube root of 1 — 6x+JL2i*— Sx^. 

Ans. 1 — 2x. 

« 

CASE IV. 

■ 

To find any root of a compound Quantity, 

RULE. 

240. Find the root of the first term, which place in the quo* 
tient ; and having subtracted its corresponding power from that 
term, bring down the second term for a dividend. Divide this 
by twice the part of the root above determined, for the square 
root ; by three times the square of it, for the cube root ; by 
four times the cube of it, for the fourth root, &c. and the quo- 
tient will be the .next term of the root. 

Involve the whole of the root, thus found, to its proper 
power, which subtract from the given quantity, and divide the 
first term of the remainder by the same divisor as before. 
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Proceed in the same manner, for the next following term of the 

root ; and so on, till the whole is finished. ' 

241. This rule may be demonstrated thus; (o4-6)»=d» 

+»«*~'^+ &c. Here the nth root of a» is a, and the next 

term »a'^*6 contains 6, ( the other term of the root) no**^* 

times; hence, if we divide no*^*A by na*— *, we have ^, or 

fut^ — ^6 

—J ; and so on, for any compound quantity, the root 

fifl*""' « .*- • •• 

of which consists of more than two terms. 

Now, if n=2; then, the divisorno*-* =2a, for the square 

root ; 

if n=33 ; then, . • . . na*~*==3a*, for the cube 

root ; 

ifn=4; then, .... fW»-^=4ci', for the 4th 

root ; 

if»=5; theni . . .' . n4}-*=5a*, for the 5th 

root. 

And so on for any other root, that is, involve the first term 

of the root, to the next lowest power, and multiply it by the 

index of the given power for a divisor. 

Ex. 1. Required the square root of a* — 2€px+ZaV'^2aa? 

«*— 2a'a:-f3aV— .2ax'+a?*(a?— aa?-Pa^ 
a* 



2a^-'2a'x 



(a"— .aa?)»=a*— .2a^a;+aV 



2fl=)+2a"x" 



Ex. 2. Required the 4th root of 16a*— 96a'«+216oV. 
216oar3+81a:*. 

16a*— 96a'a;+216a'a:*— 216fla?+81x*(2a— 3« 
16fl* 



4 X (2a)'= 32a'^)— 96a'a: 



(2a— 3a:)*= 16a*— 96a^ar+216a V— 216oa;3^81 J?* 

; f ■ , 

242. As this rule, in high powers, is often found to be very 
laborious, it may be proper to. observe, that the roots of cer- 
tain compound quantities may sometimes be easily discovered : 
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thus, in the last example, the root is 2a— 3a?, which is the dif- 
ference of the roots of the first and last terms ; and so on, for 
other compound quantities. 

Hence, the following method in such cases; extract the 
roots of all the simple terms, and connect them together hy 
the signs -f- or — , as may be judged most suitable for the 
purpose ; then involve the compound root thus found, to its 
proper power, and if it be the same with the givten quantity, 
it is the root required. But if it be found to differ only in 
some of the signs, change them from + to — , or from — to 
+, till its power agrees with the given one throughout. How- 
ever, such artifices are not to be used by learners^ because 
the regular mode of proceeding is more advantageous to them ; 
besides, ia knowledge of those artifices wl)ich are used by ex- 
perienced Algebraists, can only be acquired from frequent 
practice. 

Ex. 3. Required the square root of a^'^2ab'\-'b^^2ac-^'2b€ 

Here, the square root of fl^=:a ; the square root of b'=b ; 
and the square root of <^=c. Hence, a+6-|-c, is the root re- 
quired, because (fl-|-i4-c)^=a^+2a6-f-ft'4-2ac-f-2ic4-c'. 

Ex. ,4. Required the fifth root of 322;*— 80x'+80.T'-40.r* 
+ 10a?— 1. . Ans. 22:— 1. / 

Ex.5. Required the cube root of a:'— 6r'+15ar*— 20a,'34- / 
ISr'— lar+l. Ans. ar'-2a;-f l.t? 

Ex. 6. Required the fourth root of a* — i€^x-\-6a^x^^4a2^ 
+^*- Ans. a — X. 

Ex. 7. Requured the square rootof a;'-f-2^y 4 y*. 

Ans. ar* — y\ 

Ex. 8. Required the square root of x'— 2a:y-}-2/'. 

* • Ans. x*— y*. 

Ex. 9. Required the cube root of a' — 6a^X'\-l2ax^'^8x\ 

Ans. a — 2x. 

Ex. 10, Required the sixth root of x'-Gx^+lSa:*- 20x^+ 
16x*— 6a;+l. Ans. ar— 1. 

Ex. 11. Required the fifth root of a^^+l5af'y''+90afy'^ 
270xy+405a?y+243y". Ans. ar'+Zy'. 

Ex. 12. Required the square root of x'+2a:y-f-y'-|-6x;?-|- 
6yz+9a^. Ans. x+y-f 3-8r. 

§ III. INVESTIGATION OF THE RULES FOR THE EXTRACTION 
OF THE SQUARE AND CUBE ROOTS OF NUMBERS. 

243. It has been observed, (Art. 104), that^ a denoting the 
tens of a number, and 6 the units, the formula a^-|-2a6^^ 
would represent the square of any number consisting of two 
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figures or digits ; thus, for example, if we had to square 25 
put a=20 and 6=5, and we shall find 

a»=400 

2a&=:200 

6*= 26 

(a+6)»=(25)==625. 

244. Before we proceed to the investigation of these Rules, 
it will be necessary to explain the nature of the common 
arithmetical notation. It is very well known that the value 
of the figures in the common arithmetical scale increases in a 
tenfold proportion from the right to the left ; a number, there- 
fore, may be expressed by the addition of the units, tens, hun- 
dreds, dec. of which it consists ; thus the number 4371 may be 
expressed in the following manner, viz. 4000-f-300-}-70+l, 
or by 4 Xl000-f-3x 100+7x10+1 ; also, in decimal arith- 
metic, each figure is supposed to be multiplied by that power 
of 10, positive or negative, which is expressed by its distance 
from the figure before the point: thus, 672.63=6 X10--|-7x 
10»+2 X 10^+6 X10-»+3X10~'^=6x 100+7x10 + 2X1 

of a number be represented by a, 6, c, d, e, &c. beginning from 
the left-hand ; then, 

A number of 2 figures may be expressed by lOa+6. 

3 figures ... by 100«+106+c. 

4 figures . by 1000fl+1006+10c+(/. 

&c. 6ic. dsc. 

By the digits of a number are meant the figures which com- 
pose it, considered independently of the value which th^ pos- 
sess in the arithmetical scale. ' 

Thus the digits of the number 637 are simply the numbers 
5, 3 and 7 ; whereas the 5, considered with respect to its place, 
in the numeration scale, means 600, and the 3 means 30. 

245. Let a number of three figures, (viz. 100o+10^-c) 
be squared, and its root extracted according to the nde in (Art. 
288), and the operation stands thus ; 

I. 1 0000a?'+2000a5+l 00i»+200ac+206c+c» 
lOUOOa* (100< 



.106+c 



. 200o+106)2000a6+1006« 

2000a6+1006" 

200a+206+c)200€k;- 

200cm;- 



■20fcc+c» 
.206c+c« 
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aZq \ ^"^ ^^'^ operation is transformed into the 



__ following one ; 

40000+121000+900+4004-60+1 (200+30+1 
40000 



400+30)12000+900 



400+60+1 )400+60+l 
400+60+1 



III. But it is evident that this operation would not be af- 
fected by collecting the several numbers which stand in tho 
same line into one sum, and leaving out the ciphers which are 
to be subtracted in the operation. 

63361(231 
4 



43 



133 
129 



461 



461 
461 



Let this be done ; and let two figures be brought down at a 
time, after the square of the first figure in the root has been sub- 
tracted ; then the operation maj be exhibited in the manner 
annexed ; from which it appears, that the square root of 53361 
18 231. 

246. To explain the division of the given number into /?e- 
riods consisting of two figures each, by placing a dot over 
every second figure beginning with the units, as exhibited in 
the foregoing operation. It must be observed, that, since the 
square root oflOO is 10 ; of 10000 is 100 ; of 1000000 is 1000 ; 
&c. &c. it follows, that the square root of a number less than 
100 must consist of one figure ; of a number between 100 and 
10000, of tioo figures ; of a number hetxoeen 10000 and 
lt)00000, o( three figures ; Ate. dec, and consequently the num- 
ber of these dots will show the number of figures contained 
in the square root of the given number. From hence it fol- 
lows, that ihefimi figure of the rt)ot will be the greatest square 
root contained in the first of those periods reckoning from the 
ieft. ... < 

Thus, in the case of 53361 (whose square root ia a num- 

18 



j> 



J 



^ 
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ber consisting of Aree figures) ; since the square of the figttre 
standing in the hundred's place cannot be found either in the 
last period (61), or in the last but one (33), it must be found 
in the first period (5) ; consequently the first figure of the root 
will be the square root of the greatest square number contained 
in 5 ; and this number is 4, the first figure of the root will foe 
2. The remainder of the operation will be readily understood 
by comparing the steps of it with the several steps of the pro- 
cess for finding the square root of (a-|-6-f.c)' (Art. 238) ; for, 
having subtracted 4 from (5), there remains 1 ; bring down 
the next two figures (33), and the dividend is 133 ; double the 
first figure of the root (2), and place the result 4 in the divisor ; 
4 is contained in 13 Ifcree times ; 3 is therefore the second 
figure of the root ; place this both in the divisor and quotient, 
and the former is 43 ; multiply by 3, and subtract 129, the re- 
mainder is 4 ; to which bring down the next two figures (61), 
which gives 461 for a dividend. Lastly, double the last figure 
of the former divisor, and it becomes 46 ; place this in the next 
divisor, and since 4 is contained in 4 once^ 1 is the third figure 
of the root; place 1 therefore both in the divisor and quotient; 
multiply and subtract as before, and nothing remains. 

247. The method of extracting the cube root of numbers 
may be understood by comparing the process for extracting 
the cube root of (a-f-^+c)', (Art. 239), with the following 
operations, in which is deduced the cube root of the numb^ 
13997521. 
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• • • 



13997521(200+40+1 
0^= (200)3=8000000 



let remainder 5997521 



3a'=:3x(200)'=divisor, 

.-. 3a''6=3(200f X40=4800000 

^3afr"=r 3 X 200 X (40)»= 960000 

^"=40X40X40= 64000 



. A 



5824000 



2nd remainder 173521 



3( 
3( 



'hyc = 3(200+40)'» X 1 = 172800 
.6)c«=s8"(200+40) Xl= 720 
c'=lxl Xl= 1 

173621 



3d remainder 000000 



Omitting the superiluous ciphers, and bringing down three 
figures at a time, the operation will stand thus ; 

13997521)241 
2»= 8 



5997 



300X2^X4= 4800 
30X2X4'= 960 

43= 64 

5824 



173521 

300 X(24)«x 1 = 172800 

30X24X1"*= 720 

P= 1 

173521 
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248. These operations may be explained in the followifi|^ 
manner ; 

I. Since the cube root of 1000 is 10, of 1000000 is 100, 
&c. ; it follows, that the cube root of a number less than 1000 
will consist of one figure; of a number between 1000 and 
1000000 ofttoo figures, &c. &c. ; if, therefore, the given num- 
ber be divided into periods^ each consisting of three figures ^ 
by placing a dot over every third figure beginning with the 
units, the number of those dots will show the number of 
figures of which the cube root consists ; and for the reason 
assigned in the preceding Article, (respecting the first figure 
of the square root), the first figure of the root will be the 
cube root of the e;reateBt cube number contained in the first 
period. 

II. Having pointed the number, we find that its cube root 
consists of three figures. The first figure is the cube root of 
the greatest cube number contained in 13 ; this being 2, the 
value of this figure is 200, or a=200, consequently ii'*= 
8000000; subtract this number from 13997521, and the re- 
mainder is 5997521. Find the value of 3a^, and divide this 
latter number by it, and it gives 40 for the value of 6, the se- 
cond number of the root ; put this in the quotient, and then 
calculate the value of ^a^b~^3ab-+b^ and subtract it, and 
there remains 173521. Find now the value of 3x(a+^)'> 
and divide 173521 by it, and it gives 1 for the value of c, the 
third member of the root ; put this in the quotient, and then 
calculate the amount of 3(a+6)^c+3(a4-&)c'+c*, which sub- 
tract, and nothing remains. 

III. In reviewing the first of these two operations, it is 
evident that six ciphers might have been rejected in the va- 
lue of a\ and three in the value of 3a'6+3a6*4"^*, without af- 
fecting the substance of the operation ; having therefore sim- 
plified the process as in the second operation, we are furnish- 
ed with the following rule, for extracting the cube root of 
numbers. 

RULE. 

249. Point oflT every third figure, beginning with the units ; 
find the greatest cube number contained in the/r«/ period, 
and place the cube root of it in the quotient Subtract its 
cube from the first period, and bring down the next three 
figures ; divide the number thus brought down by 300 times 
the square of the first figure of the root, and it will give the 
second figure ; add 300 times the square of the first figure, 
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30 times the product of the first and second figures, and the 
square of the second figure together, for a divisor ; then mul- 
tiply this difisor by tl^p second figure, and subtract the result 
from the dividend, and thei) bring down the next period, and 
80 proceed till all the periods are brought down. 

The rules for extracting the higher powers of numbers, and 
of compound algebraic quantities, are very tedious, and of m 
great |»:actical utility. 

Examples for practice in the Square and Cube Rooti of 

lumbers. 

Ex. 1. Required the square root of 106929. 

106929(327 
9 



62 



169 
124 



647 



4529 
4529 



YjL 2. Required the cube root of 4S228544. 

>^ 48228544(364 
vV 27 



d^( 



dfr6(21228 Pivide by 300 X3''=:2700 

; 19656 30X3X6= 640 

6X6= 36 

393136) 1572544 



1572544 Ist Divisor =3276 



Divide by, (36)«x300=388800 

30x36x4= 4320 

4X4= 16 



2d Divisor 393136 
Ex: 3. Required the square root of 152399025. 

Ans. 12345. 
Ex. 4. Required the square root of 5499025. 

Ans. 2345. 
Ex. 5. Required the cube root of 389017. Ans. 73. 

Ex. 6. Required the cube root of 1092727. Ans. 103. 

18* 
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CHAPTER VII. 



ON 



IRRATIONAL AND IMAGINARY QUANTITIES. 

§ I. THEORY OF, IRRATIONAL qUANTITIKS. 

250. It has been demonstrated (Art. 231), that the mih root 
of a**, the exponent p of the power being exactly divisible by 

the index m of the root, is a"». Now in case that the expo- 
nent p of the power is not divisible by the index m of the root 
to be extracted, it appears very natural to employ slill the same 
method of notalion, since that it only indicates a division which 
cannot be performed : then the root cannot be obtained, but 
its approximate value may be determined to any degree of ex- 
actness. These fractional exponents will therefore denote im- 
perfect powers wicth respect to the roots to be extracted ; and 
quantities, having fractional exponents, are called irrational 
guantiiieSj or surds. 

It may be observed that the numerator of the exponent 
shows the power to which the quantity is to be raised, and the 

m 

denominator its root. ' Thus, a* is the »th root of the twth 
power of a, and is usually read a in the power ( — J. 

251. In order to indicate any root to be extracted, tbera- 
dical sign \/ is used, which is nothing else but the initial of 
the word root, deformed^ it is placed over the power, aftd in the 
opening of which the index m of the root to be extracted is 

written. 

I 

We have therefore X/c^::^<ii^. For the square root, the 
sio-n V ^9 ^^^^ without the index 2 ; thus, the square root of 
op'is written \/flP, as has been already observed, (Art. 18). 

Quantities having the radical sigri \/ prefixed to them, are 
called radical quantities: thus, V®, ^6, ^c*, jyr^^ &c..are 
radical quantities ; they are, also, commonly called Surds. 

252. From the two preceding articles, and the rules given 
in* the second section of the foregoing Chapter, we shall, in 
general, have| 
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J? i *• 

X^{nP.I^.c^)z=:y/dP XV^^ xVc''=«'" X *"• X c" ; 

e SL 

c*»Xo"» 
Therefore, ^^0-6= Vo'X V'6=aXi/t=«V* ; 

^" V eV«""^eVi"'V'«^XV«'Xv^^« 

253. Two or more radical quantitves, having the same in* 
dex, are said to be of the same denomination, or kind; and they 
are 0^ different denominations^ when they have different indices. 

In this last case, we can sometimes bring them to the same 
denomination ; this is what takes place yith respect to the 

two following, ^/a'h^fimX V«''*'=«*XJ*=o*.*^= V«V^ 
= \/dV. In like manner, the radical quantities %/2€^h and 
^16a'*6, may be reduced»to other equivalent ones, having the 
same radical quantity; thus, y2a«6=Va'XV26=a»^25, 
and yi6a'6= V8a? . 26=iJ/8 . V'a^ V26=i2a^2i; where 
the radical factor \/^h is common to both. 

254. The addition and subtraction of radical quantitiet can 
in general be only indicated : 

Thus, \/€? added to, or subtnacted from ^6, is written t^Jb 
-{.^a^, and no farther reduction can be made, unless we assign 
numeral values to o and 6. But the sum of \/a'6, \/c?h, and 
tj^a^h is =zajs/h'\-aAj^b+2aA^b^4aA/b] Z\/db^i/ab:=z2 

\/ab\ and V«^'+V«'^'=^V«+«*W=*V«4-«^\/«= 

(6+«^)\/^' 

255. Hence we may conclude, that the addition and sub- 
traction of radical <|yantitie6, having the same radical part, are 
performed like rational quantities. 

Radical quantities are said to have the same Radical part^ 
when like quantities are placed under the same radical sign ; 
in which case radical quantities are similar or like. It is some- 
times necessary to simphfy the radical quantities, (Art. 252), 
in order to discover this^ similitude, and it is independent of the 
coefficients. 

Thus, for example, the radical quantities 36:y2a*^, Sa\/ 
2c^b\ and — 7a6^2a=6^ become, by reduction, 3ab\/2a^b\ 
8a6V'2«*6*, and — ^7a63/2a'6^; which are similar quantities, 
and their sum is =4a6^2a'6l 
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256. We have demonstrated, (Art. 252), this formula, !|/ 

a#6«c^=!;/oFX\/*'X\/'^i ^^^^ which the rule for the mul- 
tiplication of radical quantities, under t^ie same radical sign, 
may be easily deduced. 

257. Let us pass to radical quantities with different indices, 
and suppose that we had to find, for instance, the product of 

^aP by %/b'ij or that of a** by i "^ : we can bring this case to 
the preceding, by reducing to the same denomihator, (Art* 

162), the fractions- and -, ; and we shall have X/o'^Xv^^* 

p q pm' ^m 

258. The rule for dividing two radical quantities of the 
same kind, may be read in this formula (Art. 233.) 

and it only remains to extend it to two radical quantities of 
different denominations. 

Let therefore nyaP be divided by n(/6« : by passing from ra- 
dical signs to fractional exponents, we have 

p Jim/ 

We may likewise suppose, nnder the radical signs, any num- 
ber of factors whatever, and it shall be easy to assign the quo- 
tient, (Art. 252). 

Let now a=ib'm the formula 

yea? X v^'= V^*" • ^* ; 

it becomes, by passing from radical signs to fractional expo- 
nents, 

Thereflire the rule demonstrated (Art. 71), with regard to 
whole positive exponents, extends to fractional exponents. 

259. In the same hypotheses 6== a, the quotient ^--r— be- 

t 

comes — =V — =:^aJ»~"«=a "» =a"» «: 

another extension of the rule given (Art. 86), to fractional 
positive exponents. 
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260. We majj, in the preceding formula, suppose jp=o ; and 

P. t 1 -^ ^ . 

it becomes, (since a'»=a»«=o*'=l) — =a »», a transformation 

aw 

demonstrated, (Art 86) in the case of whole exponents, and 
which still takes place when the exponents are fractionah 

261. If we now admit the two equalities, 

* I -E 1 -2 

and if we multiply them member by member, we shall have 
the equal products, . 

Ill -? -?- ^PJL 

flw o»« a*** 

It appears therefore evident, that exponentials with frac- 
tional negative exponents, follow the same rule in their mulr 
tiplicatioOf as those with whole positive exponents. 

-^ — 1 

262. The division of a"», by a*", gives for the quotient. 

£+1 
Now the exponent of the quotient, namely ' »» »»i is the expo- 
nent of the dividend, minus that of the divisor, which is still 
a generality of the rule (Art. 86), relative to the division of ex- 
ponentials. .: 
203. The rules that h«ve been demonstrated in the pre- 
ceding articles may be extended to radical quantities having 

■ k> 1 

irrational exponents : For instance, a V^i ^ V^> ^^' ®^"^^ ^^^^ 
the'Tobts of \/2 and y/^ might be obtained with a sufficient 
degree of approximation, and such that the error may be 
neglected ; so that these exponents shall be terminated decimal 
fractions, which can be always replaced by ordinary fractions.,. 
264. The formation of the powers of radical quantities, is 
nothing else but the multiplication of a number of radical 
quantities of the same denomination, marked by the degree 
of the power ; so that it is sufficient to raise the quantity 
wnder the radical sign to the proposed power^ and afterwarda 



V. 



^ 
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to affect this power with the common radical sign. If the in* 
dex of the radical sign is divisible by the exponent of the 
power in question, the operation then is performed by dividing 
that index by the exponent of the power. Let us give two 
examples for these , two cases, (^aP6«)«=!|J/af»t**; ("'(/aJP6«)» 

265. If the exponent of the power is equal to the index of 
the radical sign, the power is the quantity under the radical 
sign. In fact, the indication V^i shows that op is the mth 
power of a certain number y^aP, which we can always assign, 
either rigorously, or by an approximation, so that the mth 
power of ^aP is op. In like manner, the square -of \/a is 
a ; the cube of ^a is a ; the 5th power of \/(~^) ^ — ^i 
and so on. • 

266. Jt rational gwxrUUy may be reduced to the form of a given 
surdf by raising it to the power whose root the swrd expresses^ and 
prefixing the radical sign. Thus fl^=^o"=^o^=^a^, &c. 

m 

and a-j-a:=s(a+ar)"». In the same manner, the form of any 
radical quantity may bealtered ; thus, \/(M-*)^ V(*+')*— V 

(a+a:)', &c. or (a-|-a:)*=(a+x)*=(a+ar) , &c. Since the 
quantities are here raised to certain powers, and the roots of 
those powers are again taken ; therefore the values of the 
quantities are not altered. Also, the coefficient of a surd may be 
introduced under the radical sign^ by first reducing it to the form of 
the surd, and then multiplying as in (Art. 257). Thus, atsfx:=, 
V«^XVa:=V«'x; 6V2=V^6XV2=V72 ; andx(2i>— 

jr)« = (ar«)+ X (2a-*)*=: ^(20**— x"). 

267. Conversely, any quantity may be made the coefficient of a 
surd, if every part under the sign be divided by this quantity, raised 
to the power whose root the sign expresses. Thus, i^(a'-— €?jr)= 
Vfl'X V(«— a:)=oV(o — jt) ; V60=V(4X15)=V4><V 
15=2V15 ; and V{«**— o*3J*)=V[a^X(«'^— «*)]=v^«^^ 

268. Let us pass to the extraction of roots of radical quan- 
tities, and let the mth root of !J/o* be required, which we in- 
dicate thus, X/V**- ^® ®^^^1 P^' V\/«*=-^i or ^af=^x, by 
making \/a*z:za'. Involving both sides to the power m, we 
find of or lf/a^=zx^,mis\ng B.g3\n to the powern, we obtain 
ii(sx"». If the m/tth root of both sides be extracted, we hav% 
another enunciation of x ; namely, 
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We shall find, by a like calculation, / 

And, in fact, we make Ist, -5/5/ya*=a', whence ya'a^ar, and ^ 
a'=?yV\/«'=^'" ; 2d, by putting!^ «/«'=«"» whence yd" <:. 
=««, and a"^x!^ ; 3d, making ya«=o'", whence iC/o'"=a?»», \ 

and a'"=l^a*=af«^p ; and finally n«=a:«*P«, .'.a; = V «*• 
Thus, for example, the 12th root of the number a can be trans- 
formed into VV V«- 

269. It is to be observed, that radical quantities or surds, 
when properly reduced, are subject to all the ordinary rules 
of arithmetic. This is what appears evident from the preced- 
ing considerations. It nwty be likewise remarked, that, in the 
calculation of s^urds, fractional exponents are frequently more 
convenient than radical signs. 

§ IL REDUCTION OF RADICAL aUANTITIES OR SURDS. 

CASE I. 

To reduce a rational Quantity to the form of a given Surd, 

RULE. 

270. Involve the given quantity to the power whose root 
the surd expresses ; jind over this power place the radical sign, 
or proper exponent, and it will be of the form required. 

Ex. 1. Reduce a to the form of the cube root. 
. Here, the given quantity a raised to the third power is a^, 
and prefixing the sign \/f or placing the fractional exponent 

(i) over it, we have.a= Va'=(a')* (Art. 251). 

271. A rational coefficient may, in like manner, be reduced 
to the form of the surd to which it is joined ; by raising it to 
the power denoted by the index of the radical sign. 

Ex. 2. Let5>^a=>^25xV®~V2S«- 

Ex. 3. Reduce — 3fl^6 to the form of the cube root. 

-Here, (— 3o^6)'=^27a«6^ ; .-. ^\/27a^b^ is the surd re. 
quired. 

Ex. 4. Reduce — ixy to the form of the square root. 
Here, (—4xyY=iexy ; .-. — 4a?y=— Vl^^V"- 
£x. 5. Reduce ix to the form of the ci^e root. 

Ana {i3^)t 



t 



< \ 
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Ex. 6. Reduce a^z to the form of the tguare root. ^ 



Ex. 7. Reduce 4x« to the form of the cube root. _ 

Ans. {V6^*) or (64«V- 
Ex. 6. Reduce _/y^\o the form of '^e 8?««^«J0^^^^ 

Ex 9. Reduce —ab to the form of the square root. _ 

' Ans. — ^» *' • 

CASE II. 

To reduce Surds ef different indices to other ejutvalerU ones, 

having a common index, 

RULE. 

272 Reduce the indices of the given quantities to fractions 
havioo^ a comrwon denominator, and involv.e each of them to 
the power denoted by its numerator ; then 1 set over the com- 
mon denominator will rorm the common index. 

Or if the common index be given, divide the indices of the 
nnanfitiesby the given index, and the quotients will be the 
Sew indices for those quantities. Then over the said quamuies, 
with their new indices, set the given index, and they wiU make 
the equivalent quantities sought. 

Ex. 1. Reduce V« and «/6 to surds of the same radical 

sign- jL 

Here, ^ya=a\ nnd ^b:^b' . Now, the fractions i and i 
reduced to the least otmmon denominator, are f and f ; 

. /=a^=(a^)^= V«^ and h*=h*M^r^Vh'- ^ 
Consequently V «' and V^" are the surds required. 
Ex. 2. Reduce V« and i/x to surds of the same radical 
sign V, or to the common index i- 

(Art. 251), V«=a* and ^x=x^ ] then i j.i=iX6=3 ; 
V andi^*=iX6=f ; .-.Vfl'and V^* or (a^)« and (a:*)«,are 
the quantities required. 
. < / Ex. 3. Reduce a^ and b* to the same radical sign I/, 

" Ans. V^^, and V**. 



IRRATIONAL QUANTmES. 30S 

Ex* 4. Reduce a* and x^ to surds of the same radical sign. 

Ans. V^ and * St/o?*. 

Ex. 5. Reduce ^a and ^y to surds of the same radical 

sign. Ans. "•ij/o** and "•^jf*. 

. JSx. 6. Reduce a' and 5t to surds of the same radical sign. 

Ans. .^V^" and »V^. 
Ex. 7. Reduce 3(/2 and 2\/5 to the same radical sign. 

Ans. 3V4 and 2 V126. 
Ex. 8. Reduce \/xy and y/ax to the same radical sign. 

Ans. » Y^i/* and ' V'*^*'- 

CASfi in. 

To reiftfce radical Q^antitie8 or Surds^ to their most simple forms, 

BULK. 

273. Resolve the given number^ or quantity* under the radi- 
cal sign, if possible, into two factors, so that one of them may 
be. a perfect power ; then extract the root of that power, and 
prefix it, as a coefficient to the irrational part. 

Ex. 1. Reduce js/a^b to its most simple form. 
Here V«'^= V«'X ^b=aX \/b=zaA^b. 
Ex. 2. Reduce '!ya^x to its most simple form. 



f»i 



* Here V«"^=Va'">< \/^=«"X V^==aX V^. 
Ex. 3. Reduce \/72 to its most simple form. 

Here v^2=V(36tX2)=V^6X\/2«6V2. 

274. When the radical quantity has a rational coefficient 
prefixed to it ; that coefficient must be multiplied by the root of 
the factor above mentioned ; and then proceed as before. 

Ex. 4. Reduce 5y/24 to its simplest form. 

Here5V24=6^(8X3)==6V8XV3=6X2XV3«10V3. 

Ex. 5. Reduce \/c^bc and \/9Sa^x to their most simple 
form. Ans. t?*,Jbc and la^J2t. 

Ex. 6. Reduce ^^243 and (/96 to their most simple form. 

Ans. 3^/3 and 2i{/8. 
Ex. 7. Reduce (/(a?-{-a'6') to its most simple form, 

Ans. a%/{\^V\. 

Ex. 8. Reduce f^/ i -j--^ 1 to its moat simple 

form. Ans. -^ — h/ah. 

19 
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Ex.9. Reduce (<i4-ft)^[(a— ^S)'Xa;^ to its most siiiiple 
form. Ans, (a* — h^\/a^. 

275. If the quantity under the radical signfhe a fraction, it may 
be reduced to a whole quantity , thus : 

Multiply both the numerator and denominator by such a 
quantity as will make the denominator a complete power cot- 
responding to the root ; then extract the root of the fraction 
whose numerator and denominator are complete powersyand 
take it from under the radical sign. 

c a? 

Ex. 1. Reduce -j X V~z~ ^^ ^^ integral surd in its most sim- 

a 

pie form. 

Ex. 2. Reduce iVi^ t<) <^<^ tnfe^o/surd in its simplest form 

/'8X2\ 2X3' 

Here, il/«=iV(2^3)=+ V^X V*=iX*V-3— = 

il/(*VX18)=fXiV18=,Vyi8. 

Ex. 3. Reduce i\/f to an integral surd iq its most simple 

form. Ans. ^^^14. 

h c^ 

Ex. 4. Reduce xa^- and .a^/ - to integral surds in their mpet 

J? 
simple form. Ans. -\/hy and l/^c?, 

^ 

Ex. 6. Reduce y/i and f Va ^° integral surds in their most 
simple form, Aiis. ix/^7 and i\/2. 

54 o^ 

Ex. 6. Reduce Vtok *^^ ^/5"4 ^^ ^^®^^ ™°®' simple form. 

\Ans. -y2 and -r-^K/^a, 
5^ 4a;*^ 

276. The utility of reducing surds to their most simple forms, 
especially when the surd part is fractional, will be readily per- 
ceived from the 3d example aboVe given, where it is found that 
a^f =-/f>^14, in which case it is only necessary to extract 
the square root of the whole number 14, (or to find it in some of 
the tables that have been calculated for that purpose), and then 
multiply it by -^ ; whereas we must, otherwise, have first divid- 
ed the numerator by the denominator, and then have found the 
root of the quotient, for the surd part ; or else have determined 
the root of both the numerator and denominator, and then divide 
the one by the other ; which are each of them troublesome pro- 
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messes ; and the labour would be mych- greater for the cube 
and other hisrher roots. , 

277. There are other cases of reducing algebraic Surds to 
simpler- forms, that are practised on several occasions ; for in- 
stance, to reduce a fraction whose denominator is irrational, to 
another that shall have a rational denominator. But, as this 
kind of ^eduction requires some farther elucidation, it shall be 
treated of in one of the following sections. 

■ 

§ III. APPLICATION OF THE FUNDAMENTAL RULES OF ARITH* 

METIO TO SURD quantities. • 

CASE I. 

To add or subtract Surd Quantities, 

RULE. 

278. Reduce the radical parts to their simplest terms, as in 
the last case of the preceding section ; then, if they are similar, 
annex the common surd part to the sum, or difference of the 
rational partd, and it will give the sum, or difference required. 

Ex. 1. Add 4>^dr, y/Xf and 5a^x together. 
Here the radical parts are already in their simplest terms, 
and the surd part the same in each of them ; .*. 4>^z+^x 
-|*5>^j:=(4-|-l+6)X\/a?=:10>^a? the sum required. 

Ex. 2. Find the sum And diference of \/16a^a; and ^y^a^x, 

Ayi6a'x—Ayi6a!'XAyxz=4aA^x, 
and \/4^a?= A^4a^ X /y/a;=2a>y/« ; 
.% the 8um=;(4ta+2a) X jsyx=6a/^x ; 
and the difference^ {^a—2a)y.f^xz=2aj!j^, 
Ex. 3. Find the sum and difference of ^108 and 9^3» 
Here Vl08=V27X^4=3>i ^4=3^4, 
and 9V'32=9^8X V4=18X ^4=18^4, 
thefiw?»=(18+3)XV'4=21^4 ; 
and the (/2/erewc6=(18— 3)X V'4=15^4. 

279. If the surd part be not the same in 6ach of the quan- 
tities, after having reduced the radical parts to their simplest 
terms, it is evident that the addition or subtraction of sucn 
quantities can only be indicated by placing the signs + or «^ 
between them. 

Ex. 4. Find the sum and difference of 3^j3?6 and h\/f?d. 
Here 3»/a^6=3^a^ X V6==3a >f V^=3a ^6 , 
and h^Jd'd^hA^c' X ^d=zbc X ^Jd^hc^Jd ; 
the sum^^a\/h-\-hcA^d ; 
and the difference=^Za^h>^hc\/d, 



206 IRRATIONAL QUANllTGES. 

Ex. 5* Kod the wm and difference of ^/jS a^^d \/\. . 

Ana. The sum = h\/^% «^nd difference = A\/€- 

Ex. 6. find ti)e ^m and difference of \/21a*x and \/3a*x. 
Ans. The sum =Ac?\/Zx^ and difference ^=^2(ff^/^, 

Ex. 7. Find the «tfm and difference of »V^^ ^^^^ i V^- 
Ans. The sum = f — g — 1 V*, and difference ( — ^ — ) 

Ex. 8. Required the 9um and difference of dj^625 and 
21^/185. 

Ans. The «ttm =21^5, and difference =9^6. 

* Ex. 9. Required the «i»i and differmee of V'^^^ wad y^i^y*. 

Ans. The wm =a>\/a64-»\/^^> ^^ difference 9^a\/ab^ 

CASE n. 

T(7 muUiply or divide Sttrd Quaniiiiei, 

RULE. 

280. Reduce them to equivalent ones of the same deno* 
mination, and then multiply or divide both the rational and the 
irrational parts by each other respectively. 

The product or quotient of the irrational parts may be re- 
duced to the most simple forn|, by the laiA case in the preced- 
ing section. 

Ex. 1. Multiply A^dhy \/b, or a* by 6*. 
^he fractions i and i, reduced to a common denominator^ are 
i and f. 

Hence V« X V^ = V«^ X V^= (/«"*"• 
Ex. 2. Multiply 2^5* by 3^4. 

By reduction, 2^3 =2 X 3*=*2 X ^3^=2^27 ; 

and 3V4=3x4*=3V4«=3Vl6. 
.-. 2^ X 3^4=2^/27 X 3^/16=6^/432. 
Ex. 5. Divide 8^/612 by 43/2. 
Here 8^=2, and V5 12 -1-^2=^256 =4 »/4. 
.-. 8V512-f^V2=2X4V4=8il/4. 
Ex. 4. Divide 2ybc by ^\/ac. 

Now 2V'*c^2 X{ic)^=2 X (ic)*=2(/&'c». 
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and 3 Vflc=3 X (oc) » =3 X {ac)^=^Z\/^(? ; 
^ 2ybc _2^$ /h^_2t /^_26 /6Vc^_ 2 , 7 
•*• 3^/ac"3 V oV 3 V a^c 3 V aV "*3ac V 



c». 



281. j^ ^t^o surds have the same rational quantity under the radi' 
eal signs J their product j or quotient ^ is obtained hf making the swn^ 
or differenci^ of the indices^ the index of that quantity. 

Ex. 6. Multiply ^a* by %/(i^ or o^ by c^ 

Here a^ x a^:=^a^^^=^a^=^c^. Or Va*XVa«=^(a*XO 
= ^cfi = a', as before. 

Ex. 6. Divide \/cP by V«^ or «* ^7 «'• 

Here o*-i-a^=a* *=sa'* =a =-=-=<^-r. 

a^2 I •• 

282. If compound surds are to be miultiplied, or divided^ by each 
other J the operation is usually performed as in the multiplication^ or 
division of compound algebraic quantities. It frequently happens 
that the division of compound surds can only be indicated. 

Ex. 7. Multiply V^— V«' by V3+(/a. 

\/3— i/«' ) Since V^ X V3 = 3* X 3* = 
^3+^a i V(33 X 3^) = V(27 X 9) = 

— -V243 

V243— V(3a'') 

+V(27a^i— o 

Product =V243—3/(3a")+«/27a»— a. 

Ex. 8. Divide A^b^ca+Aya^b — bc — \/abc by v'6c+\A^ 



\/li^ca^Aja^b—bc-—A^aho 
\/bf^ca-\-j^(^b 

— 6c — /sfabc 
— be — \/aic 



\/bc'\'\/a 

Quot. = \/6a — \/6c. 



Ex.* 9. Multiply yi5 by V^O- -^.ns. ^226000. 

Ex. 10. Multiply i^/O by i\/\S, Ans. V4. 

Ex. 11. Multiply 3/18 by ^4. Ans. 2V^9. 

Ex. 12. Multiply -iye by -ftV^* ^^s- lV(/2. 

Ex. 13. Divide 4^50 by 2^5. Ans. 2^10. 

Ex. 14. Divide f Vf by i^i-* ^^^' Wl<>- 

Ex. 15. Divide i/cfdeV" by V^'. Ans. V^*- 

19* 
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Ex. 16. Multiply a* a?* by a*^"*. Am. 4i^x^. 

Ex. 17. Multiply (/«?^c* by ^a«6V. Ans. o'ft'ci*. 

Ex. 18. Divide (tf^+i')* by (fl*4-^)* 

Ans. V(<<*+^- 
Ex. 19. Multiply 4+2^2 by 2—^/2.. Ans. 4. 

Ex. 20. Multiply V(«-\/(*-V3)) by V(«+\/(^— 
V3)). Ans. V(^-^+\/3). 

Ex. 21. Divide a»6— oW? by a^+a^bc. 

Ans. a6— 6i^^. 

Ex. 22. Divide tf*+a:* by a"+arv'2+a:". 

Ans. c? — oa:v/2+^- 

283. It is proper to observe, Since the powers and roots of 
quantities may be expressed by negative exponents, thai any 
quantity may he renu/oed from the denominator of a fraction into the 
numerator ; and the contrary^ by changing the sign of its index or 
exponent; which transformation is of frequent occurrence in 
several analytical calculations.j 

1 a* 

Ex. 1. Thus, (since -rj.=6-^), -^ may be expressed by 

^6-* : and (since a':^ — z), we have TT=r; — ;• 
Ex. 2. The quantity -^ may be expressed by a^l^cr^tr^. 



cV 






Ex. 3. Let the denominator of — t^ be removed into the 

,c ir 

numerator. Ans. a* a: ' c-% •*. 

c?aP 
Ex. 4. Let the numerator of -7- be removed into the deno- 

o 

minator. Ans. 



a-2ar«6' 

Ex. 5. Let o^V^^ ^ expressed with a negative exponent. 

Ans. * 



t^t-^^ 
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CASE m. 

To involvtpr raise Surd QucmiUUs to any power. 



RULE. ' 



284. Involve the rational part into the proposed power, then 
multiply the fractional exponents of the surd part by the index 
of that power, and annex it to the power of the rational part, 
and the result will be the power required. 

Compound surds are involved as integers, observing the rule 
of multiplication of simple radical quantities. 
Ex. 1. What is the square of 2y/a ? 

The square of 2v'a=:(2a*)»=2"X«**'=4fl. 
Ex. 2. What is the cube of V{a«— 6»+v/3) ? 

The cube of ^K— ^+v'3)=(«"-^'+\/3)^**=«'-**+ 

285. Cor. Hence, if quantities are to be involved to a power 
denoted by the index of the surd root, the power required is 
formed by taking away the radical sign, as has been already 
observed. . 

Ex. 3. What is the cu6e of i^2ax. 

Here (i)?=+, and {^2axy= (2aar)*' ' = (2ar) » 

= (2aar) X (2aa?)* ; /. i X 2aa? X (2ax) « — 
'iax^2ax is the power required. 
Ex. 4. It is required to find the square ofy/a^^b. 

\/a — V* 



A^ah 



The square a — 2\/ai-{'b. 

Ex. 5. It is required to find the square of 3^3. 

Ans 9»/9. 
Ex. 6.' Find the cube of /^a. Ans. a^ya. 

Ex. 7. Find the 4th power of — Va^ Ans. a'l/c^. 

Ex. 8. Find the 5th power of — Qab, Ans, —ab, 

Ex. 9. Required the cube of o - \/6. 

Ans. a^— 3cF*v'6+3ai— &V*. 
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Ex. 10. Required the square of 3-].^^. 

* Aug. 14+6 V^. 

Ex. 11. Required the cube of — ^(^a — \/ftc). 

Ans. iijbc'^hja. 

CASE IV. 

To evolve or extract the Roots of Surd Q^antUie8. 

BULK. 

286. Dinde the index of the irrational part by the index of 
the root to be extracted ; then annex the result to the proper 
root of the rational part, and they will gite the toot required. 

If it be a compound surd quantity^ its root, if it admits of 
any, may be fgund, as in Evolution. And if no such root can 
be found, prefix the radical sign, which indicates the root to be 
extracted. 

Ex. 1. What is the square root of S\\/a, 

Here \/81=9, and the square root of \/a or or =a*-s-2= 

Ex. 2. What is the square root of a? — 6a>^ft+96. 

a'- 6a V^+9&(a -• 3 V^ 
a' 



2a--3 V^) -ea^b+dh 
— 6a^b+9b 



Ex. 3. Find the square root of 9y3. Ans. Z\/3. 

Ex.4. Findthe4throo/ofifV«*. * Ans.^V^a. 

Ex. 6. Find the cube root of (5a'— Sa;*)*. 

Ans. v^ (5a"-^a:^. 
Ex. 6. Requir^dnhe cube root ofia?b, Ans. ^\/b, 

Ex. 7. What is the fifth root of 32yx^ Ans. 2\/z. 

Ex. 8. What is the 4th root of leo^a:. Ans. 2iJ/a*«. 

Ex.9. What is the nth root of :j/oV. 

I -1- 
Ans. a*x"». 

Ex. 10. It is required to find the cube root <rf o' — M^x+ 
Zax^Xy/x. Ans.a— -/x. 
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§IV. METHOD OF REDUCmO A TRACTION, WHOSE DEKOMI- 
MATOR IS A SIMPLE OR A BINOMIAL SURD, TO ANOTHER THAT 
•HALL HAVE A. RATIONAL DENOMINATOR. 

287. A fraction, whose denominator is a simple surd, is of 
the form -r— ; j where z may represent any rational quantities 

whatever^ either simple or compound ; thus, 

be a c — d 

„.____ - __ _ Ace 

are fractions, whose denominators are simple surd quantities. 

288. It is evident that, if a surd of the form J(/x be multi- 
plied by l5/a:"~V t^® product shall be rational; since !J/a?x 
»/a?"^>as«/ (jx X*"^0 = J5/a?'»=« ; in like manner, if ^(o-j-x) 
be multiplied by 'J/(*+^)^ ^^^ product will be a-|-a;. 

289. Heace, if the numerator and denominator of afiacHon 

qfthe/orm ;j — be multiplied by JJ/a?"*', the result will be a Jrac- 

Hon, whose denominator shaU be rational 
Thus, Jet both the numerator and denominator of the fraction 

-— — be multiplied by ^ar, and it* becomes — ^ ; and by 

multiplying the numerator and denominator of the fraction 

J/^_ bv l/(a+x? it becomes KW^+^^^Ji^ 
Or, in general, if both the numerator and denominator of a 
fraction of the form jj-- be multiplied by )J/:c»"*, it becomes 

— ^-~ — , a fraction whose denominator is a rational quan- 
tity. 

290. Compound surd quantities are such as consist of two 
or more terms, some or all of which are irrational ; and if a 
quantity of this kind consist only of two terms, it is called a 
binomial surd ; and a fraction whose denominator is a binomial 

surd, is, in general, of the form —-^-—^, 

tya±yb 

291. If a multiplier be required, that shall render any bi- 
nomial surd, whether it consist of et^en or odd roots, rational, it 
may be found by substituting the given numbers, or letters, of 
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which it is composed, in the places of their equak, in the fol- 
lowing general formula : 
Binomial, ?l/a±?J/fe. 

Multiplier, V«*~* ^ V^e^^b + V**"^*^ V^^^ + &C| 
where the upper sign of the multiplier must be taken with the 
upper sign of .the binomial, and tfte lower with the lower ; and 
the series continued to n terms. This multiplier is derived from - 
observing the quotient which arises from the actual division of 
the numerator bj the denominator of the following fractions : 
thus, • 

I. -^=a;*-*-l-a;*-^-{-a;«^y+&c. . -fif^* ^ n^ terms, 

whether n be even or odd^ (Art. 108). 

II. — — ^==a:»-»--a:»--2y^3Pii--8^2_.^(»^ ^ — ^^ton 

terms, when n is an even number, (Art. 109). 

III. ^^^=af^»— s^2y+-,4i-8y3_&c. . , +j»-iton 

x-ry 

terms, when « is an odd number, (Art. 110). 

292. No\v let a»=fl, y»=5 ; then, (Art. 116), a:=V^ii, 

«=V6, and these fractions severally become ^rrrt 

-^ ^a — !J/d' 

r--— 7--— 7T-, and -. ^ . ,t I and by the application of the rules 

in the'preceding'section we have ar»""'=!^a^^* ; af»-*= V<**"' 
sn--s=«/^n-3^ &^5 also, t/^=:i/6"; y3= V*^ &c. ; hence, 

^'^t^ ; &c. By substituting these values of x""', x*^^, «*"^, 

&c., in the several quotients, we have r^^-v/a*^* + 

yfl*-2j+ya'»-»y+&c +v/*»-' to » terms; where 

nmay be any whole number whatever. And — T-^-rT»= 
^a«-^ — ya«-25_|_n/an-s52_^^ j_«/jn-i ^q ^ tcrms ; 
where the terms h and ^&*^* have the sign +, when n is an 
odd number : and the sign — , when n is an even number. 

293. Since the divisor multiplied by the quotienl gives the 
dividend^ it appears from the foregoing operations that, if a 
binomial surd of the form ^a — ^6 be multiplied by ^o*"*+ 
;/a'*~^&4-&c. . +'y&"""* {n being any whole number what- 
ever), the product will be a — 6, a rational quantity ; and if a 
binomial surd of the form -^/a+v^^ be multiplied by ;/a*~* 
— :{/o«-26+:j/«-363— &c iyJ'^'S the product will be 
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th\-h or a— ^^according as the index n is an odd or an eveh num- 
ber. 

294. Hence it follows, that, if the numerator and denominator 
cf the Jractum (Art. 290), he multiplied by the multiplier, (Art. 
291 ), t^ becomes another equivalent fraction^ whose denominator shaU 
he rational* 

There arte some instances, in which the reduction may he 
performed without the formal application of the rule, which 
will be illustrated in the following examples. 

Ex. L Reduce ^ ,. zr - to a fraction with a rational de- 

\/5 — ^3 

nominator; 

To find the multiplier which shall make -v/5 — ^3 rational, 
we have w==2, a=6, 6=3; .-.(Art. 291), ;{/«'»-»+ v/^r—^^ 

=(8ince a'^«=a«~3=:a-=l) ^5 + v^3; ...:^?^±^l?x 

^5+V3_ 16+4yi5 ^, 

:^6+;78 2 — -«+vi5. 

295. This multiplier, -\/5+\/3» could be readily ascertain- 
ed, without the application of the formula, by inspection only ; 
since the sum into the difference of two quantities gives the 
dijfefence of their squares ; also the multiplier that shall render 
^a^y/b rational, is evidently <y/a — y/b. In like manner, a 
trinomial surd may also be rendered rational, by changing the 
sign of one of its terms for a multi][>lier ; and a quadrinomial 
Burd by changing the signs of two of its terms, &c. 

2 

Ex. -2. Reduce — -^-j — ^^ — to a fraction with a rational 

denominator. 

2(v/5+v/3+^/2) ^/5-fv/3+v/2 jl-3+yi5 



i^ 



6+2v/15 ' S+v^lS \— 3+v^l6 

Ex. 3. Reduce -j-~ — g--- to a fraction with a rational 

denominator. 

To find the multiplier which shall make ^3 — ^2 rationtU, 
we have n=3, a^3, 6=z2; .-. !;/a*->+jf/*-2i4-!/6»-»= 

^9+V6+l/4. 

Now (^3 - (/2)(\/9+l/J5+V'*)=«- *=3 — 2=1 ; 
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.*. the daummator is 1, and the fraction ia reduced to V^H- 

296. Hence for the stan^ or eUfference^ of two cube roots, 
which is one of the most useful cases, the multipUer will be 
a trinomial surd consisting of the squares of the two giv&i 
terms, and their product, with its sign changed. 

Ex. 4. Reduce - - --: — -r- to a fraction with a rational 

denominator. Ans. --^ — . 

2 

3 

Ex. 6. Reduce — to a fraction with a rational de- 

v/6 — ^x 

nommator. Ans. ■ ^ . 

o—x 

fix. 6. Reduce — r^-: — r-r-, to a fraction whose denomi- 

-•3+V2+1 

nator shall be rational. Ans, 4-f-2^2 — 2 »/ 6. 

Ex. 7. Reduce —- — . a : ■ to a fraction whose denominator 
shall be rational. 

Ans.^CVa^'-V^+VS^. 

2 

Ex. 8. Reduce . ^ , ^ ^ to a fraction whose denominator 

V^5+«/3 

shall be rational. Ans. «/l2S— V'764.V45-r- V^T 

297. It may not be improper to take notice here of another 
transformation which binomial surd quantities may undergo 
by equal involution, and evolution. 

Ex. 1. To transform v^24-\/3 to a universal surd. 

Ite square =64-2 -/^ ; .*. the root =y/(5+2v^6). 

Ex. 2. To reduce v/274-v^48 to a universal surd. 

Here (v'27+v^48)»~274.2v/1296+48=147; .•.v/27+ 
v^48=v'147=v'49X3=7%/3. 

Ex. 3. To transform ^320-^/40 to a general surd. 

Here (V320-t/40)'= 320— 3^4096000+3 {/512000 
—40=40 ; .-. ^^320— ^40=2^5. 

298. This transformation is very useful, since, by means 
of it, we can always reduce the sum or difference of any two 
surd quantities, if they admit of the same irrational part, to a 
single surd. This may be proved, in general, thus ; if ^/a and 
i{/6 admit of the same irrational part, they must be of the 
form yo^'m and ly/6'"m ; and (!i/a'*«i-j-«/6'"i»)'»=:tf'"m-f ji 
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(a'*»i-f-nwa'"^'6'»+&c 6''»w)= the nth root of a rational 

quantitjr. Hence the product of «^a by \/ 5 is rational if 
v^aand v^ 6 admit of the same irrational part; abo,^a?X 
l/h^ or yaX\/^% is rational, if */a and V^ admit of the 
«ame irrational part ; and, in general, -C/a'''''X\/^» or ^/^X 
v^6"~~\ is rational, if V ^ ^^^ V^ admit of the same irrational 
part. 

299. It is proper to observe, that, for the addition or sub- 
traction of two quadratic surds, the following method is given 
in the Bija Ganita, or the Algebra of the Hindoos, translated 
by Strachev. Thus, to find the sum or differ met df two surds, 
y/a and s/h^for instance. 

RULE. 

Call o-j-6 the greater surd ; and, if o X 6 is rational, (that 
is, a square)^ call 2 ^ab the less surd, the sum will be y/(ch\-h 
+ 2x/a6), (= (\/a±v/W) a^^^I tbe difference -v/(o4-^ - 
2 v'a6). If flX^ is irrational, the addition and subtraction are 
impossible ; that is, they can only be indicated, 

Example. Required the sum and difference of \/2 and ^8. 
Here 2+8 = 10= > surd ; 2x8=16, .-•v' 16=4, and a^^lS 
=r2x4=8 = <surd. Then 10+8= 18, and 10 ^ 8=2; 
.-. ^16= sum,* and y/2= difference. 

ANOTHER RULE. 
tO,. 

Divide a by 6, and write \ t^^ two places. In the first 
place add 1, and in the second subtract 1 ; then we shall have 

ff j^/t is irrational, (that is, not a square), the addition or 

subtraction can be only made by connecting the surds by the 
signs + or — 1, as they are. 

Sturmius, in his Mathesis Enuckaia, has also given a me- 
thod similar to the above. 

Ex. 4. To transform -v/2+v^3 to a general surd. 

Ans. -/(5+W^>- 
20 
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Ex. 6. To transform ^o — 1^% to a universal surd. 

Ans. -v/(a+4x — ly^o*)^ 
Ex. 6. To transform 3^i+^72 to a universal surd. 

Ans. Z\/^. 

§ y. METHOD OF EXTRACTING THE Si^UARE ROOT OF BINOMEIAE. 

SURDS. 

300. Tht zquart root of a quantity cannot he partly rational and 
partly a quadratic surd. If possible, let v/n=a4-\/w» ; then by 
squaring both sides, n=(i^'\-2ay/m-\-'m^ and 2a\/m=n — a"— iw ; 

w^— o tn 
therefore, y'm= — — — , a rational quantity, which is con- 
trary to the supposition. 

A quantity of the form ^a is called a quadratic surd, 

301. In any equation X'\-y/y=za-\-y/h^ consisting of rational 
quantities and quadratic swds, the rational parts on each side are 
equalj and also the irrational parts. 

If X be not equal to a, let x== a^m ; then «+?w+\/y =« 
4-v^5, or m-\y/y='y/h\ that is, ^/^ is parti}? rational, and 
partly a quadratic surd, which is impossible, (Art. 300) ; ,\x =a, 

and \/2^=\/6- 

302. If two qitadratic surds ^x and ^/y, cannot he reduced to 
others which have the same irrational part, their product is irrational. 

If possible, let \/ay=r2r, where r is a whole number or a 
fraction. Then xij=r^x^, and y^r'^x ; .•. ^y=^ry/x ; that is, 
-v/y and -y/x may be so reduced as to have the same irrational 
part, which is contrary to the supposition. 

303. One quadratic surd^ ^x^ cannot he made up of two others j 
^m and y/n^ tohich have not the same irrational part. 

If possible, let -v/x=y^m+v^» ; then by squaring both 
sides, xz=-m-\-2^mn-^n, and a; — w — w=2^mn, a rational 
quantity equal to an irrational, which is absurd. 

304. Leti^a-k- by =a;+y, where c is an even nun^r, a. a ra- 
tional quantity J b a quadratic surd, x and y^ one or both of them, 

quadratic surds, then (a — by =:3>^y. 

«— 1 

By involution, a+&=^+^^""*y~l"^-~"H~^'"y+ ^^-i ^^^ 

since c is even, the odd terms of the series are rational, and 

the even terms irrational ; .'.arsar^+c. — — x^^y^ + &c., and 

C-— 1 C"-"2 
&=ca5-'y4-c.~^.-^i«-3y3_j.^^^ (Art. 301); hence^ a-T6 
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c— 1 

=5^6 — caf-^y-^, «c— "^ — &c. ; and consequently, by 

* 

evolution, (« — i)c^=rx — y. 

305. If c be an odd number , a and 5, one or both quadratic ntrds^ ^ 
'Ond X and y involve the same surds that a and b do respectively y and "^' 

<d8o {a+6)e'=x+y, then (a — 6)r=«— y. 7" 

By involution, a^h =«• + c2«-'y+c.--^ x«>-y + dec, » 

'where the odd terms involve the same surd that x does, be- «- 

cause c is an odd number, and the even terms, the same surd 

that y does; and since no part of a can consist of y audits *. ^ 

c— I 
parts, (Art. 301), o=^+c. — — ««-Y+&c.,and 6=c««-^y+ ^| ^. 

c— J—.— --. a:«-y+&o. ; hence, a — 6=rB«— ca:^'y+c. — -- f'a * 

1 V *' 

*B^2y«_ &c. ; .•. by evolution, (a — hy ^^x-^y. ^ '' 

306. The square root of a binomial^ one of ihhose terms i« a >* .. 
guadratic surd, and the other rational^ may sometimes be expressed '^^^ ^ 
oy a binomialj one or both of whose terms are quadratic surds, ^ <^ 

Let a+^b be the given bteomial, and suppose ^(a-i-^b) 7 ^ 
=ar+y ; where x and y are one or both quadratic surds ; then .. 

^(a— y^i)=a; — y ; .'.by multiplication, ^{c?'-b)^3^ — y^, ... v • 

also, by squaring both sides of the first equation, ^ > • 

fl+^6=:a^+2x2/+y«,anda=a;2+y'; -^ * 

.'. by addition, o-|-\/(a'— ^)=2x", and by subtraction, «— 
^(a^— 6)=2y2; and the root a:+y=v/rifl4-i-v/(c^— 6)]-L , : 

From this conclusion it appears, that the square root of ^ **"" 
a-^^h can only be expressed by a binomial of the form x+y, .. ^ 
one or btHliMrf which are quadratic surds, w-hen a? — h is a per- « ■ 
feet square. f 

By a similar, process it might be shown that the square root JL^ 

of a—^h :\s ^/[ia^W(^^'-^)']-Vi¥'-W(^-^)'\^ sub- 

ject to the same limitation. -^ 

Ex. 1. Required the square root of 3-f-2v^2. ^ . 

Let v'(3 + 2v^2)=x-fy; then v'C^— 2^2)=a?-y ; by 
multiplication, ^(9— 8)=x^--y' ; that is, a;*---y»=l- » 

Also, by squaring both sides of the first equation, 3+2 v/2 ' 
=ar'4"2a?y — yVand ar*-j-y^=3; .'.by addition, 2«*=4, and 
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Again, by subtraction, 2y'=2 ; .*. y=l, and a:+y=v^2+l 
s the root required. 

Or, the root may be found by substituting 3 for a, 2^/2= 
^8 for y^6, or 8 for 6, in the above formula j thus, 
^4'»=v^[*+iv/(9-S)]+i/[f— Jv/(9-8)=^(f+iH- 
v/(|-i)=^2+l. 

Ex. 2. Required the square root of 19-1-8^^3. 

Ans, 4+v^3. 
Ex. 3. What is the square root of 12-«-^140? 

Ans. y-T — y/6, 
Ex. 4. Find the square root of T-f^y'S. 

Ans. 2+^3. 
Ex. 5. Find the square root of 7— 2^10. 

Ans. \/6 — ^2. 
Ex. 6. Find the square root of 31+12^/ — 5. 

Ans. 6-}--^ — 5. 
Ex. 7. Find the square root of 18 — lOy' — 7, 

Ans. 6 — ^ — ^7. 
Ex. 8. Find the square root of — 1+4^ — ^6. 

Ans. 2-f-iy/ — 5. 

307. The cth root of a binomialj one or both of whose terms are 
possible quadratic swds^ may sometimes he expressed by a binomial 
of that description. 
, J ^ 7 > Let A+B be the given binorftiai surd, fa which both ferms 
/m« ^ are possible ; the quantities under the radical signs whole 
numbeirsyahd A is greater than B. 
' LetV[(A+B)X^a]=a:+2^; 
then V[(A— B) Xv'Q]=^-y ; 

/. by multiplication, VCC^*— B^)Xa]=a;^— y*; now let 
Ct be so assumed, that (A^ — B*)XQ may be a perfect ctb 
power =n*, then x^ — 1/^=». 

Again, by squaring both sides of the first two equations, we 
have 



V[(A+B)*xa 

VL(A— B)2xa; 



=a:^ — 2xy-\-y^ 

, / 7.%V[(A+B)^XQ]+V[(A~B)^XQ]-22;»+2y«; whichis 

/.'.'..», always a whole number when the root is a .binomial surd; 

.. take therefore s and t^ the nearest integer values of v^[( A-j-B)* 

XQ] and V[(A — B)*XGl], one of which is greater and the 

I .'^ ft '' other less than the true value of the correspondin g quantit y ; 

then since the sum of these surds is an integer, the fractional 

parts must destroy each other, and 2a:^+2y*=s-f-/, exactly* 

when the root of the proposed quantity can be obtained. We 

have therefore these two equations, ar* — y^=n, and ^+y^^is 
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+i^T ••• by addition, 2x"=w-j-J-5+i^, and x=^i^{2n+$+t) ; 
and by subtraction, 2y^=-^8-^^t — », and y=iv/(s-j-^ — 2n). 

Consequently, if the root of the binomial V[(A + B) X-v/Q] 
h6 of the form ar-f-y, it is i \/ (2w+s4-0+i\/(s+^ — ^n) \ and 
the cth root of A+B is ./(2''+^+0+v^(«+^-2«) 

Ex. 1. Required the cube root of lO+v^lOS. 

In this case, y^lOS is >10; .-. A=:v^l08, B=10, A=— B* 
== 108— 100 = 8, and 8Q==»^. Now, since 8 is a cube number, 
Q may be taken equal to 1 ; then 6Q,=8=»' j .*. «=2. Also, 
V[(A+B)T=^74./; V[(A-B)^ = 1~/, where/ is some 

fraction less than unity; .•• s=7, ^:=1 ; and a?-f.y— "^ • - 

=v/3+l. 

If therefore the cube of lO-f-v'lOS can be expressed in the 
proposed form, it is ^ S-j-l ; which on trial is found to suc- 
ceed, 

Ex. 2. Find the cube root of 26+16^/3. 

Ans. 2+^3. 

Ex. 3. Find the cube root of 9 v^ 3— 1 1 v/2. 

Ans-VS— -v/2. 

Ex. 4. Find the cube root of 4^/6-1-8. 

Aas. <^. 
\/2 

308. In the opejcfttion, it is required to find a number Q,, such, 

that (A^— B)^XQ'^'^8'y be a perfect cth power ; this will be 

the case, if Q be taken equal to (A^— B^)®-*; but to find 

a less number which will answer this condition, let A^ — Dlbe'' 

divisible by o, a, . . . Sp) ; 6, 6, . . . (n) ; d, rf, . . . fr) ; &c. 

in succession, that is, Jet A^ — B^=a™6"d'*, dec. ; also, let Q= 

c^bvd^^ &c. Then ( A^— SP').Q=fl'»+* X^^+y X d'-+', &c., which is 

a perfect cth power, if. *ir, y, z, &c., be so assumed that w+a;, 

w+y, r+Zj Ajc. are respectively equal to c, or some multiple 

of c. Thus, to find a number which multiplied by 2260 will 

produce a perfect cube, dividtr' 2250 as often as possible by 

'the prime numbers 2, 3, 5, drc. and it appears that 2x3x3 

X6X5X5 = 2X3'X5^=2^60; if, therefore, it be multiplied 

by2'x3, it becomes 2 V3^X^^ or (2.3.5 f ; a perfect cube. 

See Wood's Algebra. 



.■» 



§ VI. CALCULAfioN OP IMAGINARi^ Q,UANTITIES.- 

309. In the Involution of negative quantities, it was ob- 
served, that the even powers were all affected with the sign •+-, 
and the odd powers, with — ; there is consequently no quan- 

20* 
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tity whicfai multiplied into itself in such a manner that the num- 
ber of factors shall be everij can generate a negative quantity. 
Hence quantities of the form y/ — a\ \/ — 16, V"^"^ \/ — ^*» 
and in general, i^-- a, have no reai, roots ; and are therefore 
usually called impossible or imaginary. 

It is to be observed that all quantities, ^ther positive or nega- 
tivCf or even irrcUional^ are considered to be real. 

310. Although the values of imaginary quantities are un- 
assignable in numbers, they are yet of great use in some of 
the higher branches of analysis, as well as in showing when 
a result of this kind occurs, that the question, under the pro- 
posed conditions, is impossible. 

Thus, if it should be required to find a number whose square 
subtracted from 3, gives 7 for a remainder. We have for a 
translation 

3-a^=7 ; .-. x'^^S— 7=— 4. 

The unknown quantity x is therefore the square root of the 
number —4, a root which is imaginary ; and in fact, the 
enunciation comprehends an impossibility. If we had thus 
proposed the question, to find a number whose square added to 3, 
gives 1 for a sum^ we should have had for the translation a;*+ 
8=7 ; ••. ar'=4 and a:=2, which is a real root. 

Thus negative isolated results arise from the subtraction of 
a greater number for a lesser, and imaginary quantities are 
given by a new operation to be performed upon these kind of 
remainders. 

311. This being premised, it is only necessary farther to ob- 
seire, that the method of attding and subtracting imaginary 
radicals, is the same as for real quantities. 

Thus, */— «+2V— o=3y— a ; 6+ y/ -4+6— v^— 4= 
12; and 3y/ — ooc+V— y— (-v/ — aa:*-t/-y)=2y^ — cm;+2 

(/— y. 

312. JEvery imaginary radical quantity of the form y/ — a, 

can he reduced to the form \/aX\/ — 1» or a^^ — 1. 

In order to demonstrate this, let the identical equality be, 
(c— 6)a=(c--6)a ; by extracting the root of both sides, we 
shall have ^/{c — 6)Xv^a=^[(c— 6)a] ; which under the 
relation 6>c, or in the hypotheses, for instance, 6=c+l, be- 
comes v/""^ X v/a^V^— « ; and, in general, *V — «= V*^X 

It may be demonstrated, in a similar manner, that ^ 
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-Vi"^ ^ -1 ; and in general, that X/—:^=y/ ^ 

x«;;y-i. 

313. Hence, in the calculation of imaginary radicals, it is 
sufficient to demonstrate the rules for multiplying and involving 
the imaginary radical ^ — 1 ; since imaginary quantities can 
be always resolved into factors ; so that — 1 only shall remain 
under the radical sign. 

314. In the first place, then, it may be observed, when a' 
is considered abstractedly, or without any regard to its gene- 
ration, then v'a'* may be either +a or —a there being no- 
thing in the nature of the quantity so taken, to denote from 
which of these two expressions it was derived. 

315. But this ambiguity, which, in the above-mentioned case, 
arises from our being unacquainted with the origin of the 
quantity whose root is to be extracted, will not take place when 
the sign of the quantity from which it was produced is known ; 
as there can, then, be only one root, which must evidently be 
taken in plus or minus^ according to the state it existed in be- 
fore it was involved. 

316. Thus, -^[(-J-a)x(a)]» or v'[(+«'')] cannot be of the 
ambiguous form ^a, as it would have been if a^ had been un- 
conditionally assumed, but it is simply a ; and, for a hke xea.- 
son, v^[( — o)X( — «)]) or ^( — a)" is = — o, and not±a; 
since the value of the equivalent expression +v/«", or—^t^ 
in these cases, is determined, from the circumstance of its be- 
ing known how a^ is derived. 

317. Hence the product of ^ — 1 hy y/ — 1, or which is the 
same, ( y/ — 1)^ is = — v/l= — 1. This is what appears evi- 
dent from, since that in squaring a quantity with the radical 
sign ^, we have only to take it away, that is, to pass the 
quantity from imder the radical sign. 

318. Also, if the factor 8^ in this case^ he both negative^ the resuU 
will be the same as before ; since — {y/ — 1)X — (x/— 1)=+ 
{x/ — 1)*= — 1 5 but if one of the factors be positive and the other 
negative, we shall have +(-•— 1)X — ( v^ — 1 )=—{'• — 1)' 
=+1. 

319. AU whole positive numbers are comprised in one of these 
faurformulce ; 

4», 4«4-l, 4»+2, 4n-f 3, 
n being a whole positive number ; since that, if any whole number 
be divided by 4, the remainder must be 0, 1, 2, or 3. 



224 IMAGINARY aUANTITIES. 

If we designate ^—1 by x, the several powers of /\/— 1 
shall be therefore represented by one of these four formulas : 

Thus J in order to know any given power of \/ — 1, it is sufficient 
to divide the exponent of the power proposed hy 4, arid the power of 
ssj — 1 indicated hy the remainder shall he that tohich is required, 

320. When one imaginary quantity is to he multiplied h^ another^ 
the resulty whether they he hath positive or both negative^ is equal to 
minus the square root of the product, taking them as real quantities. 

Thus, {+\/—o)X i+V—h) =— y/ab ; since, (+ ^/— «) 
X(+ V—^^)- V'^X v/— IX y/bX y/-i= y/aX ^bX 
(v/ — 1)^= — 1 X x/ab=i — ^ab. A nd, in a similar manner, it 
may be proved that ( — \/— a)X(— ^ — b)= — y/ab. 

321. And if one of the imaginary radicals he positive, and the 
other negative, the result arising from their multiplication will be 
plus the square root of their product, taking them as before. 

Thus, (+ v^ — a) X ( - y/—h) = + s/ab ; since + ^/ - o= 
+ ^flrX -/— l,and— v/-*6=:(— -/— l)Xx/6; .-.(x/oX 
x/— 1,X(— n/-1)X %/&) = [(+ v/— 1) . (— v/— 1)] ^/a6= 
+lX>/a6=+v/a6. 

322. When one imaginary radical is to be divided hy another^ 
the result, whether they be both positive or both negative, loiU he equal 
to plus the square root of their quotient, taking them as real quan- 
tities. 



- V-a _ 

323. And if one of the imaginary radicals be positive and the 
other negative, the result arising from division, will be minus the 
square root of their quotient, taking them as before. 

+ y/—a 

324. If an imaginary radical is to be divided hy a real radical, 
or a real radical by an imaginary one, the result will be equal to plus 
or minus the square root of their quotient, according as the radical is 
affirmative or negative. 
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Thus, — ;i-- or — — 1-=+ v/- T ; and 7- or — — = 

— ^/— 1. 

The several powers of imaginary radicals can be readily de- 
rived from the formulsB (Art. 319) ; it only now remains to illus- 
trate the preceding rules by a few practical examples. 

Ex. 1. It is required to multiply a — -•—ft by a — y/ — 6, or 
to find the square of a — %/ — 6. 

— yZ — b 
V-6 



— a«v/ — 6- 



a'-2a(V— 6)-6Ans. 

Ex. 2. It is required to find the quotient of 14- V-^l divid- 
ed by l—xZ-l. 

Herei±y""^-^+^-^v^+^-^-^^-^-^ 1 

Ans. 

Ex. 3. It is required to multiply 14- \/-l hy l+>/— 1; 
or to find the square of 1+ y/ — 1. Ans. 2 \/— 1. 

Ex. 4. It is required to find the product arising from mul- 
tiplying 1+^-^1 by 1 — x/ — 1. Ans. 2. 

Ex. 5. It is required to find the square, or second power of 

a+ V— ^- Ans. a= - b^+2ab ^/-~l. 

Ex, 6. It is required to multiply 6-|-2>y/-3 by 2 — \/— 3. 

Ans. 16- v^— 3. 

Ex. 7. It is required to find the cube, or third power, of 
a— y/^-b^. Ans. o'-.3a^+(6'-3ir'6) ^/— 1. 

Ex. 8. It is required to find the quotient of 3-i- y/ — 4 di- 
vided by 3—2 v^_l. Ans. 1^3 (5+12 x/~l). 

Ex. 9. It is required to find the square of V{a+b yf — l)-f- 
^(a_6 V'— 1 ). Ans. 2a-f2 v'(a>+6^). 
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CHAPTER VIII. 

ON 

PURE EQUATIONS. 

325. Equations are considered as of two kinds, called sim- 
ple or pwCj and adfected; each of which are differently de- 
nominated according to the dimensions of the unknown quan* 
tity. 

326. If the equation, when cleared of fractions and radical 
signs or fractional exponents, contain only i\i% first power of the 
unknown quantity, it is called a simple equation, 

327. If the unknown quantity rises to the second power or 
square^ it is called a quadratic equation. 

328. If the unknown quantity rises to the third power or cube^ 
it is called a cvhic equation^ &c. 

329. Pure equations^ in general, are those wherein ority om 
complete power of the unknovm quantity is concerned. These are 
called- pure equations of the first degree^ pure quadratics , pure 
cubicSj pure biquadratics^ &c., according to the dimension of the 
unknown quantity. 

Thus, a:=a-f-6 is a pure equation of the fast degree ; 
a^^zc^-^ah is a pwre quadratic ; 
ar*=a?+«^^+c is a pure cubic ; 
x*=:a^'^€^b'{'ac^-{-d is a pure biquadratic ; &c. 

330. Adfected equations are those wherein different powers of the 
unknown quantity are concerned^ or arefotmd in the same equation. 
These are called adfected quadratics, adfected cubics, adfected 
biquadratics^ &c., according to the highest dimension or power 
of the unknown quantity. 

Thus, a^-\'a3i:-=b, is an adfected quadratic ; 

aP-^a3^-^bx=:c, an adfected cubic ; 

ar*+ax^-j-5a^+ca:=d, an adfected biquadratic. 
In like manner other adfected equations are denominated ac- 
cording to the highest power of the unknown quantities. 

§ I. SOLUTION OF PURE EQUATIONS OF THE FIRST DEGREE 

BY INVOLUTION. 

331. We have already delivered, under the denomination of 
Simple Equations, the methods of resolving jDure equations of the 



PURE EQUATIONS. * 227 

HTst degree, in all cases, except 'when the quantity is affected 
with radical signs or fractional exponents, in which case the 
following rule is to be observed. 

RULB. 

332. If the equation contains a single radical quantity, 
transpose all the other terms to the contrary side ; then in- 
volve each side into the power denominated by the index of the 
surd ; from whence an equation will arise free from radical 
quantities, which may be resolved by the rules pointed out in 
Chap. III. 

If there are more than one radical sign over the quantity, 
the operation must be repeated ; and if there are more than 
one surd quantity in the equation, let the most complex of those 
surds be brought by itself on one side, and then proceed as 
before. 

Ex. 1. Given ^(4a:+16)=12, to find the value of a?. 
Squaring both sides of the equation, 4x-\-l6=-l44: ; 

by transposition, 4a? = 144 — 16 ; .•.a;=32. 
Er. 2. Given ^(2a:+3)4-4=7, to find the value of ar. 

By transposition, l/(2x+3)=^7 — 4=3 ; 
cubing both sides, 2x+3=27 ; 
by transposition, 2a;=27— 3 ; .*. a?=12. 
Ex. 3. Given v'{l2-{-x)=-2-\.^Xj to find the value of a:. 

By squaring, l2-\-x=4-\-4^x-\'X \ 
by transposition, 8=4-^/2;, or \/a;=2 ; 

.•. by squaring, x=4. 

Ex. 4. Given \''(a?+40)"=10 — ^x, to find the value of,x. 

By squaring, a:+40=100 — 20^ir-^a: ; 
by transposition, 20y/a;— 60, or y/x=3] 

.'. by squaring, x=^9. 

Ex. 5. Given ^(ar— 16)=8 — ^/x, to find the value of a:. 
By squaring both sides of the equation, 

rr— 16=64— 16 v^a;+i:; .-. 16 v^a:=64+16=80 ; 

by division, ^x—6 ; .-. a;=25. 

Ex. 6. Given ^{x — a)=^\/x — i-v/a, to find the value of x. 
Squaring both sides of the equation, 

0?— a=a?— \^(aar)-f-Jir ; 
.% by transposition, ^{ax)=^a ; 

25a^ 25a 



by squaring, fla:=-y^; 



x= 



16 

Ex.7. Given v/6Xv/(^+2)=\/5a?+2, to find the value 
of ar. 



» \ 
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By squaring, 6ar+10=6a:-f4v^53r-|-4 ; 

by transposition, 6=4 ^5x, .•. v^6ar«=f ; 

by squaring again, 5z=^-i^ ; .*. x= A. 

Ex. 8. Givea — : — = « to find the value of a:. 

^x X 

Multiplying both sides oi the equation by ^x, 

X — ax=-=l, or (1 — a)a:=l ; .•.x= 



« « i-.- v'a:+28 y^x+SS ^ ^ , 

Ex. 9. Given ; =^- :-r> to find the value o\x. 

Multiplying both sides by (^a;-(-4) X( v'op+e), 

we have ar+34v/x4-168=a:+42v/a;+152 ; 

by transposition, 16=8^x, or 2= y« ; 

.*. by squaring, a:=4. 

i^ax-^b 3./dUB— — 26 

Ex. 10. Given ,— r=;r^^: — r.^ii to find the value of a:. 

^ax-\-b 3y/ax+6V 

Multiplying both sides by (v/«a:+6) X (^-v/oar-f-Sft), 

3aa;4-26v^aar— 5^=r Sax+b ^ ax-^^lr^^ 

.•• by transposition, 6^aar=36* ; 

by division, v^aa;=36; 

9^ 
.*. by squaring, a2;=96', and a:=s — . 

Ex. 11. Given v^(a?+v^ar)— ^(x— \/x)= 

# / ( — ; — r- J, to find the value of x. 

Multiply both sides of the equation by ^/{x-\'\/x\ x+ 

.'. by transposition, x — ^~-^=>^(a:*— x) ; 

and dividing by y/x^ \/x^\z=i^{x — 1) ; 
.*. by squaring, xr- jsjx+\=x — 1 ; .-. \/x=\y 

and by squaring, 2?=— • 

Ex. 12. Given \/(x — 24)=i^x— 2, to find the value of x. 

Ans. x=49. 

Ex. 13. Given V(^*+^)=2V(*+^)— V^i to find the va- 
lue of X. Ans. x== - — -p. 

Ex. 14. Given x+a+i^(2ox+aJ*)=tKto find the value of 
X, Ans. i---^ . 

26 
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Ex. 15. Given ^ x-C ^ » T ^? to find the value ofar. 



Ex. 16. Given -H~-i^l+^— 1, to find the value of \ / . 



3C. . Ans. JJ=3. 

Ei. 17. Given ar=V[«Ha?v'(^+*')]-«i to find iheva- 

lue o#ar. Ans. x= — ^, . 

4a 

4 

Ex.18. Given k/(2+x)+ \/g= ,,^ , , , to find the Va- 

lue of a;. Ans. a:=-. 

Ex. 19. Given \/{10x+d5) — 1=4, to find the value of x. 

Ans. ar=9. 

Ex.20. Given •/(9r — 4)-f6=8, to find the value of ar. 

Ans. a:=4. 
Ex. 21. Given y/(x+ie)=:2+ y/x^ to find the value of a:. 

Ans. ar=9. 

Ex. 22. Given n/(x— 32)=16 — \/x, to find the value of 

X. Ans. 2r=81. 

Ex. 23. Given ^/(4a;-|-21)=2 v/x+l, to find the.value of 

X. . An. sx=25. 

Ex.24. Given x/[1+x-/(j:^+12)]=1+«, tofind the va- "Yt^ 

lueofar. . . Ans. ar=2. 

36 
Ex. 25. Given y/x-^-Vyx — 9)= ■ to find the va- /*v^ 

lucofx. Ans. x=25. 

EX..26. Given V(o+a:)=V(3:*+5ax+^) to find the V9r 

lue of x. Ans. x=— - — . 

3a 

Ex. 27. Given :^r±^}^2^^ to find the value of 

y/X'\-2 v/x+40 

X. Ans. x=4. . 

Ex. 28. Given ,^ *~^ = t— — -7-:ri to find the value of x. 

-*x Ans. a:=6. 

Ex. 29. Giverf^^l— 1=^^^^-, to find the value of ^ • '' ' 

\/6x+3 2 

X. Ans. a?=6, 

21 
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ax-^b^ A/oaf— »6 
Ex. 30. Given — — r-^zac+JC , to find the vatue of ar. 



. Ans. «=;-.( 6-4 V. 



^ II. SOUJTION or PURS EdUATIONS Of THB f KCOND, AHD 
OTHIiR HIGHER PEOREBS, BT ETOLUTION. 



RULE. 



333. Transpose the terms' of the equation in such a fiian* 
ner, that the given power of the unknt)Wn quantity may be 
on one side of the equation, and the known quantities on the 
other ; then extract the root, denoted by the exponent of the 
power, on each side of the equation, and the value of the un- 
known quantity will be determined. In the same, way any 
adfected equation, having that side which contains the un- 
known quantity, a complete power, may be reduced to a sim- 
ple equation, from which the value of the unknown quantity 
will be ascertained, by the rules in Chap. III. 

Ex. 1. Given ar»— 17=130-^2ar», to find the values of ar. 

By transposition, 5a!*= 147 ; 

/. by division, a:*=49, 

and by evolution, a:=-t7. 

334. It has been already observed, that *ij/a may be either 
-j- or — , where nis any whole number whatever ; and, con- 
sequently, all pure equations of the second degree admit of 
two solutions. Thus, -{-7 X-f.7, and — 7 X — 7,are both equal 
to 49 ; and both, when substituted for x in the original equa- 
tion, answer the condition required. 

Ex. 2. Given ar'-f-«^=5^, to find the values of x. 

By transposition, 4a:=:ai; 

Ex. 3. Given ir'— 6a:+^=a\ to find the values of x. 

By evolution, x — 3=-{-o ; .•. 2;=:3J^. 
Ex. 4. Given 4x'*— 4ar+a?'=x2+12a:4-36, to find the va- 
lue of X. 

By extracting the square root on both sides, we have 2x — 

.'. by transposition, a;=:a-f6. 
Ex. 6. Given ar*+y'=13, ) , ^ j ,. , r j 

and x*--!/'— 5 \ values of x and y. 

By addition, 2x'= 18; ••• a^^dbV^^db^- 
By subtraction, 2y^=8 ; .•. y=dt'\/^==t2. 
Ex. 6. Given 8 la* =256, to find the values of x. 
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By extractkig the square root, Ore'sz^lS ; 
By ejctracting again, 3x=±\/dbi^=±4^ or -j;4^— 1 ; 

.•. x=±t, or x= j-4-i\/-— 1. 
Ex. 7. Given x* — 3**+3j:' — 1«=27, to find the values of x. 
By evolution, x" — 1 s= 3 ; • •. x'=4, and x= ±2. 
Ex. 8. Given 36d^s<i^, to find the.values of x. 

Ans. x~::ti^* 
Ex. 9. GKven x^=s27, to find the value of x, Ans. x=:3. 

Ex. 10, Giveh x'+6x4-9=r25, to find the values of x. 

Ans. af=2, or — 8. 
. Ex. 11. Given 3x»— 9=214.3, to find the values of x. 
. • Ans. x=-4*\/ll* 

Ex. 12. Given x' — x^-f-^a? — jS=a', to find the values of «. 

Ans. a:=a+-i. 

Ex 13. Given x'+faf+i^^^i ^ ^^'^ ^® values of x. 

Ans. x^-^ab — J-. 
Ex. 14. Given x*+6x+i6*««', to find the values of x. 

Ans. x=s=Jt*^*i^« 
Ex« 16. Givenx*— 2x*+ 1=9, to find the values of ar. *yj^ 

Ans. x=-t2, or db\/— 2. 
Ex. 16. Given x*—4j;'+4=4, to find the values of a?. ;*£l, 

Ans. x=±2, or iv^^- 
Ex. 17. Given 6x^— 27=3x"+215, to find the values of x. 

Ans. x=-t.ll. 
Ex. 18. CKven 5x^—1=24^, to find the values of x. 

Ans. x=i7. 
Ex. 19. Given 9x"+9=3a?+63, to find the values of X. 

, An?. x=±3. 

Ex. 20. Given 2ax"+6— 4=cx'— S+d— ax^, to find the 

values of x. Ans. x= 1 / -~ . 

V 3a — c 

Ex. 21. Given x*+y*=a andx* — y*= 6, to find the values ^,^^^ 

of X and jf. ' 

Ans. x= db\/(±i'/(2o+26)) and y=±v/(zt8 \/(2a — 
26)). 

a 

§ III. EXAMPLES IN WHICH THE PRECEDING RULES AftB 
APPLIED IN THE SOLUTION OF PURS EQUATIONS. 

' ■ / 

335. When the terms of an equation involve powers of theun" 
knoxon quantity placed under radical signs. 

Let the equation be cleared of radical signs, as in Secti 1 ; 
then, the value of the unknown quantity will be determined 
by extracting the root, as in Sect. II. 

And by a similar process, any equation containing the t>'»-' ' 
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era of a function of the unknown quantity, or containing the 
powers of two unknown quantities, may fte%oeni\y be reduced 
to lower dimensions. 

^ Ex. 1. Given (/a?*= (/(o4-6), to find the values of a?. 

' Cubing both sides, a;'=a+i ; 

Ex. 2. Given (/(a;^— 9)= V(a:— 3) ; to find the values of a?. 
Here, the given quantity may be exhibited under the form 

(a;*— 9)* = (x—Sy ; then, by squaring both sides, (a;"- 9)* ^ 

= (a^3)*^^or (a:»-.9)^=ar— 3 ; 

by squaring again, :r"— 9=:ir^ — ^6a;+9 ; 

.'.by transposition-, 6ir~18 ; and r=3. 

Ex. 3. Given aj*— y^=9, and x — y=l ; to find the values 

of« and y. • , •• . 

Dividing the corresponding members of the first equation 

by those of the second, we have a;-[-y^9 ; 

adding this equation to the second, 22r=10 ; 
••. ar=5, and y=9— x ; .*. y=4. 

Adding the two equations, 2\/a:=6, .*. ^x=3y 

and by involution, ar=9. 

Subtracting the two equations,. 2>^y =4, and ^y=:2; 

.•.by involution, y—4. 

Ex. 5. Givena?+a:y=12,) ^^ j^^ j^ ^^^jjj 

and y'+a:y=24, } ' 

By addition, x^'\'2xy+f=S6 j 

••. extracting the square root, x-^-y = ± 6. 

Now a^'-\'Xy==x. (a:+y) = ± 6a? ; . 

.'. ± 6x= 12, and a:= ± 2 ; 

.•.y=±6:F2=±.4. 

2a^ 
Ex. 6. Given aT4.-v/(«^4-a;*)= — toI—iri to find the values 

ofar. 

Multiplying by %/(a^+^)) we have a? \/(a?+a:^)+a^+a;'= 
2a»; 

by tratisposition, a:v'(a'+a^)=a" — re*, 
and squaring\both sides,'aV+a:*=a* — 2(x'a:^J{-x* ; 

.*. 3al8"=a*, and ar=: ±— rr. 

Ex. 7. (Mrefix'+f= 




to find the values of a: and Jf^ 

and xv: ~ 

x—y 
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From the let equation subtracting fviee the 2d. 

and a? — y=lj .'. a;"+y'=13; 

and 2x^=12; 

' .-. by addition, ar'+^a^y+J^'^SS, 

by extracting the square root, or-f-y == ± ft j 

but X — y=l ; 



.-. by addition, 2a?=6, or —4 ; and a;=3, or — 2; 
by subtraction, 2y =4, or — 6 ; and y=2, or 



Ex, 8. Given »54-y=* =13, K ^ , ,, i r 

• jL ■ X / ^0 "^^ '"® values of a; and y. 
and a?* +y 3=5,) 

' , Squaring the second equation, a:^-|-.2J;'y^-j-y 3=: 25 
' • buta:^ 4.y*=:ia 



JL J. 



.-. by subtraction, 2x^y^ =12. 
Subtracting this jfrom the Ist equation, 

A J. JL A 

ar^ — 2^3y»4-y»=l; 
. . , -L -JL 

.% extracting the square root, x^'^y^=±l ; 

but«*+y*=5; 

.'.by addition, 2a?^ =6, or 4 ; 

anda?s=3, or2; .\ic=^27, or 8: 

. •. by. subtraction, 2y » =4^ or 6. 
J. 
and y3 =2, or 3 ; .% y=8, or 27. 

Ex. 9. Given a:»+a:y+y«=:273, > to find the values of * 

andi^^+r'y'+y'^Sl, Jandy. : 
Dividing the first equation by the second, a:*— a^'y^+j* 

subtracting this from the second equation, 2a:y=8 ; 

.'. ar*y^=c4'; 
by adding this equation to the second, a?*+2ar^V'4V 

Subtracting the equation a:y=4, from a?*^ A^+y*=:13J 

3?*~2ay-f y*=9 ; .•.iF-y»=±3, 

21* 
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.-. by addition, 2a:"=±8, and aF=±2, or ±2 \/ — 1 ; and by 
subtraction, 23?'=i2, and y~±l, or i v^-^l« 

• Ex. 10. Given ^+4t4^==.6, to find the value 

of a?. 
Multiply the numerator and denominator by v^(a4-a;)+ V 

^_^^ [^±^^^(-£)I^,^ „, ,, 4. , ^(^ _ ,.) ^ 

26x; ••• \/(o'— ar'j—ftx— a, and Bquaring both sides, a*— ac'rr 
6'««-2a6a?+a^ 

2a6 

.•. &V+a;''=2a5a:, and a?=^-£r. 

Ex. 11. Given (x»-Y)X(*-y)=3xy,K^g^^ 
and (x* — yO X (^ — y ) = 45ar2/^ J * 
of 9 and y. 

Dividing the second equation by the first, 

(tr"+y") . (x4-y)=-15xy; •'* x^+x'2/+xy^+y^— 16a;y ; 

but from the first, ar^ — x^y-^xy*-hy''= 3iy ; 

.'.by addition, 2x'+2y^«18xy, and x'+y'=9a:jf. 

But by subtraction, 2ar'y+2x3^=123*y, and a?+y=6 ; 

.-. by cubing, x'+3a^y+3xy''+y''^216 ; 

x^ +y^=9a:y; 

■ 

.•j by subtraction, 3x'y+3iry?=216 — 9xy,- 
or 3 . (x+y) . xy=3x6 . xy=216 — 9xy ; .-. 27xy=216,and 
xy«=8. 

Now ar*+2xy+y^=36, 
and 4xy =32; 

.'.by subtraction, x* — 2xy+y'=4, 
and by extracting the square root, x — ^y =±2, 

but x+y= 6)* 

.'.by addition, 2x=8, or 4 ; and x=4, or 2 ,* 
and by subtraction, 2y=4, or 8 ; .•. y=2, or 4. 

-K Ex. 12. Given -^ ^=r, to find the values of x. 

X X o 

Ans. x=Jt:'/(2a6 — 6')- 

18 

X Ex. 13. Given x2+3x-7=x+2H — , to find the values 

X 

of X. Ans. x=3, or —3. 

- EX. U. «„„ ^(^-") + 2 ^(-Ij) = 6. X 






V U+«) 
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to find the values of x. Ans. z=:- 



^' .. Ex. 16. Given a?-f-y : x : : 6 : 3, and ary=:6, to find the va- 
lues of a: and y. Ans. x — -t^i and y=i2. 
.^. Ex. 16. Given x — y : ar : : 5 : 6i and a:y'=384, to find the 
values of x and y. ' Aris. a;=24, and y=4. 
px. 17. Given x+y : a? : : 7 : 6, and xy+y*=126, to [find 
the values of x and y. Ans. J^=±15, and y=-{-6. 
<:> Ex. 18. Given xy^+y=21, and x"y*+y*=333, to find the y^ 
values ofx and y. Ans. x=2, or x^^ ; and y=3, or 18. 

Ex. 19. Given x''y+a:y*==180, and a^+y^=:l89, to find the > 
values of x and y. ' Ans. x=5, or 4 ; and y==4, or 6. 

Ex. 20. Given x+\/xy+y^l9, and a;^+jr2/+y^=133, to ' 
find the values 6f x and y. Ans. x=9, or 4 ; and y=4, or 9. 
Ex. 21. Given ar^y+xy'^srC, and xy4-xy= 12, to find the 
values of « and y. Ans. x=2, or 1 ; and y = If or 2. 

Ex. 22. Given (x'' + y^)X(a?+y) == 2336, and (ar»— y^), V 
(x-*-y)=676, to fipd the values of x and y. 

Ans. x=ll, or 6 ; and y=6, or 11. • 
Ex, 23» Given a;'+y''s=(:p+y).a;^ and a:Y+^y^~^^i *<> -^ 
find the values of'ic and y. Ans. x=2, and y-=«^. 

Ex. 24. Given 2.(s^+y'') . (ar+y)=:15a:y and .4 (x*— y'). .* 
(x'+y')— TSar'y^, to find the values of x and y. 

Ans. a:=2, and y=l- 
Ex. 25. Given x — y : y : : 4 : 5, and ir^+4y'=181, to find 
the values of .T and y. Ans. a?=-4-9^ and y=.4-.5. 

Ex. 26. Given x'+f : 3?-y^ : : 17 : S, and xy'*==45, to find 
the values of x and y. Ans. a:~5, and y=3. 

Ex. 27. V^ — Vy=.3) ^"^ \/^+'{/2/=7; to find the va- 
lues of X and y. .^-^"s- 3^=626, and y=16. 
Ex. 28. Given i/x-f. \/y : y/x^^y : : 4 : 1, and x— y= 
16, to find the values of x and y. Ans. x=25, and y=9. 
^ . Ex. 29. Given x'+y* : x^—f : : 559 : 127, and a;2y=294 ; 
to find the values of x and y. Ans. x=7, and y=6. 

Ex. 30. Given x*4-y^=20, and x^+y^~6 ^ to find the 
values of x and y. 

Ans. x=±8, or ± -/S, and y =^32, or 1024. 
Ex. 31. Given x^+2x^''-i-y''==1296—4xy(x'*+xy+y2), and s^ 
X— y=4 ; to find the values of x and y. 
• Ans. 6, or — 1, and y= 1, or — 5. 

' Ex. 32. Given ^!!^t!! — ^'=9» to find the value of x. \. 

V^{4x+1)— x/4x • A 

Ans. x=f . 



O 



'. 
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Ex. 3a. Given qry=< and a;"+y»=»' ; to find the values 



; and y'+y V^ar'y=1053, to 



ofxandy. Ans. «=±J 

and y=±3 
Ex.34. Given ar'+x Va:y'=208 
•fiftd the valuep of a: and y. Ans. x=±8, and y=rfc2'3^. 

Ex. 35. Given x*+a:V+y*= 1009, 

and x^+x^y^+f=z682l93, 
to find the values of x and y. 

Ans. a;=:81| or 16 ; and y=16, or 81. 



CHAPTER IX. 

ON 

THE SOLUTION OF PROBLEMS, 

PRODUCING PURE EQUATIONS. 

336. In addition to what has been already said, with 
respect to the translation of problems into algbraic equa- 
tions, it is very proper to observe, that, when two quantities 
are required which are in the given proportion of mton, 
the unknown quantities are represented by mx and nx ; then 
the values of x, found from the equation of the problem 
by the methods in the preceding chapter, being multiplied 
by m and n respectively, will give the numbers required. 

If three quantities are required, which have given ratios to 
one* another, assume mx^ nx, and px, mion being the ratio of 
the first to the second, and niop being that of the second to 
the third ; then proceed as before. 

^ Problem 1. There are two numbers in the proportion of 4 
to 5, the difierence of whose square is 81. What are those 
numbers ? 

Let 42? and 5a: = the numbers ; 
then (25r'-16r»=) 9a;'=81 ; .'.a^^zrO. and x=J^. Con- 
sequently the numbers are ±12 and ±15. 

Prob. 2. It is required to divide 18 into two such paris, 
that the squares of those parts may be in the proportion of 25 
to 16. 

Let x=^ the greater part ; then 18— a:= the less ; 

.-. x^ : (18-a;)* :: 25: 16, and 16x»«25(18-«)* ; 
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.•. extracting the square root, 4a?=s6( 18 — ar), and 
9jrc=90 ; .•. a:= 10, and the parts are 10 and 8. 

pROB* 3. What two numbers are those whose difference, 
multiplied by the greater, produces 40, and by the less 15 1 

I/etar=3. th6 greater, and y== the less ; 

••. by subtraction, aj*—48a:y:^y*=26, 

and a:— y=±6. 
. •. from the fiist equation, a:(jr— i/) =±6a?=40, 

and a;=-tS. 
Prom the 2d, y(a; — y)=J;5y=±.16 ; .-. i/=3t:3- 

PjftoB. 4. What two numbers are those whose difference, 
nmltiplied by the less, produces 42, and .by their sum 133 ? 

Let a:= the greater, and y= the less ; 
.-•. (a?— y).y=42, and (ar— y).(a?4-y)=:133; 
• ••by subtracting twice the first from the second, 
a:^— 2a;y+y'=:49 ; .'. a:-y=±7 ; 
. whence J^J7y=42^ and ^=±6 i 
buta:=y±7; ••. a?=s±6±7=s±^- 

pROB. 6: What two numbers are those, which being both 
inuUiplied by 27, the first product is a square, and the second 
the root of that square; but being both multiplied by 3, the 
first product is a cube, and the second the root of the cube 1 
Let X and y be the numbers ; 

then •v/27ar-^27y, and .\ a;=:27y' ; 
also ^3a?=3y ; and .•. x=9y^ ; 
whence 9y^=27y2, and y==3 ; .% a;=9 X27=243 ; 
.*. the numbers are 243, and 3. 

pROB. 6. Two travellers, A and B, set out to meet each 
other ; A leaving the town C at the same time that B left D.' 
They travelled the direct road, CD : and, on 'meeting, it ap- 
peared that A had travelled 18 miles more than B ; and that 
A could 4a ve gone B*s journey in 15 3-4th days, but B would 
have been 28 days in performing A*s journey. What was the , 
distance between C and D ? 

Let x= the number of miles A has travelled ; 
.•. a;— 18= the number B has travelled ; 
^nd X — 18 : ar : : 15f : the number of days A travelled, = 

63a? 

j-z — -rr^ ; also a: : a?'- 18 : : 28 : to the number ofdays B tra- 

„ '28.(a;— 18) 28.(a7-18) 63a;' " 
18)'=9ar»;.-.4.(a?-18)=±3a?, <|d a?«.72, or lOf ; wkence 



238 SOLUTION OF PROBLEMS 

▲ travelled 72, and B 54 miles ; and, the whole distance, CD 
126 miles. 

Pros. 7. Two partners, A and B, dividing their gam (60/.), 
B took 20/. A's monej^ continued in trade 4 months ; and ijf 
the number 50 be divided by A's monej, the quotient will give 
the number of months that B's money, which waa 100/., con- 
tinued in trade. What wais A'a money, and hQW long did B's 
money continue in trade 7 

W 

Suppose A's money was x pounds ; .•. — = the number of 

months B's money was in trade ; and sinde B gained 20L A 
gained 40/. . 

^ 50X100 ^ , ^ , 10000 
.•. 4x : — : : 2 : 1, and 4x= : 

X ■ X * 

.-. 42:*= 10000, and a:»==2500; .-. a?=db50. 
•-. A's money was 50/., and B's money was one month in 
trade. 

Prob. 8. A detachment from an army was marching in re- 
gular column, with 5 men more in depth than in front ; but 
upon the enemy coming in sight, the front was increased by 
845 men ; and by this movement the detachment was drawn 
up in five lines. Required the number of men. 

Let a?=« the number in front ; 
••. a:+5= the number in depth, 
and x{X'^5)= the whole number of men ; 
also, (a:-f-845)X 5= the whole number of men ; 
••. a:»+5x=6x4-4225, and a^=4225 ; .-. x=-t65. 

And, consequently, 5a: + 4225 = 325 -f 422*5=4650, the 
number of men. Here although the negative value of or, 
will not answer the conditions of the problem, yet it will 
satisfy the above equation ; for, if we substitute — 65 for ar, 
we shall have (— 65)^-f-6(r-65)=6(-65)-f4225 : that is, or 
4225--d25=:— 3254-4225; .-. 4225=4225, or 4»5-4225 
=0, that is, 0=0. 

Prob. 9. It is required to divide the number a into two such 
parts, that the squares of those parts may be in the proportion 
of mion. 

Let ar=: one of these parts ; then a— a:= the other ; and a^ 
cording to the enunciation of the problem, we shall have the 
equation, 

3^ m X /w» , . w ,, 
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By resolvin^'separately.the two equations of the first degree 
comprised in the above ibrmula, namelyt 

iB=.^{a^x) y/m\ and a?= — (a — «) \/wi', 
we shall have^ from the first, 

,=, J!l:^^L^ and from the second :r=r:^. 

By the fii:st solution, the second part of the proposed nom- 
beris«-,-^^=-:it ; and the two pans. JL^- 

and -- — 7~7, are, as was required in the enunciation of the 

question, both less than the number proposed. 
By the second solution, we have 

— a^/m'\ , a^/m! 1 , , 

n.-V^;='*+ir7i'=iZvir i ^""^ the two parts 

Their signs being contrary,' the number a is not^ properly 
speaking, their svm^ but their difference. 

Now, if ci=i8, 9n=:25, and n=16 ; then substituting these 

values in the formula --; — — -. and -r—, — t-ti we shall fiad 10 

l-)-v^m' 14-1/m'* 

and 8 equal^to the twd parts required, the same as in Ex. 2., 

which is a particular case of this general problem. 

Prob. 10. What two numbers are those, whose sum is to 
the greater as 10 to 7 ; and whose sum, multiplied by the less, 
produces 270 ? Ans. ^^21 and ±9. 

Pros. 11. What fwo numbers are those,, whose difference 
is to the greater as 2 to 9, and' the difference of whose squares 
is 128 ? Ans. ±18 and ±14. 

Prob. 12. A mercer bought a piece of silk for 16/. 45. ; 
and the number of shillings which ho paid for a yard was to 
the number of yards as 4 : 9. How many yards did he buy, 
and what was the price of a yard ? 

Ans. 27 yards, at 12s per yard. 

Prob. 13. Find 'three numbers in the proportion of ^, f, and 
i : the sum of whose squares is 724. 

i!^ Ans. ±12, ±16, and ±18. 

Prob. 14. )K is required todiv^ the number 14 into two 
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Buch partS) that the quotient of the greater part, divided by 
tbie less, may be to the quotient of the less divided by the 
greater as 16 : 9. Ans. The parts are 8 and 6. 

Prob. 15. What two numbers, are those whose difference 
is to the less, as 4 to 3 ; and their product, multiplied by the 
less, is equal to 504 1 ' Ans. 14 and 6. 

Prob. 16. Find two numbers, which aire In th§ proportion 
of 8 to 5, and whose product is equal to 360. 

Ans. ±24, and ±15- 

Prob. 17, A person bought two pieces of linen, which, 
together, measured 36 yards. Each of them cost; as many 
shillings per yard, as there w«re yards in the piece ; and their 
whole prices were in the proportion of 4 to 1. What were 
the lengths of the pieces 1 Ans. 24 and 12 yards. 

Prob. IS. There is a number consisting of two digits, which 
being multiplied by the digit on the left hand, the product is 
46 ; but if the sum. of the digits be multiplied by the same 
digit, the product is only 10. Required the number. 

^ Ans. 23. 

Prob. 19. From two towns, C and D, which were at the 
distance of 3^6 miles, two persons, A and B, set out at the 
same time, and met each other, after travelling as many days 
as are equal to the diflferehce of the number of miles they tra- 
velled per day ; when it appears that A has travelled 216 
miles. How many miles did each travel per ctoy ? 

Ans. A went 36, and B 30. 

Prob. 20. There are two numbers, whose suxfi is to the 
greater as 40 is to the less, and whose sum is 'to the less as 90 
is to the greater. What are the number^ ? 

• Ans. 36, and 24. 

Prob. 21. There are two numbers, whose sum tfi to the 
less as 5 to 2 ; and whose difference, multiplied by the dif- 
ference of their squares, is 135. , Required the numbers. 

Ans. 9, and 6. 

Prob. 22. There are two riumbers, which are in the pro- 
portion of 3 to 2 ; the difference of whose fourth powers is to 
the sum of their cubes as 26 to 7. Required the numbers. 

Ans. 6, and 4. 

Prob. 23. A number of boys set out to rob an orchard, 
each carrying as many bags as there were boys in all, and 
each bag capable of contftbing 4 Times as many apples as 
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there were bojrd. They filled their bage, and found the num- 
ber of apples was 291Q, Bow many boys were there ? 

Ans. 9 boys. 

Pros. 24. It is required to find two numbers such, that the 
product of the greater, and square of the less, may be equal 
to 36 ; and the product of the less, and square of the greater, 
may be 48. Ans. 4, and 3. 

Prob. 26. There are two numbers, which are in the pro- 
portion of 3 to 2 ; the difference of whose fourth powers is to 
the difference of their squares as 52 to 1. Required the num- 
bers. Ans. 6, and 4. 

Prob. 26. Some gentlemen made an excursion, and every 
one took the same sum. £ach gentleman ' had as many ser- 
vants attending hind as there were gentlemen ; and the num- 
ber of dollars which each had was double the number of all 
the servants ; and the whole sum of money taken out was 
^3456. How many gentlemen were there ? Ans. 12. 

Prob. 27. A detachment of soldiers from a regiment, be- 
ing ordered to march on a particular service, each company 
furnished four times is many men as there were companies 
in the regirnent ; but those becoming insufficient, each com- 
pany furnished 3 more men ; when their number was found 
to be increased in the ratio of i? to 16. How many compa- 
nies were there in the regiment ? Ans. 12. 

Prob. 28. A charitable person distributed a certain sum 
among some poor men and women, the numbers of whom 
were in the proportion of 4 to 5. Each man received one- 
third of as many shillings as there were persons relieved ; 
and each «roman received twice as many shillings as there 
were women more than men. Now the men received all to- 
gether 18s. more than the women. How many were there of 
each ? Ans. 12 men, and 15 women. 

Pi^ob. 29. Bought two square carpets for 62/. Is. ; for each 
of which I paid as many shillings per yard as there were yards 
in its side. Now had each of them cost as many shillings per 
yard as there were yards in a side of the other, I should have 
paid 178. less. What was the size of each ? 

Ans. One contained 81, and the other 64 square yards. 

Prob. 30. A and B carried 100 eggs between them to mar- 
ket, and each received the same sum. If A had carried as 
many as B, he would have received 18 pence for them ; and 
if B had only taken as many as A, he would have received 8 
pence. How many had each 1 Ans. A 40, and B 60. 

22 
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Frob. 31. The sum of two numbers is 5 (a), and their pro- 
duct 6 (/>) : What is the sum' of lheir.5th powers ? 

Ans. 275 =(ir*— 5i>«=»+5p^«), 



CHAPTER X. 



ON 



QUADRATIC EQUATIONS. 

337. Cluadratic equations, as has been already observed, 
are divided into pure and adfected. All pure equations of 
the second degree are comprehended in the formula x'=», 
where n may be any number whatever, positive or negative^ 
integral or fractional And the value of x is obtained by ex- 
tracting the square root of the number n } this value is dou- 
ble, for we Ipave, a?^±v'n,and in fact, (dh^''*)"^^- This 
may be otherwise explained, by observing, (Art. 106), that 
jf3 — n=(af-l- \/»).{a: — \/n) = o, and, that any product consist- 
ing of two factors becomes nought, when there is no restriction 
in the equality to zero of that product, by making each of itjs 
factors equal to zero. . 

. We have, therefore, x^ — -/n, a? = -[- i/n, or ar==-i- y/n. 

338. Now, since the square root is taken on both sides of 
the equation, a:''=«, in order to arrive at a;» -J- y/n ; it is very 
natural to suppose that, x being the square root of a:*, we 
should also affect x with the double sign ^ ; and, therefore, in 
resolving the equation ar^~w, we shouki write 4>.r=-4- y/n ; 
but by arranging these signs in every possible manner, namely ; 

— x= — y/n, — a==-|- v^», 
wo would still have no more than the two first equations, that 
is, +a;='±V« ; for if we change the signs of the equations 
— af~ — y/n and — a:=+ \/«, they become +a;=+ \/nand 
-|-a;-5= — y/Uf or a:=i y/n, ^ 

339. If, in the formula x'^n, n be negative, or, which is the 
same thing, if we have j:*= — n, where n is positive ; then, 
x=db v'— ».« dt %^'» X \/ - 1| and in fact (± Vnf X ( \/~l )" 
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a=nX-^l~-*-w ] therefore, the* two roots of a pure equation 
are either both real or both imaginary. , 

340. All adfected quadratic equations, after being propeirly 
reduced according to the- rules pointed out in the reduction of 
simple equations, may be exhibited under the following general 
forms ; namely, x^-f-norpo, and aj"-|-na;=n' ; where n and nf may 
be any numbers whatever, positive, or negative^ integral ox frac- 
tional. 

341. The solution of adfected quadratic equations of the 
form a:^+wa?=.o, is attended with no difficulty ; for the equation 
j:^+«rc~o, being divided by a:, becomes ar-|-«=o, from which 
we find ar== — n, though we find only one value of a-, according 
to this mode of solution, still there nnay be two values of *, 
whi^h will satisfy the proposed equation. 

In the equation, a:^=3T, for example, in which it is required 
to assign such a value of x, that x^ may become equal to 3ir, 
this is done by supposing x=«3, a value which is found by di- 
viding the equation by x ; but besides this value, there is also 
another which is equally satisfactory ; namely, x^o ; for then 
ac*=20, and Zx=^o. 

842. An adfected quadratic equal ion is said to be complete, 
when itifi( of the form 3^+nx^n ; that is, when three terms 
are found in it ; namely, that which contains the square of 
the unknown quantity, as ar ; that in which the unknown 
quantitj^ is found only in the first power, as nx ; and lastly, the 
term which is composed only of known quantities ; and, as 
tbere is no difficulty attending the reduction of adfected qua- 
•dratic equations to the above form by the known rules : the 
whole is at present reduced t#determining the true value of z 
from the ^uation 3?+nx=^n'. 

We shall begin with remarking, that if x^-^-nx were a real 
square, the resolution would be attended with no difficulty, be- 
cause that it would be only required to extract the square root 
on both sides, in order to reduce it to a simple equation. 

343. But it is evident that ar^-j-na: cannot be a square ; since 
we have already seen, that if a root consists of two terms, for 
example, rc-j-a, its square always contains three terms, namely, 
twice the product of the two parts, besides the square of each 
pirt, that is to say, the 'square of ar+fl is x^-^-^axJ^c?. 

344. Now, we have already on one side x^-^nx ; we may, 
therefore, consider x^ as the square of the first part of the root, 
and in this case nx must represent twice the product of x, the 
first part of the root, by the second part : consequently, this 
second part must be ^, and in fact the square of r+i'* is found 
to be ar*+«a;+in'. 
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346. ISow j^+nx+in\ being a real square, which has fixr 
its root «+i«, if we resume our equation i^+«a:=n', we have 
only to add i»^, to both sides, which gives us ar*+«l?4"i«^=«' 
+Wi the first side being actually a square, and the other 
containing only known quantities. If, therefore, we take the 
square root of both sides, we find x4-i'*=. 'v^(i»''+«') i ^ 
as every square root may be taken either affirmatively or ne- 
gatively, we shall have for x two values expressed thus ; 

346. This formula contains the rule by which all quadratic 
equations may be resolved, and it will be proper, as Euler 
justly observes, to commit it to memory, that it may not be 
necessary to repeat, every time, the whole operation whibh we 
have gone through. We may always arrange the equation in 
such a manner, that the pure square r* may be found on one 
•side, and the above equation have the form a:^;=-r-?M:+«', 
where we see immediately that a?= — i«rt: y/(^-^n!)- 

347. The general rule, therefore, which may be deduced 
from that, in order to resolve ar^==-— rwx+w', is fo-unded on this 
consideration. That the unknown x is equal to half the co- 
efficient or multiplier of x on the other side of the equation, 
phts or mintts the root of the square of this number, and the 
known quantity, which forms the third term of the equation. 

Thus, if we had the equation af^=6ar-i-7, we should imme- 
diately say, that a:=3-i--s/(9+7)=3-t.4 ; whence we have 
these two values of a: ] namely, a;=7, and a;=— 1. 

348. The method of resolving adfected quadratic equations 
will be still better understood by the four following forms ; in 
which n and ri may be any pos^ve numbers whatever, integral 

. 01 fractional. 

I. In the case x^-^-jix^n'j where ar= — ^w+ \/(i«^+»')» or 
— ■!«— \/(in^+»')) >be first value of x must be positive, be- 

. cause v^(i«'-|-«') is > \/in^, or its equal -Jw; and its second 
value will evidently be negative, because each of the terms of 
which it is composed is negative. 

II. In the case .r'— «.t=w', from which we find a:=^+ V 
(i»^+«')) <>r J-n — -/(in^+w), the first value of ar, is manifest- 
ly positive, being the sum of two positive terms ; and the se- 

• cond value will be negative, because V(i»^+»') is > \/(i»')i 

or its equal in, 

III. In the case x^ — na:= — «', we have x=in+V'(i^'"^')' 
or in— -/(Iw^ — »') ; both the values of x will be positive, 
when in^ is >»' ; for its first value is then evidently positive, 
being composed of two positive terms ; and its second value 
will also be positive, because %/(iw^-«') is less than ^(-}rf)i 
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or it8 eqiml i». But if -Jn', in this case, be less than n', both 
the vaiues of x will be imaginary ; because the quantity, -Jw* 
-*-«' \inder the radical sign, is then negative; and conse- 
quently ^/(in'-^»') will be imaginary, orof no assignable value. 

IV, Also, in. the fourth case, 3^+nx= — n\ where x= — 
^-i- y/{in^ — ^), 9^ — in— y/iin^- n^)) the two values of a; 
will be both negative, or both imaginary, according as in^ is 
greater or less than n'.. 

349. Hence we may conclude, from the constant occur- 
rence of the double sign before the radical part of the preced- 
ing expressions, that every quadratic equation must have two 
roots ; \yhich are both real, or both imaginary ; and though 
th6 latter of these cannot be considered as real quantities, but 
merely as pure a,Igebraic symbols, of no determinate value, 
ye% when they are submitted to the operations indicated by the 
equation, the two menibers of that equation will be always 
identical, or which is the same, it shall be always reduced to 
the form 0=0. 

360. It may here also be further observed, that, in some 
equations involving, radical quantities of the form y/{ttx+b) 
both values of x^ found by the ordinary process, will not an- 
swer the proposed equation, except that we take the radical 
quantity with the double sign ±. Let, for example, the values 
of X be found in the equation x-|- >/(6a:+10) = 8. 

Here, by transposition, \/(5a:+10)=8 — x ; 

therefore by squaring, 5jc + 10 = 64 — 1 6x+a:® 

or X* — 2lx=z — 54 ; and .% x=18, or 3. 

Now, since these two values of x are found from the reso- 
lution of the equation a:^— 21x= — 54 ; it necessarily follows, 
that each of them, when substituted for ac, must satisfy that 
equation ; which may be verified thus ; in the first place, by 
substituting 18 for x, in the equation a;^— 21a:= — 64, we have 
(18)'— 21X18;= -64, or 324 -378==— 54; that is, -64=: 
-.64, or 0=0. 

Again, substituting 3 for x, we have (3)' — 21X3= — 54, 
or 9— 63= -64 ; --54=— 64, or 54—64=0 ; /. 0=0. 

361. . And as the equation V — 21ar= — 64, may be deduced 
from the equation -f-^(5ar+10)=:8 — x, or — V(^^+l^)= 
8 — X ; it is evident that the radical quantity >y/(5a;-l-10), must 
be taken, with the double sign -jt:» ^^ ^h® primitive equation, 
in order that it would be satisfied by the values, 18 and 3, of 
X, above found ; that is, 18 answers to the sign — , and 3 to 
the sign 4- But if one of these signS) be excluded by the 
nature of the question ] then only one of the values will sa- 

22* 



246 aUADRATIC EaUATIONS. 

tisfy the original equation ; for instance, if ^ the e<[uation jt 
+>^(5ar+10)=s8, the sign — be excluded from the radical 
quantity, then the square root of 6a;-}-.10 must be considered 
as a positive quantity ; and because it is equal to 8^— :£ ; the 
value of Xy since both are positive, which will answer the pro- 
posed equation, must be less than 8 ; therefore^ 3 is the value 
of a?, which will satisfy the equation y-f" \^(9x-|-10)=8, which 
\ can be readily verified thus \ substituting 3 for a:, we have 3-^- 
^(15+10>=:8, pr 3+5=8. And for a similar reason, 18 is 
the value of a:, which will answer the equation x — v'(5x-f 10) 
=8; for 18— v/(90+10)=i8— 10=8; .-. 8=8, or 0=0. 

352. It is proper to take notice here of the following me- 
thod of resolving quadratic equations, the pnnciple of which 
is given in the Bija Ganita, before mentioned : thus, if a 

quadratic equation be of the form 4a^jr*-i-4a6x= Jb^^^j i^ ^ 
evident that, by adding 6^* to both sides, the left-hand member 
will be a complete square, since it is the square of 2axJc:^\ 
and, therefore, b/ extracting the square root of both sides, there 
will arise a simple equation, from which the values of 2; may be 
determined. 

353. Now, any quadratic equation of the form ai^dc^^^ 
+c, (to which every quadratic may be reduced by the known 
rules), by multiplying both sides by 4a, will become 4<^j^-4- 
4ahxz=z^4ac. From which we infer, that if each side of the 
equation be multiplied by four times the coefficient of x^^ and to each 
side there be added the square of the coefficient of a?, the quantity on 
the left-hand side of the resulting equation wUl always be a com- 
plete square ; from which, by extracting the square root, the values 
of X loill be determined. If the coefficient a=l, then both sides 
of the equation is multiplied by 4, and the square of the coeffiqent of 
X is added, as before. 

§ I. SOLUTION OF ADFECTED <IUADRATIC EQUATIOMS^ INVOLV.- 
ING ONLY ONE UNKNOWN (QUANTITY. 

354. Rule I. Let the terms be arranged on ona side of 
the equation, according to the dimensions of the unknown 
quantity, beginning with the highest ; and the known quanti- 
ties be transposed to the other ; then, if the square of the un- 
known quantity has any coefficient, either positive or negative, 
let all the terms be divided by this coefficient: If the square 
of half the coefficient of the second term be now added to both 
sides of the equation, that side which involves the unknown 

* quantity will become a complete square ; and extracting the 
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nquare root on both sides of the equation, a simple equation will 
be obtained, from which* the values of the unknown quantity 
may be determined. 

356. Rule II. The terms of the equation being arranged 
as above, let each side be multiplied by four times the coeffi- 
cient of s^^ afid to each side add the square of the coefficient 
of X ; then (he left-hand member, being a Complete power, ex-y 
tract the square root on* each side of the equation, and there 
arises a simple equatiqn, from which the values of 2; may be de- 
termined. 

366. It may be observed, that all equations may be solved 
as quadratics, by complelting the square, in which there are 
two terms involving the unknown quantity, or any function of 
it, and the exponent of one is double that of the other. 

3n 

-j-iw:)'+6x.(ar*+«a?)==d, are of the same form as quadratics, 
and the values of the unknown quantity may be determined in 
the same manner. 

357. Mahy equations also, in which more than one unknown 
quantity are involved, may, in a similar manner, be reduced to • 
lower dimensions by completirig the square, as a;y-f-pjy=y, 
(jr'-[-y^)'^+j?.(j?^'^y*)=r. . Instances of this kind will occur in 
the next section. 

358. And many adfected equations of the third, and other 
higher degrees, may be jcxhibited under the form of a quad- 
ratic, from which, by completing the square, the value of the 
unknown quantity will be determined. The biquadratic equa- 
tion a;^ — 8(ft2r**^8aV+32a^j;==rf, for instance, may be reduced 
to the form (x't — 4aa?)^— 8a^(ar*— 4oir)=d Thus the two first 
terms (x^— 4ax) of the square root of the left-hand member 
being found according to the rule (Art. 299), and the remain- 
der ---8aV+32o'a?, being evidently equal to — 8a'{x^'-4ax) ; 
therefore a:*— 8ax^-f 8aV+32a*a;=:(:r^— 4ax)2— 8a'(a:^-4aa:) 
zsd. Hence it follows, that if the. remainder, after having 
found the first two terms of the square root (Art. 238), can be 
resolved into two factors, so that the factor containing the un- 
known quantity, shall be equal to the terms of the root thus 
found ; the proposed biquadratic may always be reduced to a 
quadratic form. 

359. In a similar manner, the cubic equation ar'-f-2aa;^-|- 
5a'a?-|-4a^=o, may be reduced to the form {x^-^-axf X^^^C^ 
+flur)=(?; thus, multiplying every term of the proposed 
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equation by x, it becomes a?*+2a:p'-f-5a'a:+4fl^a?=0, which 

can be reduced to ttie above form, as in the preceding article. 

There are a variety of other artifices for reducing equations 

to lower dimensions, which will be illustrated in the following 

examples. 

. Ex. 1. Given ar'+^^^^O, to find the values of «. 

Completing the square, •j^-\-%X'\-\%^Z^ ; ■. • 
and extracting the root, x-|-4=±6 ; 

Whence, by transposition, x=2, or - 10. 

Ex. 2. Given ^ — ^Sa:4-^=14, to find the values of x. 

By transposition, x' — 8a; =9 ; 
and completing the square, x'— 8x-f-16=25 ; . 

.'. extracting the root, a:— 4 = Jb^i ^ 
and x=^9, or — 1. 

Ex. 3. Given ^ ;, ., J, =(a?-2)' to find the values 

of ar. 

Multiplying the numerator and the denominator of the fraction 

, . ., , ^x. {x-^yfif-^yf , ^^, a:4-v^(a:»— 9) 
by x+v/(a:'»-9), -^ ^^1 ^ = (a:— 2)»; .•.^~^~ 

= -|»''a;— 2) : Tiaking the positive sign, ar+\/(ar'~.9)=3a:— 6, 
or v/(x^— 9)-2a:— 6 ; .'.ar* — 9=4a?*— 24x4-36 ; by transpo- 
sition and division, x'— 8x= — 15; .*. completing the square, 
&c. x=5, or3. 

But, by taking the negative sign, x-|- \/(*'— 9)= — 3x-f-6 ; 
.'. by transposing and squaring, x^ — 9 = 16a;" — 4Sx-j-36, and 

by transposition and division, x'^ --x=-3; completing the 

o 

^ 1^ . 64 11 ,. ._ 

gquarmg, :^— ---x-|---= — — ; .*. takmg the root and trans- 

8±n/— 11 
posing, x« 5~"-- 

17 

Ex. 4. Given x*-j---x^—34x=16, to find the values of x. 

17 
By transposition, x^+-r- ^ = 34x + 16 ; completing the 

17 /17 S /17 \ 
square, x*+---x'-f f — x V=:f --x V + S'*^ + 16 ; .vex- 

17 /17 \ 

tracting the root, x'-|-j-^=zt{ — ^^+4 )• 

Let the positive root be taken ; then, by transposition! ^=^^ ; 
.•• x=2, or — 2. 
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But if the negative" valiiebe taken, a;^4---a;=: «— 4 ; 

. ^i^'^ 'a j\-a. 1*^ |2S9 289- 225 

17 15 

trading the root, a;+--= ji-—., a^d by transposition, x=z — 8, 

or — i. . 

E^. 6: Given 4**— »a;=85, to find Ihe values of or. 
. Muhiplying by 16, 64a:*— 48a? =.1360, and, adding the 
square of 3, 643:*— 46a?-f 9= 1 369 ; 
.*. extracting the square root, 3rr— '3=8^-37 ; 
by transposition, a2;=40, or — 34, .«. a;=6, or — 4i. 

Ex. 6. Given 6ar-j =44, to find the values ofx. 

X 

IVfultiplyipg by x, 62r*-|-35— 3a?=44a; ; 
.'. by transposition, 6^^ — 47a:=— r35 ; 

andbydivi8ion,jt«—— «=«:-.— -j therefore completing the 

square,a-^,^x+(^_ j- _,^_ = — ;... extractmgthe 

47 37 • 
root, a;-— «±— , and x=7, « f 

Ex, 7. Given 63; :«=23?-| — -— -,tofind the values of a:. 

Multiplying by 2x— 6, we have 10a?"--363:4-6=43r'-l23? 
-f33r'^163r+18; 
.*. by transposition, 33:* — 9a:=12 ; 

and by division, or* — 33:=«4 :, y 
.'. completing the square, 3:*— 3x+f 3=4-f-f*^-8^, 
aj^d extracting the root, 3?— f ^ps-^a j ^ 

»•. x^4, or — 1. . '~" 

T?^ fl r«- o 3af— 10 ^, ear"— 40 ^ , , 
Ex.8. Given3a:-^-,g— — =:2H — T^lT' *° ^'^^ the va- 
lues of a:. ' 
Multiplying by 2ar— 1, 

^^ a 63r»— 23.r4-.10 

e2r»r-33? 9i:2~ — =:?43:— 2+6a;«— 40, 

._ , 6a:^— 23a;-fl0 

or 7x'\ ~ JL_53s42 : 

9—23; ^^' 

••. 633:— 143:*+63r*— 23a;+10=378-843; ; 
by transposition, 1 243; - 8^*= 368, 
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Let the poidtive value be taken; tbeti by transpositidn, 9x 

28 
-^= — ^ and .•. 9aF — 4a;=28 ; by completing.the square, &c., 

X 

14 ' 
we shall have x=:2, or— --j^. But if the negative vahie be 

taken, Qar'-j-^x^ — 30 and coOQpleting the square^ S((^,x=? 
— 2dbN/(— 266) 

Ex. 16. Given Sai'+^o;— 9«76, to find the values of x. 

A \ " 

Ana^ssS, or-^ — ^. 

8 — X 2x — II jr — 2 

Ex. 17. Given—- --=—-— to find the values 

2 a?— 3 o 

of X. Ans. af=6, or i. 

3a:+4 30— 2a: 7a:— 14 ^ ■ ^ 

Ex. 18. Giv6n — ^=s — -^ — , tp find the values 

5 X — 6 10 

of ar. Ans. ic^36j or 12. 

ayS 10a:'+l 

Ex. 19. Given -—^ — ^--r^==^ — 3, to find the values of a?. 

Ans. a:=l^ or — 28. 

Ex. 20. Given V(^+S)X\/(^+12)=?12, to find the va- 

lues of a;. i . Ans. a: =4, or — ^21. 

.--Ex. 21. Given2ar'+3a:— 5v'(2a^+3a:4.9)4-3=0, to find 

the values of x. Ans. a: =3, or — -•, or ~- . 

Z 4 

*Ex. 22. Given 9a;+,v/(16ar»+36a:')=irl6aJ»— 4, to find the 
values of X. Ans. ar=-, or — - ; or ■■ ■ ■ - . 

Ex. 23. Given — — [-^ — 49 ==94—, to find the values 

of X. Ans. a;=2, or — =, or ^r^ — . 

7 7 

Ex. 24. Given a;* — ^2a;'+a:s=!l32, to find the values of ar. 

Ans. a? =4, or — 3, or -=-^~ -'. 

-2 

Ex. 25. Given x^+x ^=^756, to find the values of x, 

An8.'ar=243, or (—28)* 
2. 
Ex. 26. Given a^ — ^ar'^sese, to find the values of x. 

Ans. a:=4, or ( — ^7)*. 
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Ex. 97. GiTena;+6=^(x4-5)+6,tofind the values of or. 

Ex. 28. Given «+16— 7V(a?+16) = iO— 4V(a?+16), to 
find the values of x, Ans. a;=9, or — 12. 

Ex. 29. Given ap+4H = l^i ^o find the values of «. 

X 

Ans. af=4, or — ^2. 

Ex. 30. Given 144-4a; ^-=3a?4--^^ — , to find the va- 

a:— 7 3 

lues of X, Ans. a;=28, or 9. 

X'{'4c 7 j; 4a;-f-7 *' 

Ex. 31. Given — ^ :;= — r 1, to fiind the values 

3 X — 3 9 ' 

of «. , Ans. a;=21, or 5. 

w «^ i-i. <. . ,« 8a:*+lis ^^ 12ar— 11 ^ ^ _ 
Ex. 32. Given 2a?4.18 r-T-;;r=27 -; ^, to find 

the^alues of x. Ans. x=8, or 5. 

Ex. 33. Given ^^^--i?=a:>4.x+8, to find the values 

of ar. Ans. a;=4, or — 4f / 

Ex. 34. Given V(4a:+5)X V(7x+1)=30, to find the va- 
lues of x, Ans. ar=5, or —6^4. 

x4-12 X 78 

Ex. 35. Given —^ 1 — i-T;r = r^j to find the values of x, 

X a;-t-12 15 

Ans. «=3, or' — 16. 

Ex. 36. Given x' +7ar^=44, to find the values of x. 

Ans. x=±S; or ±(—11)*- 

JL J. 

Ex. 37. Given 4x' -j-^'~39, to find the values of x. 

-■'=-• °'(t> 

Ex. 38. Given 3x»+ 42x^3=3321, to find the values of x. 

Ans. x=3, or — ^41. 

8 17 

Ex. 39. Given -r+2=--r-, to find the values of x. 

X* 

Ans. x=4, or i^2. 

Ex. 40. Given x'+ll+V(x^+ll)=42, to findthe values 

of X. Ans. x=±6, or ±>^38. 

Ex. 41. Given x" — 12x+50="0, to find the values of x> 

Ans. x=6±v/(— 14). 
Ex. 42. Given 3x — }x'=10, to find the values of x. 

Ans. x=6±\/ — 4. 
23 
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Ex. 43. Given «• — 2x^=48, to find the values of x. 

Ana. x=2, or y-— 6. 

Ex. 44. Given x*+2x'— 7x' — Sx^ — 12, to find the values 

of x. Ans. 2, or — 3, or 1, or — 2» 

Ex. 46. Givena;*— 10r»+35a;»— 50x+24=0, to find the 

values of x. A ns. x= 1 , 2, 3, or 4. 

Ex. 46 Given a:^ — 8r'+ 1 9a;— 12=0, to find the values of x. 

Ans. a;=l, 3, or 4. 

a?"?" \/x 3^ X 
Ex. 47. Given — ^---=-— — , to find the values of a:. 

X'-^y/X 4 

4 Ans. x=4, or 1, or f ± i V — 7. 

Ex. 48. Given 4a:*-| — =4ar'-|-33, to find the values of ar. 

3 l±%/(— 43) 
Ans. x=r2, or — - ; or -==— r -' 

§ II. SOLUTION OF ADFECTED QUADRATIC EQUATIONS, 
INVOLVING TWO UNKNOWN QUANTITIES. 

360. When there are two equations containing two unknown 
quantities, a single equation, involving only one of the un- 
known quantities, may sometimes be obtained, by the rules 
laid down for the solution of simple equations ; from which 
equation the values of the unknown quantity may be found, 
as in the preceding Section. Whence, by substitution, the 
values of the other may also be determined. In many cases, 
however, it may be more convenient to solve one or both of 
.theequations first ; that is, to find the values of one of the un- 
known quantities, in terms of the other and known quantities, 
as before; when the rules for eliminating unknown quantities, 
(§ I. Chap. IV), may be more easily applied. 

The solution will sometimes be rendered more simple by 
particular artifices ; the proper application of which shall be 
illustrated in the following examples. 

^"^ and x^+s4^^^i I ^"^ ^""^ ^^^ ''*'^"®^ °^ ' ^""^ ^' 

From the 1st equation ar=7-^2y ; 

. •. a:^=:49--28y+4i^ ; 
Substituting these values for x and x^ in the 2d equation, 
then 49— 28y-|-4y^+2ly— 6^^—3^=23, 

or 3y'+7y=:49— 23t=26. 

36t^+84y4.49=312+49=36l ; 

.% extracting the square root, 6j+''^=l^i 

and 62^=19—7—12; y=2, 

and a:=7— 2y=7 — 4=3, 
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Ex. 2. Given 4«y=96 — x^f^ and ar+y=^» ^^ ^^^d the va- 
lues of a; and y. 

From the first equation a:^'+4^+4=l^^i 
and extracting the root, ary-j[-^=±10 

.•. a:y=8, or — 12 
Now squaring the second equation, 

but Axy =32, or — 48. 

.*. by subtraction, x'— 2xy+2r*=4) or 84 ; 
and extracting the root, a:— y=3t2» or ±V®^ m 

but a:+y= 6 j 

.*. by addition, 2a;=8, or 4, or 6± ^^84 ; 

• whence, a:=4, or 2, or 3± ^^21 ; 

and by subtraction, 2y =4, or 8, or 6 :f .^84 ; 

••. y=2, or 4, or 3 q: \/2L 

Ex. 3. Given a"-j-aj+y=18 -y*, and a:y~6, to find the va- 
lues of ^r and y. 

By transposition, ir^4-y^+^4"y==l® i 
and from the second equation, 2a:t^. =12 ,* 

.•. by addition, a:"4"2a:y+y"+a?+y=30 ; 
and completing the square, 

(«+y)'+(«+y)-H=3o+i=lH ; 

.•. extracting the root, ic-|-y+i~dh'V'» 

and ir+y=5, or — 6 ; 
whence, firom the 1st equation, a:^-j-y"=13, or 24 ; 

but2ajy=12; 

.'. by subtraction, a^ — 2a:y-f"y'=lj ^^ ^2; 
.'. extracting the root, x — y=±l, or ±2^^. 

Now a;+y=S) or — 6 
.% by addition, 2x=6, or 4, or — 6 J-.2.>/3 

.•. a;=:3, or 2, or — 3±va 
and by subtraction, 2t/=4, or 6, or — 6-=F2v/3 

.'. y=2, or 3, or — 3=Fv'2'. 

Ex. 4. Given a; — ^\/xy-\-y — >\/a;+\/y=0,and\/a;+v^y 
=6, to find the values of a: and y. 
Completing the square in the first equation, 

and extractmg the root, sjx—^y — i =±i i 



/ 
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/. ^/*~^/ift =1 or o, 

but from the second equation, ^x-^^^^yzsb ; 

« 

.*. by addition, 2>^a;=6, or 5, 
and ^jr=3, or -, .-. a;=9, or — . 

25 

By subtraction, 2^y=-4, or 6 ; /. y=4, or — . 

Ex. 5. Given a:*y*=2y*, and 8x*— y* =14, to find the va- 
lues of as andy. 

From the 1st equation, a?*=2t^* ; and ••. Ja?»=y* ; substi- 
tuting this value in the second equation, 

8a:^— ia;*=:14 ; and .-. 16jr*— 05^=28 

or, by changing the signs, 3:'—16x*= — ^28 

completing the square, x*— 16x'-J-64=36 

and extracting the root, x^ — 8=±6 

.*. X* = 14, or 2, and x=2744, or 8 

Ex. 6. Given «*+y'=:3x, and x*+y3^=x, to find the va 
lutsofxandy. 

By squaring the second equation, x+2x*jf*+y*=rx* ; 

butx" -fy9=3x; 



, .'. by subtraction, x— x*-}.2x'y3— a;» — 3a; j 

but from the second equation, y^=x— x* ; 
Let this value be substituted in the preceding equation ; 

then X— ^*+2x* — ^2x=a^ — 3x ; 

/. by transposition, 2x=x' — ^x' 

1 
' and dividing by x, 2=x — x' 

conipleting the square, x — x^+i=2+i=} 

and extracting the root x' — i='iti 

.•. x*=2, or —1 ; and x=4, or 1. 

By taking the former value of x, we have y^=x— x* 
»=4— 2=2; .-. y=8. 

and by taking the latter value, y*=x—x' = 1+1=2, 

J. X 

(smc© x* = — 1, — x' =+l);.*. y=8. 
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Ex. 7. Given y'—64=i8«'y, and y— 4=2y«ar, to find the 
values of x and y. 

From the first equation, y^— 8a:^y=64 ; 

completing the square, y*— 8a;*^y+16a!=16ar+64 ; 

extracting the root, y — 4x*=2t4 v^(^-M) I 

and.*, y^^x^ -^Ay/yjX'^-A), 

Also, from the second equation, y — 2y"a:'=4 ; 
.•. completing the square, &c. y^=a:*±v'(^"l~^) i 
multiplying by 4, 4y*=4a:'Jt4 \/(a:+4) ; 

... y=4ya,andy=16. 

r» ^ t. ^ • i y— 4 12 3 

But, from the second equation, ar3=i — _=_=_ j 

2ya ® ^ 

.'. by involution, *=t. 

361. When the equations are homogeneous, that is, when 
a?, y", or xy, is found in every term of the two equations^ they 
assume the form of 

aa^-^-bxy-^-cy^^^^d^ 

ax^+b'xy-\-c'i^=d' ] and their solution may be effected 
in the following manner : 

Assume aj=t?y, then t^^v^i^ ; by substituting these values 
for Q^ and x in both equations, we have 

a'..y+6V+^y=cf;.^y«=^^i-^ . . (2). 

••. (o't/— orf')t;'-("(^'^— •^^)^~^^ — ^'^y which is a quadratic 
equation, from whence the value of v may be determined. 
Having the value of », the value oi y may be found from ci- 
ther of the equations (1) or (2) ; and then the value of x^ 
firom the equation x^vy. 

Ex. 8. Given 2ar»+3j;y+y«=20, and 6a;"+4y*=41, to find 
the values of x and y. 

Let x^vy^ then 2try+3»y»+y''=20 ; 

23* 
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20 
••• ^^ i;?+3H^T» ^'^^ 6t;y+4y»=41 ; 

41 „ 20 41 ^^ ,, 

''^^-^j-v He'^<^^2^-3V+r=5i?+i-' ^' ^^-^'^ 

=-13 ; 

.-. by division, completing the square, &c. »=-^ or \. 

41 369 
Let v=i, then y»=— -^=— =9 ; .-. y=3, or —3, 

and a?=ry=l, or — 1. 

13 164 13 164 

Again, let »=y; then 3^==t\/geY» and ar=±— ^— j. 

Consequently there are four values, both of x and y% which 
satisfy the proposed equations. 

362. When the unknown quantities in each equation are 
similarly involved, the operation may sometimes be shortened, 
by substituting for the unknown quantities the sum and diffe- 
rence of two others. 

, x* ■&* "*\ 

^®^ ^ i^ "" w to find the values of x and y. 
and a:-|-y~12, i 
Assume x^z-^v, and y=z — v \ .*. a;+y=2«-=12 ; 
orj2f=6; .'. a:=6+r, and y=6— -t;. 

Also, since — 1-- = 18, x^-\'}f=\Sxy ; 

.•• (6+v)^+(6— i;)3=18(6+r) X(6— ») ; 
or 432 +36.t;^=^648— 18r^ j 
and by transposition , 54t;^=216 ; 

.-. 17^=4; andv=-t:2; /. a:=6±2=:8, or 4 ; 

and i/=6±2=4, or 8. 

363. In all quadratics of this kind, in which x may be 
changed for y, and y for a;, in the original equations, without 
altering their form, the two values of one of the quantities may 
be taken for the values of the two quantities sought. 

Ex. 10. Given x-}-y=2o, and ar^+y^=^) to find the values 
of x and y. 

Let x — y=25r ; then x=a+2r, and y=a — z ; 
.•.by substitution, (a-^-zfJ^i^a — zy=bj or, by involution and 
addition, 2o*4-20aV4.10a;^=6; 

6 — 2a* fc-4-8a* 

... ««+2«V= -j^-, and *=±V[-«'±V(^-)]- 

... a;=a±v[-^=fcV(^-)]. and y=o=Fv/[— ^r-db 
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Now, let jc-f-y =6, and ar®+y'= 1056 ; then bj substituting 
3 for o, and 1056 for 6, in the formulae of roots, the values of 
X and y will be found ; that is, a;=3±l, or S^tV — 19 ; and 
y=:3T^l, or 3=F\/— 19. Or, by substituting the above va- 
lues of a and 6 in the equation lOa^* — 20aV+2o*=:6, it be- 
comes 30j2?*4-640a:+486 = 1056 ; from which the values of z 
may be found ; whence, by substitution, the values of x and y 
will be determined, as before. 

Ex. 1 1 . Given ar+^y =« 14, and y'+4a:=2y4-l h ^^ ^^ the 
values of z and y. 

Ans. xz=i — 46, or 2 ; and y=15, or 3. 

Ex. 12. Given 2a;+3y=118, and 5ar»-7y»=4333, to find 

the values oix and y. 

3899 ^ ,• 3268 

Ans. a:=35, or — - ; and y=16, or —r=-. 

Ex. 13. Given x'-f 4y»=266— 4iry, and 3y»— x^i=39, to 
find the values of re and y. 

Ans. jr=-t:6, or ^102 ; and y=db5) o^ ±^9. 

Ex. 14. Given a;"-{-y'»=2fl*, and xy=^€^i to find the values / 
of X and y. / 

n S» An X 

Ans. < c^ 

^~* » 2n 2» _JL' 



[a ±V(« — c )]^ 

Ex. 15. Given ar'+2a;y+y^+2a:-- 120— 2y, and a:y—y^=8, 

to find the values of a? and y. 

Ans. a;=6, or 9, or — 9=F^5 ; and y=4, orl, or — 3J- 

V^5. / 

Ex. 16. Given a;2+y^—a:—y= 78, and ary+a;+y=39, to ■ 

find the values of a; and y. 

Ans. a;=9, or 3; or — 6^ J-^-v^ - 39 ; and y=3, or 9, or 

— 6i=F^v/— 39. 

a? 4x 85 \ 
Ex. 17. Given -+—=—, I ^^ ^^ ^^^ ^^^^^^ ^^^ ^^^ ^^ 

andx — y=2, ' 

17 3 

Ans. rc=5, or — ; and y=3, or — --. 

Ex. 18. Given a:*— 2a;^-|-y^=49, } to find the values of x 
and x^ - 2a;^y2+y*— r^4-y2==20, S and y. 

Ans. a? =±3, or ±\/fi) or db:a'\/(30±6-v/6) ; 
and y=:2, or — 1, or i(l=t3-v/5).* 

"^ There are four other values, both of or and y, which are all iraaginaiy. 






r 
I 
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Ex. 19. Given x — x^=:Z — y, and 4— x=y — y^, to find the 
values of X and y. Ans. a;=4, or i ; and y=l, or 2^, 

J Ex. 20. Given a:*+ar--4a:'' =y»-f.y+2, and ary=y*+3y, to 
find the values of x and y. 

Ans. x=:4, or 1 ; and y=l, or-*-2. 

Ex. 21. Given a;'+iy=66, and 3y4-2y'=60, to find the 

values of x and y. Ans. x= db:^\/2, or ^14 ; 

andy=±3Ay2, or±10. 

Ex. 22. Givenx— y=16, and a:y=^2^, to find the values 

of X and y. Ans. x=18, or 12^- ; and y=3, or — 2^- 

Ex. 23. Given 10x+y=3xy, and 9y-9j=l8, to find the 

values of x and y. Ans. x=2, or — \ ; and y=4, or f . 

Ex. 24. Given x+y : x — y : : 13 : 5, > to find the values of 

and y'-|-x=25, \ x and y. 
Ans. x=9, or — 14 j^ ; and y=4, or — 6^. 
Ex. '26. Given x*y*— 7.ry'=1710, and xy--y= 12, to find 
the values of x and y. 

Ans. x = 6, or i, or -r==^7r-; — ;; \ and y=3, or — 16, or 

17=F6v^— 2' ^ ' 

-Civ'-- 2. 

Ex. 26. Given xy+xy»= 12, andx+xy'=18, to find the 
values of x and y. Ans. x=2, or 16 ; and y=2, or \, 

Ex. 27. Given x+y+v/(a?+y)~6,anda;*+y'=10, to find 
the values of x and y. 

Ans. x=3, or 1 ; or 4^±iV — 61 ; and y=l, or 3, or 

Ex. 28. Given x»+4v^(x»4-3y4.5)=65-3y, and6x-7y 

=^16, to find the values of x and y. 

-63 -9^^/5072 

_xr=5, or— — - ; or ==~ 

Ans. } ' 7 ' 7 



430 — 1664=6 x/5072 
y=:2,or-.— ;or f^^ . 

Ex. 29. Given x^4-2i3yi=441— x^«, andxy=3+x, to find 
the values of x and y. 

^^^- \ y-2, or t ; or ^=F V- 17; 
Ex. 30. Given (x-fy)'—3y=284-3x, and 2xy+3x=:35, to 
find the values of x and y. 

Ana I ^=^> ^'^ ^ or — f±V(-256), 
^'''- 1 y =2, or 1, or _YTv^i(_255.) 
Ex. 31. Given x«+3x4.y=73— 2xy, and y'+3y+x=44, 
to find the values of x and y. 



Ans \ ^^^^ °^ ^^ J or— 12=F^/68, 
( y=5, or -7 J or — 1±\/58. 
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Ex. 32, Given -^+^=136i—2an(, and a:+y=10, to find 

the values of x and y. 

. <a?=6,or4; or6±6V(— H), 
^®* ^ y sr4, or 6 ; or 6=F5 ^ - (if). 
Ex. 33. Given y*— 432=12j^, and y*=:12+2a«^, to find 
the values of x and y . 

Ans. »=2, or 3 ; and y=s6, or v^(21)-f.3. 



CHAPTER XL 



ON 



THE SOLUTION OF PRQBLEMS, 

PRODUCING QUADRATIC EQUATIONS. 

§ I. SOLUTION OF PROBLEMS PR0DUC1N&.J(IUAD11ATIC EQUA- 
TIONS, INVOLVING ONLY ONE UNKNOWN QUANTITY. 

364. It may be observed, that, in the solution of problems 
which involve quadratic equations, we sometimes deduce, 
from the algebraical process, answers which do not correspond 
with the conditions. The reason seems to be, that the alge- 
braical expression is more general than the common language, 
and the equation, which is a proper representation of the con* 
ditions, wUl express other conditions, and answer other suppo* 
eitions. 

Prob. 1. A person bought a certain number of oxen for 80 
guineas, and if he had bought four more for the same sum, 
they would have cost a guinea a piece less. Required the num- 
ber of oxen and price of each. 

80 
Let x= the number ; then = the price of each ; 

80 60 , , ^ , , 

.'. —7-7= If by the problem, 

X ' I ' ^ X 

and by reduction, a!'H-4a?=320 ; 
.-. a:«+4j44=324,and «+2= ± 18 ; 

.•. x=16, or— 20. 



- ; 
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And — =-—=5 guineas, the price of each. 
X 16 

The negative value (—20) of x, will not answer the con- 
dition of the problem. 

pROB. 2. There are two numbers whose difference is 9, and 

their sum multiplied by the greater produces 266. What are 

those numbers % 

Let x= the greater ; .*. x — y= the less. 

9 266 
and ar.(2a:— 9)=266 ; .•. a;"— r.a:=-5-. 

9 47 

-• completing the square, &c. a?— T==bT J 

••. a:==14, or —9^; and x — 9=6, or — 18J. 
Here both values answer the conditions of the problem. 

Prob. 3. A set out from C towards D, and travelled 7 miles 
a day. After he had gone 32 miles, 6 set out from D to- 
wards C, and went every day one- nineteenth of the whole 
journey ; and after he had travelled as many days as he went 
miles in one day, he met A. Required the distance of the places 
C and D. 

Suppose the distance was x miles. 

X 

.*. Tx= the number of miles B travelled ^cr day ; and also 
ss the number of days he travelled before he met A. 

361^ ^19 ' 
by transposition and completing the square, 

^r— -W+36=36-32=4; 
361 19 * 

X 

extracting the root, — — 6=j-2 ; 

X 

.'. r-:r=8, or 4 ; and x=152, or 76, both which values an- 

swer the conditions of the problem. The distance therefore of 
C from D was 152, or 76 miles. 

Prob. 4. To divide the number 30 into two such parts, that 
their product may be equal to eighX times their difference. 

Let a:= the k&zer part ; .•. 30 — jr= the greater part, and 
' 30 — a:— jr,»or 30 — 2jr= their difference. 

Hence, by the problem, x(30 — ^r)=8(30 — 2jr), or 30«— a* 
=240— 16j: ; .•." a;'— 46a;==— 240. 
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.*. completing the square, re' — 46a?+529=289 ; 
.«. z=23-tl7=40, or 6= lesser part ; 
and 30 — a: =30 — 6=24 =^greafer part. 
In this case, the solution of the equation gives 40 and 6 
for the lesser part. Now as 40 cannot possibly be tipart of 
30, we take 6 for the lesser part, which gives 24 for the greater 
part ; and the two numliers, 24 and 6, answer the condi- 
tions required. 

Prob. 5. Some bees had alighted upon a tree ; at one flight 
the square root of half of them went away ; at another eight- 
ninths of them ; two bees then remained. How. many then 
aUghted on the tree ? 

•rot 1 Oil/ 

Let 2ar= the number of bees ; ar-| — - — |-2=2a:'*, 

or9x4-16x'+18=lSar'; .-. 2ar'— 9a:=18 ; 

Multiplying by 8, 16a:»-72a?=144 ; 

adding 81 to both sides, 16a:*-7tr+81=226 ; 

.'. 4r=9± 15 = 24, or -6; and a:=6, or — IJ. 

.-. 2ar»=72, or4i. 
But the negative value — li of a:, is excluded by the na- 
ture of the problem ; therefore, 72= number of bees. 

365. If, in a problem prbposed to be solved, there are two 
quantities sought, whose sum, or diQerence, is equal to a 
given quantity, for instance, 2a ; let half their difference, or 
half their sum, be denoted byar; then X'\-a will represent 
the greater, and x-^a the lesser, (Art 102). According to 
this method of notation, the calculation will be greatly abridg. 
ed, and the solution of the problem will often be rendered very 
simple. 

Prob. 6. The sum of two numbers is 6, and the sum of their 
4th powers is 272. What are the numbers ? 

Letx = half the difference of the two numbers ; then 3-f- 
xs= the greater number, and 3—x=z the lesser. 

.-. by the problem, (3 + jy+(3— x)*=272, 
or 162-|-108x'4-2r*=272; from which, by transposition and 
division, x*-^54a^=55: 

.•. completing the square, 2?*+^^^+*''29=784,/ 
and extracting the root, a:"-4-27=±28; 

.'. a^=— 27^.28, andx=±l,or iv/— ^5- ' 
Now, by taking the positive value, +1) for a:, (since in this 
case, it is the only value of 2: which will answer the problem) ; 
we shall have 3-|-l=4= the greater, and 3—1=2=: the 
lesser. 
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Prob. 7. To divide the number 56 into two such parts, t^at 
their product shall be 640. Ans. 40, and 16. 

Prob. 8. There are two numbers whose difference is 7, 
and half their product plus 30, is equal to the square of the 
lesser number. What are the numbers ? 

Ans. 12, and 19. 

Prob. 9. A and B set out at the same time to a place at the 
distance of 150 miles. A travelled 3 miles an hour faster than 
B, and arrives at his journey's end 8 hours and 20 minutes be- 
fore him. At what rate did each person travel per hour ? 

Ans. A 9, and B 6 miles an hour. 

Prob. 10. The difference of two numbers is 6 ; and if 47 

be added to twice the square of the lesser y'li will be equal to the 

square of the greater. What are the numbers 1 // 

Ans. 17, and 1 . 

Prob. 11. There are two numbers whose product is 120, 
if 2 be added to the lesser, and 3 subtracted from the greater, 
the product of the sum and remainder will also be 120. What 
are the numbers ? - Ans. 15, and 8. 

Prob. 12. A person bought a certain number of sheep for 
120/. If there had have been 8 more, each would have cost 
hin& ten shilling less. How many sheep were there ? 

Ans. 40. 
V ,^^ Prob. 13. A Merchant sold a quantity of brandy for 39^ 
and gained as much per cent as the brandy cost him. What 
was the price of the brandy % Ans. 30/. 

Prob. 14. Two partners, A and B, gained 18/. by trade. 
. A's money was in trade 12 months, and he received for his 
X principal and gain 26/. Also, B^s money, which was 30/. was 
in trade 16 months. What money did A put into trade ? 

Ans. 20/ 

• 

Prob. 15. A and B set out from two towns which were at 
the distance of 247 miles, and travelled the direct road till 
they met. A went 9 miles a day ; and the number of days, 
at the end of which they met, was greater by 3* than the 
number of miles which B went in a day. How many miles 
did each go ? 

Ans. A 117, and B 130 miles. 

Prob. 16. A man playing at hazard won at the first throw, 
as much money as he had in his pocket ; at the second throw, 
he won 6 shilhngs more than the square root of what he then 
had ; at the third throw, he won the square of all he then had ; 
and then he had 112/. I65. What had he at first % 

Ans. 18 shillings. 



\ 
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Prob. 17. If the square of a certain number be taken from 
40, and die square root of this difference be increased by 10, 
and the sum multiplied by 2, and the product divided by the 
number itself the quotient will be 4. Required the number. 

Ans. 6. 

Prob. 18. There is a field in the form of a rectangular 
parallelogram, whose length exceeds the breadth by 16 yards ; 
and It contains 960 square yards. Required the length and 
breadth. Ans. 40 and 24 yards. 

Prob. 19. A person being asked his age, answered, if you 
add the square root of it to half of it, and subtract 12, there 
will remain nothing. Required hie age. Ans. 16. 

Prob. 20. To find a number, from the cube of which, if 
19 be subtracted, and the remainder multiplied by that cube, 
the product shall be 216. Ans. 3, or —2. 

Prob. 21. To find a number from the double of which if 
you subtract 12, the square of the remainder, minus 1, will be 
9 times the number sought. Ans. 1 1, or 3^. 

Prob. 22. It is required to divide 20 into two such parts, 
that the product of the whole and one of the parts, shall be 
equal to the square of the other. 

Ans. 10 1/ 6— 10, and 30— lOv/6. 

Prob. 23. A labourer dug two trenches, one of which was 
6 yards longer than the other, for 17/. 165., and the digging of 
each of them cost as many shillings per yard as there were 
yards in its length. What was the length of each ? 

Ans. 10, and 16 yards. 

Prob. 24. A company at a tavern had 8/. 15«. to pay, but 
before the bill was paid, two of them sneaked off, when those 
who remained had each 10^. more to pay. How many were 
there in the company at first ? Ans. 7. 

Prob. 25. There are two square buildings, that are paved 
with stones, a foot square each. The side of one building ex- 
ceeds that of the other by 12 feet, and both their pavementB 
taken together contain 2120 stones. What are the lengths of 
them separately ? Ans. 26, and 38 feet 

Prob. 26. In a parcel which contains 24 coins of silver 
and copper, each silver coin is worth as many pence as there 
are copper coins, and eaoh copper coin is worth as ma^y 
pence as there are silver coins, an<i^ the whole is worth IB 
shillings. How many are there of each ? 

Ans. 6 of one, and 18 of the other* 
Prob. 27. Two messengers, A and B, were despatched at 

24 
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the same time to a place 90 miles distant ; the former of whom 
riding one mile an hour more than the other, arrived at the end 
of his journey an hour before him. At what rate did each 
travel per hour ? 

Ans. A went 10, and B 9 mileBper hour. 

Pros. 2S. A man travelled 105 miles, and then found that 

if he had not travelled so fast by 2 miles an hour, he should 

have been 6 hours longer in performing the journey. How 

many miles did he go per hour. Ans. 7 miles. 

Prob. 29. Bought two flocks of sheep for 65L 13s., one con- 
taining 5 more than the other. Each sheep cost as many 
shillings as there were sheep in the flock. Required the num- 
ber in each flock. Ans. 23, and 28. 

Prob. 30. A regiment of soldiers, consisting of 1066 men, 
is formed into two squares, one of which has 4 men more in a 
side than the other. What number of men are, in a side of each 
of the squares ? Ans. 21, and 25. 

Prob. 31. What number is that, to which if 24 be added, 
and the square root of the sum extracted, this root shall be less 
than the original quantity by 18 ? Ans. 26. 

Prob. 32. A Poulterer going to market to buy turkeys, met 
with four flocks. In the second were 6 more than three times 
the square root of double the number in the first. The third 
contained three times as many as the first and second ; and 
the fourth contained 6 more than the square of one-third the 
number in the third ; and the whole number was 1938. How 
many were there in each flock ? 

Ans. the numbers .were, 18, 24, 126, and 1770, respectively. 

Prob. 33. The sum of two numbers is 6, and the sum of 
their 5ih powers is 1056. What are the numbers. 

Ans. 4, and 2. 

§ IL SOLUTIOI^ OF PROBLEMS PRODUCING QUADRATIC EQUA- 
TIONS, INVOLVING MORE THAN ONE UNKNOVTN QUANTITY. 

366. It is very proper to observe, that the solution of a 
problem, producing quadratic equations, involving two un- 
known quantities, will sometimes be very much facilitated by 
assuming x equal to their half sum, and y equal to their half 
difference ; then (Art. 102), a:-|-y will denote the greater, 
and X — y the lesser. Tke solution, according to this method 
of notation, will, in general, be more simple than that which 
would have been found, if the two unknown quantities were 
represented by x and y respectively. 
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Problem 1. Required two numbers, such, that their sum, 
their product, and the difference of their squares, maj beuU 
equal. 

Let «+y= the greater ; and «— y = the lesser ; 

and 2x^{x+yY-(x-^yY^4xy, ] °^ ^^^ prowem. 

From the 2d equation, y=^ ; .•. y'=i : 

Now by substituting this value of y\ in the first we have 
2x=zx^ — }■; .-.a^— 2a;=i, anda;=l±^^5. 

367, The preceding problem leads aldo to the solution of 
the following. 

Prob. 2. To find two numbers, such, that their sum, their 
product, and the sum of their squares, may be all equal. 

Let, as in the last problem, a:-f-y= the greater, and x — y= 
the lesser ; then, by the problem, 
2a;=a^— y, and 2«=(ar+y)»H-(a?— y)«=2a^+2y« ; 

.-. x=a^+f ] 
but 2x=a^ — y'; 

.*. by addition, 3a?~2a^, and ar=f ; 

.% by substitution, t=^-j-y' i ^^^ y=±i\/-"3 ; 

.•. a:+y=f-tiv/— 3, and a;— y=FFi^/— 3. 
Hence it follows, that no two numbers can be found to answer 
the conditions ; and therefore the problem is impossible : Al* 
though the above values of x and y arc imaginary, still they 
will satisfy the equations, 2a:=a^— y'*, and 2a;=2ar'4-2y', which 
may be readily verified by substitution. 

368. It is sometimes more expedient to represent one of 
the unknown quantities by x, and the other by xy. The 
utility of this method of notation for eliminating one of the 
unknown quantities, will appear evident, from the solution of 
the following problem. 

Prob. 3. What two numbers are those, whoso sum mul- 
tiplied by the ^eater is 77 ; and whose difiference, multiplied 
by the lesser, is equal to 12 ? 

Let xy== the greater, and ar= the lesser ; then by the pro- 
blem, a;V+^y=77, and a^y — aj'=12 ; 

^ ,_ 77 12 _ 12 _ 77 

y+y y-i y— i y"+y 

and clearing effractions, 12y*+12y=77y — 77 ; 
by transposition and division y" — ToV ~""i9 i 
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•*. completing the square* and ezuaoting the root, y^'V'f ^ 
-|. Either value of y will answer the conditions of the prob- 
lem; Lety=-3r; thenx=— —= 16; .'.a?=±4^ and «y= 

^7. Hence the numbers, by taking the positive values, are 
4 and 7. Let also y=VJ then a^=f ; .'.x^zkf^i ^'^^ 
«y =r -^ X ±f V^2 =■ zkz^y/^' Hence the irrational numbers, 
f \/2 and V \^2, will also answer the conditions of the prob- 
lem. 

369. When a problem expresses more than two distinct 
conditions, which require to be translated into as many equa- 
tions ; the solution cannot be obtained by means of quadra- 
tics, unless that some of the equations are of the first degree ; 
fot the final equation resulting from the elimination of the 
unknown quantities will, in general, be of a higher degree than 
the second. There are, however, some particular cases in 
which the unknown quantities may be eliminated by certain 
artifices, (which are best learned by experience)* so as to have 
the final equation of a quadratic form. 

PsoB. 4. It is required to find three numbers, such, that the 
product of the first and second, added ,to the sum of their 
squares, shall be equal to 37 ; the product of the first and third 
added to the sum of their squares, shall be equal to 49 ; and 
the product of the second and third added to the sum of their 
squares, shall be equal to 61. 

Let x=: the first number, y= the second, and 2r= the third. 

Then, x'+f+xy^Zl 

' by the problem. 






aj3+2^+«e=49 
and i^+s^+yz==^6l 
By subtracting the first equation from the second, :^^%^^ 

{z^-y)x^l2 ; .-. z+y+x=—- (a). 

a;— y 

By subtracting the second equation from the third, ^ — a^+ 

12 
(y^x)z^l2 ; .-. y+x+z=-j-— (6) ; 

... = ^ and y - x=«r — y ; .*. 2y=:zx+z. 

«"-y y^x 

By sub^ituting 2y for x-f-^i in equations (a) and (6), we 

find 3y= , and 3y=, ; 

'S— y jr — X 

/• zy — y'»4, and tf — ya;=4 ; 



• • 



— -, and x==^ — : ••• a?=:(— — J . 

y y \ y J 
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Now, by substituting these values of x and a^ in the first of 
the original equations, it becomes 



' ) +y*+y*^ =3"^ 5 ••• by reduction, 

•49 
y*— -5-y*= — 16 ; and, by completing the squarCj 

o 
. 49^, /49V 2401—192 . 49 47 

^- -3^+ (j) =— 16— ' ••• ^=T±6- : 

and, by taking the positive sign, y=z±4 ; 

«»— 4 16 — 4 
.". by takinjg y=4, x=-' = — j — =3, and 

_y'+4_ 164.4 _20_ 

* y 4 ""4- ' 

Hence the three numbers sought are 3, 4, and 5, which am 
in arithmetical progression. This relation appears also evi> 
dent from the result 2y=X'\-Zy found in the beginning of th« 
solution. 

Pbob. 5. There are three numbers^ the difference of #hbB« 
differences is 8 : their sum is 41 ; and the sum of their squares 
669. What are the numbers 1 

Let ar=: the seoQfid number, 
and y=^ the difference of the second and least ; 
••. X — jff a?, and x-f y+8 are the numbers, 
and their sum =^3i-}-8=41 ; .% 3x=33, and x=ll ; 
.-. (11— y)«+121-}-(19+2^)*=669, or ^"+8^=48 ; 
.*• completing the square, and extracting the root, 
^+^=±8, and y=:4, or — 12, both which' values answer the 
conditions ; and the numbers are 7, 11, and 23. 

Prob. 6. What number is that, which being divided by tha 
product of its two digits, the quotient is 2 ; and if 27 be added 
to it, the digits will be inverted 1 Ans. 36. 

Prob. 7. There are three numbers, the difference of whose 
differences is 5 ; their sum is 44 ; and continual product is 1950. 
What are the numbers ? Ans. 6, 13, and 25. 

Pbob. 8. A farmer received 71, 48. for a certain quantity of 
wheat, and an equal sum at a price less by U. 6d. per bushel, 
for a quantity of barley, which exceeded the quantity of wheat 
by 16 bushels. How many bushek were there of each 9 

Ans. 32 bushels of wheat, and 48 of barley. 

Prob. 9. A poulterer bought 15 ducks and 12 turkeys for 
five guineas. He had two ducks more for 18 shiUings* than 

24* 
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he had of turkeys for 20 shillings. What was the price of 
eaeh 1 Ans. the price of a duck was 3«. and of a turkey 59. 

Prob. 10. There are three numbers, the difference of whose 
differences is 3 ; their sura is 21 ; and the sum of the squares 
of the greatest and least is 137. Required the numbers* 

Ans. 4, 6, and 11. 

Prob. 11. T^^^^ ^ & number consisting of 2 digits, which, 
when divided by the sum of its digits, gives a quotient greater 
by 2 than the first digit. But if the digits be inverted, and 
then divided by a number greater by unity than the sum of the 
digits, the quotient is greater by 2 than the preceding quotient. 
Required the number. Ans. 24. 

Prob. 12. What two numbers are those, whose product is 
24, find whose sum abided to the sum of their squares i^ 62 ? 

Ans. 4, and 6. 

Prob. 13. A grocer sold 80 pounds of mace, and 100 
\ / pounds of cloves, for 65/. ; but he sold 60 pounds more of 
, " cloves for 20/, than he did ^of mace for 10/. What was the 
price of a pound of each ? 

Ans. the mace cost 10s. and the cloves 58. per pound. 

Prob. 14. To divide the number 134 into three such parts, 
that once the first, twice the second, and three times the third, 
added together, may be equal to 278 ; and that the sum of the 
squares of the three parts may be equal to 6036. 

Ans* 40, 44, and 50, respectively. 

♦, Prob. 16. Find two numbers, such, that the square of the 
^ . greater mintts the square of the lesser, may be 56 ; and the 
square of the lesser /?/w5 one third, their product may be 40. 

Ans. 9, and 5. 

Prob. 16. There are two numbers, such, that three times 

) the square of the greater plus twice the square of the less is 

« 110; and half their product, /^/us the square of the lesser, is 

4. What are the numbers ? Ans. 6, and 1. 

Prob. 17. What number is that, the sum of whose digits is 
15 ; and if 31 be added to their product^ the digits will be in- 
verted % Ans. 78. 

Prob. 18. There are two numbers such, that, if the lesser 
be taken from three times the greater, the remainder will be 
35 ; and if four limes the greater be divided by three times the 
lesser /?/ws one, the quotient will be equal to the lesser number. 
What are the numbers ? Ans. 13, and 4. 

Prob. 19. To find two numbers, the first of which, plus 
2, multiplied into the second, minus 3, may produce 110 ; and 
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the first mimu 3, multiplied by the second pha 2, may pro- 
duce 80. .Ans. 8, and 14. 

Prob, 20. Two persons, A and B, comparing their wages, * 
observe, that if A had received per day, in addition to what 
he does receive, a sum equal to one-fourth of what B receiv- 
ed per week, and had worked as many days as B received 
shillings per day, he would have received 48$ ; and bad B 
received 2 shillings a day more than A did, and worked for a 
number of days equal to half the number of shillings he re- 
ceived /?£r week, he would have received 41. IBs, What were 
their daily wages ? Ans. A's 5 shillings, and B's 4. 

Prob. 21. Bacchus caught Siienus asleep by the side of a 
full cask, and ;3eized the opportunity of drinking, which he 
continued for two-thirds of the time that Siienus would have 
taken to empty the whole cask. After that Siienus awoke, \ 
and drank what Bacchus had left. Had they drunk both 
together, it would have been emptied two hours sooner, and ^ 
Bacchus would have drunk only half what he left Siienus. Re- 
quired the time in which they could have emptied the cask 
separately. Ans. Siienus in 3 hours, and Bacchus in 6. 

Prob. 22. Two persons, A and B, talking of their money, 
A says to B, if I had as many dollars at 5s. 6d. each, as I 
have shillings, I should have as much money as you ; but, if 
the number of my shillings were squared, I should have twice 
as much as you, and 12 shillings more. What had each 1 

Ans. A had 12, and Bd6 shillings. 

Prob. 23. [t is required to find two numbers, such, that if 
their product be added to their sum it shall make 62 ; and if 
their sum be taken from the sum of their squares it shall leave 
86. ' Ans. 8, and 6. 

Prob. 24. It is required to find two numbers, such, that 
their difference shall be 98, and the difference of their cube 
roots 2. Ans. 125, and 27. 

Prob. 25. There is a number consisting of two digits.* The 
left-har d digit is equal to 3 times the right-hand digit ; and if 
12 be subtracted from the number itself, the remainder will 
be equal to the square of the left-hand digit. What is the 
number? Ans. 93. 

Prob. 26. A person bought a quantity of cloth of two sorts 
for 71. 18 shillings. For every yard of the better sort he gave 
as many shiUings as he had yards in all ; and for every yard 
of the worse as many shillings as there were yards of the bet- 
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ter sort more tl)an of the worse. And the whole price of 
the better sort was to the whole price of the worse as 72 to 7. 
How manj yards had he of each ? 

Ans. 9 yards of the better, and 7 of the worse. 

Pros. 27. There are four towns in the order of the let- 
ters, Af B, C, D. The difference between the distances, from 
A to B, and from B to C, is greater by four miles than the dis- 
tance from B to D. Also the number of miles between B 
and D is equal to two- thirds of the number between A to C. 
And the number between A and B is to the number between 
G and D as seven times the number between A and C : 26. 
Required the respective distances. 

Ans. AB=42, BC=6, and CD=26 miles. 



CHAPTER Xll. 



ON 



THE EXPANSION OF INFINITE SERIES. 

§ I. RE8OLUTI0H8 OF ALOKBRAIC FRACTIONS. 

370. An infinite series is a continued rank, or progression of 
quantities, connected together by the signs + or — ; and usual- 
ly proceeds according to some regular, or determined law. 



Thus, i+i+H-f 



i-Wr+) <Scc. 



Or, i-i+i - i+iV - tV+, &c. 
In the first of which, the several terms are the reciprocals of 
the odd numbers, 1, 3, 5, 7, &c. ; and in the latter the reciprocals 
of tb»even numbers, 2, 4, &, 8, &;c., with alternate signs. 

371. We have already observed (Art. 96), that if the first 
or leading term of the remainder, in the division of algebraic 
quantities, be not divisible by the divisor, thfe operation might 
be considered as terminated ; or, which is the same, that the 
integral part of the quotient has been obtained. And it has 
also been remarked, (Art. 89), that the division of the remain- 
der by the divisor can be only indicated, or expressed, by a 
fraction : thus, for example, if we have to divide a* by a-fly 
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we write for the quotient — — - : This, however, does not 

vent us from attemptiDg: the division according to the rules dial 
have been given, nor from continuing it as far as we please, and 
we shall thus not fiul to find the true quotient, though under 
different forms. 

372. To prove this, let us actually divide a* or 1, by 1 — n, 
thus; 

1 



remainder a ^'- -^ I jJl^ 

Therefore -i-=l + J!L; but---=a+-^; -^ 
1 — a ' 1 — a ' 1 — a * 1 — a \ 1 — • 

This shows that the fraction - — ' may be exhibited under 



all the following forms : 



1— «' -^ ^^--^1.^' 

Now, by considering the first of these formute, which is 

1+r — -, and observing that 1 =r^, we have 1 + 7^ = 
1 — a ° 1 — a' ' 1 — a 

1 — ^ _\_^__^ ^ — €h-\-a ^ 1 
1— « 1— a"~ 1— ^ ""f^* 

If we follow the same process with regard to the second ex- 
pression, that is to say, if we reduce the integral part l+a to 

the same denominator, 1— a, we shall have the fraction 
to which if we add -^. we shall have iTI-iz =- 



1— «* 1— a 1-0 

In the third formula of the quotient, the integers l+o+o" 

reduced to the denominator I - a make , and if we add to 

1— a 

it the fraction :: the sum will be 



I-.0 1-a 
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Therefore eaoh of these formula is in fact the value of the 
proposed fraction . 

373. This bein^ the case, we may continue the series as far 
as we please, without being under the necessity of performing 
any more calculations ; by observing, in the first place, that 
each of these formulse is composed of an integral part which 
is the sum of the successive powers of a, beginning with a^=l 
inclusively ; 

Secondly, of a fraction which has always for the denomi- 
nator 1 — a, and for the numerator the letter a, with an ex- 
ponent greater, by unity, than that of the same letter in the 
last term of the integral part. 

This constant formation of the successive formulaB* is what 
Analysts call a law. And the manner of deducing general 
laws by the consideration of certain particular cases, is usu- 
ally called induction ; which, though not a strict method of 
proof, says Laplace, has been the source of almost all the 
discoveries that have hitherto been made, both in analysis and 
physics, of which all the phenomena are the mathematical re- 
sults of a small number of invariable laws. It is thus that 
Nkwton, by following the law of the numeral coefficients, in 
the square, the cube, the fourth power, &c. of a binomial, 
arrived soon at the general law, that is to say, at the general 
formula that bears bis name, and which will be demonstrated 
in one of the following Sections : This Geometer has carefully 
added, that in following this mode of investigation, we must 
not generalize too hastily ; as it often happens, that a law, 
which appears to take place in the first part of a process, is 
not found to hold good throughout. Thus, in the simple in- 

531251 
stance of reducing 57^r;;^7: to a decimal, its equivalent value 

is 17174949, &c., of which the real, repeating period is 49, 
and not 17, as might, at first, be imagined. 

374. From what has been observed with regard to the suc- 
cessive quotients, we can, in general, put 

j-L-=l+a+a?+a^+a* «"+j5. 

n being a whole positive number, which augmented by unity, 
gives the place of the term. In fact, making n=3, o» becomes 
o', which is the fourth term of the quotient, for n=4, o" becomes 
a*, which is the fifth term. But as nothing hinders us from 
removing indefinitely the fractional term which terminates the 
series, that is, of adding always a term to the integral part^ 
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80 that we might still go on without end ; for which reason it 
may he said ihat the proposed fraction has been resolved into 
an infinite series ; which is, l+o-ha^+a^+a*-{-a'+o®+a^-l-o* 
+o'+a*"4-«"+^""4-) &'C- to infinity : and there are sufficient 
grounds to maintain that the value of this infinite series la the 

same as that of the fraction -; . 

1 — a 

Or that, -?— =l+a+o'+a^+a*+ ; &c. 

375. What has been just observed may at first appear 
strange ; but the consideration of some particular cases will 
make it easily understood. 

Let us suppose, in the first place, a=l ; the general quo- 
tient above will become a particular quotient corresponding 

to the firaction — -. The series taken indefinitely, shall be 

i=l+l+l+l+l+l+,&c. 

In order to see clearly the meaning of this result, let us 
suppose that we have to divide unity or 1 successively by the 

numbers 1, 1 ^, J^, ~L^, &c. we will have the 

quotient, 1, 10, 100, 1000, 10000, &c. continually and inde- 
finitely increasing; because the divisors are continually and 
indefinitely decreasing ; but these divisors tend towards zero, 
which tbey cannot attain, although they approach to it con- 
tinually, or that the difference becomes less and less ; and at 
the same time the value of the fraction increases' continually, 
and tends to that which corresponds to the divisor zero or ; 
and it is as much impossible that the fraction in its successive 

augmentations, attains -, as it is that the denominator in its 

successive diminutions arrives at zero. Thus - is the last 



term or limit of the increasing values of the fraction : at this 

1 

period, it has received all its augmentations : ~ is not therefore 

a number, it is the superior limit of numbers ; such is the no- 
tion that we mutt have of this result -, which the analysts call 

for abbreviation, infinity^ and which is denoted by the character 
QD, (Art. 35). It is frequently given as an answer to an im- 
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possible question, (which will be noticed in a subsequent psrt 
of the Work,) and in fact, it is very proper to announce thjfi 
circumstance, since that we cannot assign the number denoted 
by this sign. • 

It may still be remarked, that if we would take but the first 
six terms of the series, we must close the development by 
the corresponding remainder divided by this divisor, whicL 
gives, 

^=1=1+1+1+1+1+1+1; 

this equality, absurd in appearance, proves that six terms at 
least do not hinder the series from being indefinitely conti- 
nued. And in fact, if after having taken away six terms from 
this series, it would cease to be infinite, or become terminat- 
ed, in restoring to it these six terms, it should be composed of 
a definite or assignable number of terms, which it is not. 
Therefore the surplus of the series must l^.ve the same sum 

as the total. We can yet say that — , inasmuch as it is not 

a magnitude, can receive no augmentation, so that 1+1+1+, 

&c. + - must remain equal to ~. 

Hence^ we might conclude that a finite quantity added to, 
or subtracted from infinity, makes no alteration. 

Thus, QD;±.a= OD. 

However, it may be necessary in this place to observe, that, 
although an infinity cannot be increased, or decreased, by the 
addition, or subtraction^ of finite quantities ; still, it may be in- 
creased or decreased, by multiplication or division ] in the same 

manner as any other quantity ; Thus, if x be equal to infinity. 

2*" . 8 

-- will be the. double of it, -thrice, and so on. See Eulxr's 

Algebra^ Yoll. 

1111 
Note. — 7, — , -r— , — j— , &c. are considered to be fi[actions, 
. 1 TIT TTTT nmr 

in which the denominators are 1, -r-, — r-, — r— , &c. 

TIT TO- -nmr 

Now, as 1 divided by any assignable quantity, however 
great it may be* tan never arrive completely al 0, consequent- 
ly the fractions in their successive augmentations can never 
arrive at infinity, except that unity or 1, be divided by a 
quantity infinitely great ; that is to say, it must be divided by 
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infinity ; bence we mefy eonclude that -^ is in reality equal to 

1 

nothing, or —=0. < 

360. It may not be improper to take notice in this place of 
other properties of nought and infirdty. 

' I. '1,'hat nought added to or. subtracted from anj quantity, 

makes it neither greater nor less \ that is, 

a-f-0=a, i\nda-^0==o. 

• II. Also, if nought be muhiplied or divided by any quantity^ 

both the product and quotient will be nought ; because any 

.number of \\tti^^ 0, or any part of 0, is : that is, 

^0 
• ax<3t, or ttXO=0,and - = 0. 

ill. From .the last property, it likewise follows, that nought 
divided by nought, is a finite quantity, of some kind or other. 
J'or since x a=0, or 0=0 x«, it is evident from the ordinary 
rules of division, that "*^ 



.0 

. IV. Farther, if nought be multiplied by infinity, the pro- 

1 a 
duc^ will be some finite quantity. For since -r- or -—-= ao ; 

therefore, Ox* ^'^^^ 

361. It may be also remarked, that nought multiplied by 
produces 0; that is, 

0X0=0. 
For, since X»=0, whatever quantity a may be, then, sup- 
posing a=0, 6x0=0. 

From this we might infer, according to the rules of division, 

that the value of 7^=0, or that nought divided by nought^is 

nought, in this parlicitlar case. 

Also, that 0, raised to any power, is ; that is, 0"»=0 ; it 

0"* a"* 

follows that ^=^; but if in a"»^»~~ (Art. 86), we Suppose 

<i=0, which may- be allowed, since a designates tfny number, 

we have 0®=~. ^ 

If we really effect the division of by 0,,we could put for 
the quotient any number whatever, since any number, multi* 
plied by zero, gives for the product zero, which is here the divi- 
dend. 

25 
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This expression, 0*, appears therefore to admit of an infi- 
nity of numerical values ; and yet such a result as - can, in 
many cases, admit of a finite and determined value. It is thus, 
for example, that the fraction — ^, in the hypothesis of a=sO, 

KxO 
becomes — ^r — =^. 

But, if at first we write this fraction under the form Ka^*~*,.. 
and that we put a=0, we find that it becomes KXO"»— *, 
which is for w>n ; in case of m<n, or m=«— d, we shall 

have (Art. 86), ---^=~ ; which is equal to infinity, as has 

been already observed ; finally, for m=n, we can divide above 
and below by a"», and the fraction is reduced to K, which is a 
finite quantity. 

362. If we suppose, in the fi^action (Art. 358), a=r2, we 
find ~ 

-i~ =1+2+4+8+16+324.64+, &c., 
1 — 2 

which at first sight it will appear absurd. But it must be re- 
marked, that if we wish to stop at any term of the above se- 
jries, we cannot do so without joining the fraction which re- 
mains. Suppose, for example, we were to stop at 64 ; after 
having written 1+2+4+8+16+32+64, we must join the 

128 128 

fraction - — r, or — -, or — 128 ; we shall therefore have for 
1 — 2' — 1 ' ' 

the complete quotient 127 — 128, that is in fact — 1, 

Here, however far the fractional term may be extended, its 
numerical value, which is negative, will (^Iways surpass, by a 
unit, that of the integral part, so that this is totally destroyed ; 
and §isinthe hypotheses of a >1, we sball^always subtract 
more than what we will add, we shall never meet with the 

result -. 

363. These are the considerations which are necessary 
when we assume for a numbers greater than unity ; but if 
we now suppose a less than 1, the whole becomes more in- 
telligible ; for example, let a=f , and we shall have = 

1 — a 

z — j=j^=2, which will also be equal to the following se- 

* « a 



EXPANSION OF INFINITE SERIES. 279 

lies, l+J+i4.r+^ty.+^i^4.^i_+-^_, &c.^ to infinity (Art. 
358), Now, if we take only two terms of the series, we 
shall have 1+^, and it wants i of being equal to 2 ; if we 
take three terms, it wants i, for the sum is H i i^ "^^ take 
four terms, we have If, and (he deficiency is only ^ : There- 
fore, we see very clearly that the more terms of the quotient 
we take, the less the difference becomes ; and that, conse- 
quently, if we contini^ to take successive portions of this 
series, the differences between those consecutive sums and the 

fraction ^ =2, decrease, and end by becoming less than 

any given number, however small it may be. The number 
2 is therefore still a limitj according to the acceptation of this 
word. 

Now, it may be observed, that if the preceding series be 
continued to*infinity, there will be no difference at all between 

its sum and the value of the fraction 7—7, or 2. 

— * 

364. .^ limitj according to the notion of the ancients, is some 

fixed qutmtity, to which another of variable magnitude can never 
become equals though^ in the course of its variation, it may ap' 
proach nearer to it than any difference that can be assigned ; always 
■ supposing that the change, whi^h the variable quantity undergoes, 
is one of continued increase, or continued diminution. Such, for 
example, is the area of a circle, with regard to the areas of 
the circumscribed and inscribed polygons, for, by increasing 
the number of sides of these figures, their difference may be 
made less than any assigned area, however small ; and since 
the circle is necessarily less than the first, and greater than the 
second, it must differ from either of them by a quantity less 
than that by which they differ from each other. The circle 
will thus answer all the conditions of a limit, which is included 
in the above definition. 

365. The preceding considerations are very proper to de- 
find the nature of the word limit ; but as Algebra, ^ which is 
the subject we are treating of here, needs no foreign aid to 
demonstrate its principles, it is necessary, therefore, to explain 
the nature of the word limit, by the consideration of algebraic 
expressions. For this purpose,, let, in the first place, the 

ax 
very simple fraction be • ,in which we suppose that x may 

be positive, and augmented indefinitely ; in dividing both terms 

X 

of this fraction by x, the result — -^, evidently shows that 



* • • • 
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the function remains always less than a, but that it approaches 
continually to a, since that the part *, of its denominator, di- 

. . • * 

zninishes more and more, and can be reduced to such a degree 

of smallness as we would wish. • 

366. The difierence between a and the proposed fraction bc^ 

ax c? 
ing in general expressed by a • — = — ; — .becomes so much 

amaller, according as x is larger, and can be rendered less 
than any given magnitude, however small it may be ; so that 
the proposed fraction can approach to a as near as we would 

wish : a is therefore the limit of the fraction — ; — , relatively to 

the indefinite augmentation which x can receive. It is in the 
characters which we have just expressed, that th* true accep- 
tation, which we must give to the word limit, connsts, in order 
to comprehend every thing which can relate to it. 

367. If we had remarked in the preceding example, that by 
carrying on, as far as we would wish, the augmentation of rr, we 

a' 

could never regard, . as nothing, the fraction : (herefore 

we would reasonably conclude, that the fraction —v—^ though 

it would approach indefinitely to the limit o, could . never at- 
tain a, and, consequently, cannot surpass it ; but it would be 
wrong to insert this circumstance as a condition in the gene* 
ral definition of the word limit ; we would thereby exclude 
the ratios of vanishing quantities, ratios whose existence is 
incontestable, and from which we derive much in analysis. 

368. In fact, when we compare the functions ax and ax+ 
«*, we find that their fatio, reduced to its most simple ex- 
pression, is ■ - , and that it approaches nearer and nearer to 

unity, according as x diminishes. It becomes exactly 1, when 
a;=0 ; but the quantities ax and ax-\'X^^ which are then rigor- 
ously nothing, can they have a determinate ratio ? This is 
what appears difficult to conceive ; and we cannot give a clear 
idea of it but by presenting the quantity 1 as a limit to which 
the ratio of the functions ax and ax-|-x^ can approach as near 

Its we would wish, since the difference, 1 ; — = — : — , can be 

* o-l-a; a-TX 

rendered less than any assignable magnitude, however small 
this magnitude may be. 
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On the other hand, the ratio —j^t ^^ ^^® quantities or and 

ax+x' can not only ^tain unity when we make a:=0, but 
surpass it when we aujipose x negative, since it becomes then 

a 

i , a quantity which is greater than 1, when x<a. This 

circumstance appears not at all contrary to the idea of limit ,* 
for we can regard the value 1, which answers to a:=0, as a 
term towards which the ratio of the functions ax and ax+x^ 
tends, by the diminutions of the values of x, whether positive 
or negative. For further illustrations of the word limit, and 
what is meant by infinity, and infinitely small quantities or in- 
finitesimals, the intelligent reader is referred to Lacroix's 
Introduction to the Traits du Coded Differentiel et du Calcul In- 
iegral, 4to. where these subjects are clearly elucidated. 

369. Now, tet a:=^. in the fraction , and we shall 

1 — a 

1 
have jr^=J=l+H-i+/7+8^i+iriT+, &c. If we take 

two terms, we find 1+i, and the diflference =i ; three terms 
give 1 +t, the error = ^s \ for four terms th^ error is no more 
than 5^. Since, therefore, the error always becomes three times 
less, it tends toward 2;ero, which it cannot attain, and the sum 
tends toward J, which is the limit. 

1 

370. Again, let us take «=f, and we shall have ---^=3 

1 8 

=l+f+i+2^+ii+-3^+, <Sz;c. ; here, in the first place, 
(he sum of two terms, which is 1+f, is less than 3 by 1+i j 
taking three terms, which make 2^, the error is f ; for feur 
terms, whose sum is 2J| the error is ff- 

371. Finally, for a=i, we find r-^= l+i= 1 +i+ &9+A 

-f ^j^-[_j <&c. ; the first two terms are equal to H, which gives 
f^ for the error ; and taking one term more, we shall have 
only an error of A- 

r 

372. From the preceding considerations we may readily 
conclude, that any fraction having a compound denominator 
may be converted into an infinite series by the following rule : 
and if the denominator be a simple quantity, it may be divided 
into two or more parts. . 

25* 



H 
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RULE. 



Divide the numerator by the denoiiuiator, as in the division 
of integral quantities, and the operatiorrbonlinued as far as may 
be thought necessary, will give the series required. 

ox 
Ex. 1. It is required to reduce into an infinite series. 



Isi rem. 



a — X 



ax 
ax—T^ 



a 



a — ar 



Quotient. 



a 



a 



2d rem. 






a- 



X 

-3-, Ac. 



The terms in the quotient are found thus ; dividing the 
first remainder x^, by a, the first term of the divisor a — x^ 

we shall have — for the second term of the quotient, because 



a 



the division can be only indicated ; multiplying the divisor by 
— , and subtracting the product from x^^ the remainder is 



a 
.3 



3- 



3»* X 

— ; again, dividing this remainder by o, the result will be — , 

which is the third term in the quotient ; and, in like manner, 
we might continue the operation as far as we please : But the 
law of continuation is evident, because the powers of x increase 
by unity in each successive term of the quotient, and the powers 
of a increase by unity in the denominator of each of the terms 
after the first. 
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And the sum of the terms infinitely continued is said to be 



equal to Uie original fraction 



ax 



a- 



Thus we say that the 



numerical fraction f , when reduced to a decimal, is equal to 
.6666, dec, continued to infinity. 



a 



Ex. 2. It is required to convert into an infinite se- 



nes. 



a 
a — aS 



a 



a — X 



a — X 



Quotient. 



X . x^ . x^ 



^+-„+7i+:j+^ &<>• 



a ' a 



a 






x^. 


x' 




a 


a 






x^ 
aa' 


dec. 



In this example, if x be less than a, the series is convergent, 
or the value of the terms continually diminishes ; but, when 
X is greater than a, it is said to diverge : Thus, let a =3 and 

x=2, then 1+^ + ^ + ^+, &c. = l+l+t4.-A+, &c. ; 

where the fractions or terms of the series grow less and less, 
and the farther ihey are extended the more they converge or 
approximate to 0, which is supposed to be the last term or limit. 

But if a=2, and ar=.3, then 1 + - + -3 + -3 +, dec. = 1+ 

a a Q> 

f +-f +-V^-[-, dec, in which the terms become larger and larger. 

This is called a diverging series. 



Ex. 3. It is required to convert r-i — into an infinite series. 
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1 

— a — o3 


14-a 

• 

1-^4.0*— a'+a*—a»+a«—, &c. 




^3 

• 




nrfi it fftllni] 


— a*, &c. 

ua that, thfl frar.tinn ia p.niia. 



series, 1 — o+a'— a^-j-a* — d*-[-a'— a''4-, &c. 

372. If we make fl;=l, we have this remarkable compari- 
son : - ■ =1 — 1+1 — 1+1 — 1+1—, <Sz;c. to infinity; which 

appears rather contradictory; for if we stop at —1, the se- 
ries gives ; and if we finish at + 1, it gives +1. The real 
question, however, results from the fractional parts, which 
(by division) is always +^ when the sum of the terms is 0, 
and — ^ when the sum is +1 : because the complete quotient 
is found by placing the remainder over the divisor, in the form 
of a fraction, and annexing it to the terms in the qaotient with 
its proper sign ; but the remainder in the present case is +1, 
or — 1 ; hence the fraction to be added is +|, or — J ; and, 
consequently, ^ is the true quotient in the former Case, and 
1 — J-, or j- in the other. This will appear evident by taking 
successive portions of the series ; thus, for six terms, we shall 

have 1 — 1+1 — 1+1 — 1+^=J, and for seven terms, 1 — 1 
+ l--l+l-l + l«x=^. 

Scholium. Here we might infer, by conversion, that the 
sum of an infinite series is found, when we know the fraction 
which would produce such a series by actual division ;' but, 
although it is a fact that the fraction is a value of the series, 
still it may not be the only one which would produce the same 
series: Thus, the above series, 1 — 1+1- 1 + 1— 1+1 — 1+, 
&c., to infinity, can be produced by several other fractions be- 
sides the fraction ^. 
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Let, for example, f be converted into an infinite series by 

actual division: Now, it is plain that i= - , , , -: » and the 

1-rl-pl 

operation will stand thus : 



1 

1+1+1 



—1—1 
—1-1-1 



1+1+1 
Quotient. 
1—1+1— 1+1— l+,&c. 



+1 
+1+1+1 

—1 — 1 
—1—1—1 

+1, &c. 

In like manner, i will produce the above series, and so on. 

374. Let us now make a=i, and the preceding deyelop- 
ment shall be 

j^=l=l-^+J-H+iV'-irV+, &<5. : 

The sum of two terms is^, which is too small by -J- ; threo 
terms give f , which is too much by ^^ ; for the sum of four 
terms, we have |^, which is too small by /<, &c. 

We see here that the successive portions of the series are 
alternately greater and less than the fraction f, which repre- 
sent it ; but that the difference, whether it be in excess or 
deficiency, becomes less and less. 

375. Suppose again a=i, and we shall have 
1 1 

Now, by considering only two terms, we have f, which is 
too small by J^ ; three terms make -f , which is too much by 
jV ; four terms give H, which is too small by y^j, and so on. 

376. The fraction -— ; — may also be resolved into an infinite. 

l+o 

series another way ; namely, by dividing 1 by a+1, as fol- 
lows : 



,* 



k 
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a 



o+l 

Quot. 



a' 



«4 ' «i 



•, dsc- 



a 
1 



a' 



O^ 



6lc. 



It is however unnec'fessary to carry the actual division any 
farther, as we are enabled already to continue the series to 
any length, from the law which raay be observed in those 
terms we have obtained ; the signs are alternately phis and mi- 

nus, and each term is equal to the preceding one multiplied by -. 

It is thus by changing the order of the terms of the deno- 
minator, we obtain the quotient under different forms, and that 
we pass from a diverging series, for certain values of a, to a 
converging series for the same values. 

It may also be here observed, that in the division of .the two 
polynomials, if we deviate from the established rule (Art. 93), 
we arrive at quotients which do not terminate : 

Thus, for example, a^ — b\ divided by a4-6, according to the 
rule above quoted, gives for the quotient a — b ; but if we divide 
' a- — &^ by b+Uy we shall arrive at a quotient which does not 
terminate : thus, * 

6-|-o 



a' 



or 



+ 



T 



Q' 



b 

a' 



-6» 



6« 



Quot. =T- 
o 



a" a" 



a 



6»+6 



a' 



■f&c. 
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— 6^ 
a* . o® 



6a ' b» 



a" , 
^ 

&c. 

Here, we can clearly see that the quotient will not termi- 
nate, however far we may continue the operation, because we 
have always a remainder. , 

In this case, by taking b-^a for a divisor, we must, in order 
to find the quotient a — i, divide the whole dividend by all the 
divisor, that is to say, a^ — b^ or (a-|-6) x (ct — ^) by a-fi. 

377. When there are more than two terms in the divisor, 
wer may also continue the division to infinity in the same man- 
ner. 

Ex. 4. It is required to convert : : — ■« into an infinite «e» 



1 — a-jra^ 



nes. 

1 

1— a-f-a' 



a — a* 



^a'^a'-^a' 



1- a+a^ 



Quot. 



-a" 



•a'— a« 



We have therefore 



a^—a'+a^ 


a'—d' 


&c. 

1 -1J. 



1— a+c^ 



- a**— o*4-fl*+J*'i *<5' 
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to infinity : where, if we make o=l, we have ^ = 

1 = 1-|-1 — 1 — l-f-l-J-l, &c., which series contains twice the 
series found, (Art. 372), 1 — 1 + 1 — 1 + 1, &c. Now, as we 
have found this to be equal to ^, it is not extraordinary that 
we should find }, or 1, for the value of that which we have 
just determined. ^ 

1 



By making a^i, we shall have t=I"= I+i — i — i^ 

If a=^, we shall have 

i=f =l+i-.TV-niV+TiT, ^c. 

And if we take the four leading terms of this series, we 
have -V*i*-, which is only ^iy less than -f . 

Let us suppose again a=f and we shall have -=f =1+^ 

T 
— A — H-+*f:*r+» ^c. this series is therefore equal to the pre- 
ceding one, and by subtracting one from the other, we obtain 
i — sV — H+VbS) ^c, which is necessarily =0. 

378. The method which has been here explained, serves 
to resolve, generally, all fractions into infinite sieries ; which 
is often found, as has been observed by Euler in his JUgebrHj 
to be of the greatest utility ; it is also remarkable, that an in- 
finite series, though it never ceases, may have a determio&te 
value. It should likewise be observed, that frorn this branch 
of Mathematics, inventions of the utmost importance have 
been derived, on which account the subject deserves to be 
studied with the greatest attention. 

Ex. 5. It is required to convert — r— into an infinite series. 

a+a: 

Ans. 1 h^-— -r+i ^^ 

c 
Ex. 6. It is required to convert — -^ into an infinite series. 

fl+-0 

. e he , h^c l^c , , 

y Ans. — -r+-5 t-+i*c» 

^ y a a^^a* a* ' 

Ex; 7. It if required to convert — -- into an infinite series. 



y a+x 



6>- « . «* X 



,3 



Ane.-(l--+^-^.&c 
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Ex. 6. It IS required to conijert into. an infinite series. 

APS. ^l+--f^^+, &c.y 
a a or a^ 

"* . l+x 

Ex. 9. It is required to convert :—— into an infinite series. 

Ans. l+2a;+2ar^+2a:*+2ar*+, &C. 

Ex. 10, It is required to convert ; — ; — -^ into an infinite se- 

(a+xy 

«es. Ans. 1 f- -r- — -+, &c. 

Ex. 11.. It is required to convert into an infinite series. 

. a ax, aa^ , aa?\ « 

a^+3^ 
Ex. 12. It is required to convert -r-: — i into *an infinite se- 

1 3^ Q^ ic" a?'* 

Ties. Ans. -g- 5+— — .-+-_— &c. 

o^ a^ fl" a" a" 

Ex. 13. It is required to convert -, or --r — -, into an infinite 
senes. Ans. ---+_-rn+---,+ 



10 • lO'' • 10' ' 10* +, &Cv 

11 

Ex. 14. It is required to convert - or - — - into an infinite 

4 O — 1 

series. 

. :f°'- ^■'"25+125+625+' ^- =5+5'+P+6« +' ***' 

§ II. INVESTIGATION OF THE BINOMIAL THEORSH^ 

379. Previous to the investigation of the Binomial Theorem^ 
it is necessary to observe, that any }wo algebraic expressions are 
saii to he identical^ when they are of the same value j for all values 
of the letters of which they are composed. Thus, x — 1=3? — 1, 
is an identical equation : and shows that x is indeterminate ; or 
that the equation will be satisfied by substituting, for 1?, any 
quantity whatever. 

Also, (a:+^)X (a? — a) and a^—a^, are identical expressions ; 
that is, (ar+a)X (a? — o)=r* — a? ; whatever numeral values 
may be given to the quantities represented by x and a, 

26 
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380. fVhen the two members of any identify consist of the same 
successive powers of some indefinite quantity ar, the coefficient of, all 
the like powers of x^ in that identity ^ will be equal to each other. 

For, let the proposed idetttity consist of an indefinite number 
of terms ; as, ^ 

Then since it will hold good, whatever may be the value of 
jr, let x=0, and we shall have, from the vanishing of the rest 
of the terms, a=a'. 

Whence, suppressing these two teroSi as being equal to each 
other, there will arise the new identity Zw + ca^ + ^ + ^• 
=:^'+cV+dV+&c. which, by dividing each of its terms by 
a;, becomes 

And, consequently, if this be treated ip the same mann^ as 
the former, by taking a;=0, we shall have 6=6', and so on ; 
the same mode of reasoning giving c=^c\ d=zdfj &c., as was to 
be shown. . 

381. Newton, as is well known, left no demonstration of 
this celebrated theorem, but appears, as has already been ob- 
served, to have deduced it merely from an induction of parti- 
cular cases, and though no doubt can be eVktertained of its truth 
from its having been found to succeed in all the instances in 
which it has been applied, yet, agreeably to the rigour that 
ought to be observed in the establishment of every mathemati- 
cal theory, and especially in a fundamental proposition of such 
general use and application, it is« necessary that as regular and 
strict a proof should be given of it as the nature of the subject, 
and the state of analysis will admit. 

382. In order to avoid entering into a too prolix investiga- 
tion of the simple and well-known elements, upon which the 
general formulae depends, it will be sufficient to observe, that it 
can b^ easily shown, from some of the first and most common 
rules of Algebra, that whatever may be the operations which 
the index {m) directs to be performed upon the expression 
(a-f-a;)"», whether of elevation, division, or extraction of roots, 
the terms of the resulting series will necessarily arise, by the 
regukr integral powers of x] and that the first two terms of 
this series will always be a"»-|-ma"»-^a? ; so that the entire ex- 
pansion of it may be represented under the form 

a^+wi^™" * a:+Ba«-3 a;2 -j-Cct'w-a +Da'»-* a:3 +&C. 
Where B, C, D, &c. are certain numerical coefficients^ that 
are independent of the values of a and x j which two latter 
may be considered as denoting any quantities whatever. 
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383. For supposing the index m to be an integer, and taking 
0=1, .whicjh will render the following part of the investigation 
more Simple, and equally answer the purpose intended ; it is 
plain that we shall have, according to what has been shown, 

{l+x)r=l+mx+bx^+c3^+d3i*+kc .(1); 

384. And if the index m, of the giveu binomial, be negative, 
it will be found by division, that (l-j-a?)""", or the equivalent ex- 
pression 

TT— ; — -—=-——. — ,-T-i-; — 5-5 — = 1 — wix — 6'a^— c V— Ac. 
(l-f-x)"» l+ma?+6;r-|-car &c. 

where the law of the terms, in each of these cases is similar, 
to that above mentioned. 

m 

885. Again, let there be taken the binomial (1+a?)*, hav- 

m 
ing the fractional index - ; where m and n are whole positive 

numbers. 



m 



Then, since (1+ar)* is the nth power of (l+«)» ; and, as 
above shown, (14-^)'"=l+<w?+M+ca;^+(/a;*+&c.,such a bq^ 

m 

ries must be assumed for (l4-a;)*f that, when raised to the wth 
power, will give a series of the form l.+aa;+6r*+ca:'+^*+ 

But the nth or any other integral power of the series l-(- 
pX'^g3^-\-r3!^+8x*+iic. will be found, by actual multiplication, 
to give a series of the form here mentioned ; whence, in this 
case, also, it necessarily follows, that 



m 



And if each side of this last expression be raised to the nth 
power, we shall have (l-f-ar)«=[l+(pa;4- ^^+''J^+s«^+ 
&c.)]* ; or, by actual involution, 
l+»w;+tx^+ca;^+&c. =i'\'n{px+gar^+ &c.)+ &c. 

Whence, by comparing the coefficients of x, on each side 
of this last equation, we shall have, according to (Art, 380), 

771 

np=»w, or jp= — ; so that, in this case, i- 



n 

m 



{l+x)^=l+- x+gr'+r3p+8x*+ &c. , (2) ; 

where the coefficient of the second term, and the several 
powers of ar, follow the same law as in the case of integral 
powers, 
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386. Lastly, if the index — be negative, it will be found 

m 

by division as above, that (l+a^)"» or the equivalent expres- 
sions, N 

— L = 1 : -=l-^ x-^a^-^c. (3), 

{l_}-x) » 1-|— rr-l-j'x* &c. 

where the series still follows the same law as before. 

387. And a*? the several cases, (1, 2, 3), here given, are of 
the same kind with those that are designed to be expressed .in 
universal terms, by the general formula ; it is in vain, as far as 
regards the first two terms, and the general form of the series, 
to look for any other origin of them than what may be derived 
from these, or other similar operations. 



as- 



388. Hence, because (a4-a:)"»=o"« C l-\ — V, if there be 

sumed (a+a;)"»=,a«+''**^'^*"**+Ba;^+^^+^^» ^c. ; or which 
will be more commodious, and equally answer the design pro* 
posed, 

(l+^)-.=l+A. @+A, (I>+A,(-?)'+ ^0 . . . . (4). 

it will only remaiti to determine the values of the coefficients 
A ,, A,, A3, &c. and to show the law of their dependence on 
the index (m) of the operation by which they are produced. 

389. For this purpose, let m denote any number whatever, 

X 

whole or fractional, positive or negative ; and for -, in the above 

formula, put y+z\ then, there will arise T l + ~ )«=[1 + 

(y+^)]"'=[(l+y).+«]*"i which being all identical expressions, 
when taken according to the above form, will evidently be 
equal to each other. 

390. Whence, as the numeral coefficients Aj, A^, A3, &c. 
of the developed formulae, will not change for any value that 
can be given to a and x, provided the index (m), remains the 
same, the two latter may be exhibited under the forms 

[l + (^+^)]™=l+Ai (y+z)+A^ (y+zy+ &c. 

L(i+y)+«]'«===(i+y)'"+Ai2(i+y)«-'-fAj,^(i+y)«-H&c. 

And, conseqaenlly, by raising the several terms of the first 
of these series to their proper powers, and putting l-4-y=JP in 
the latter, we shall have 

1+A ,{y+z)+A,if+2yz + z')+A:,{f+3fz+3yz''{'Z^+ 
&c. =p™+Aip»"-'«+A,p«-V+A3jo"»-V+ &c, • 



A 
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391. Or, by ordering the terms, so that those which are 
affected with the same power of z may be all brought together, 
and arranged under the same head, this last expression will 
stand thus : 



1+Ai 
Aiy4-2Aj,y 

Aajr'+SAsy' 

A3y^-f4A4y3 

&c. 



;?+A» 
+3A3y 
+6A4y' 

+10Ae2^ 
&c. 



^+A3 
+4A4y 
+iOA6y» 
+30A6y^ 



a'+Stc. (6). 



I 



&c. 
=jD4.Aij?«->;?+A,jo'»-'V+A8;?»'»-^a;3+ &c. 

in which equation it is evident, that both y and z are inde* 
terminate, and independent of the values Ai, A,, A3, &c. ; 
since the result here obtained arises solely from the substitu- 

tion of the sum of these quantities for - in equation (4). 

392. Hence, as the iSrst terms and the coefficients, or. mul- 
tipliers of the like powers of z^ in these two expressions, are, 
in this case, identical, we shall have, by comparing the first 
column of the left-hand member with the first term of that on 
the right, 

1+A iy+Asy^+A3y'+A4y*+ &c. =;^«, 
which is an identity that verifies itself ; since, by hypothesis, 
(1+y )"*=/?"*, and, according to the general formula, (l-|-y)"» 
= 1+A iy4.A3y«+A,y3+ &c. 

393. Also, if the second of these columns be compared - in 
like manner, with the second on the right, there will arise the 
new identity, 

Ai+2Agy+3A33^+4A4y'==Aij»«-' ; which will be suffi- 
cient, independently of the rest of the terms for determining the 
values of the coefficients A 1, As, A g, &c. 

For since A,jp*»-^=A i-= jx" {1+A,y+A2y=+Ay4- 

&c.'), the equating this series with the last, and multiplying 
the left-hand side by 1+y, will give 

[Ai+2A,y+3A32/»+&c.](l+y)=Ai+AiA,y+AjA,2/»+ 
AiAgy'+fec. 

And, therefore, by actually performing the operation, and 
arranging the terms accordingly, we shall have 



Ai+2A^ 
+Ai 



y+3A, 
+2A^ 



y'+4A4 
+3A3 



y^+&c. 



=Ai+AiA,j-f AiA3y»+AiA3y'+ &c. 
394. From which last filentity, there will obviously arise, 
by equating the homologous terms of its two members, the fol- 
lowing relations of the coefficients : 

26* • 
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A,=A, 

3A3=A,A,— 2A, 
4A4=A,A3— 3A3 



«A^=AiA,^r^*-»)An-i 



or 



A,=A, 
_A,(A»-1) 

A,(A,-2) 



A.= 



A,= 



_A,(A,-3) 



A.= 



An^i-[Ai-(»— 1)] 



n 



And, consequently, as the coefficient A 1 of the second term 
of the expanded binomial, has been shown to be equal, in ail 
cases, to the index {m) of. the proposed binomial, the last of 
these expressions will become of the form 

Ai=m 
- !»(/»- 1) 

_jn{m — l).(»t-^2) 



ffl(m-l).(m-^2).fm— 3) 
~ 2^ A 



2.3 



A4 = 

^w(m— l).(m — 2).(m— 3) .... [w— (»-f-I)] 

^~ 273.4.6 Til ^ 

where the law of the continuation of the terms, from A^ to the 
general term A^, is sufficiently evident. 

395. Whence it follows, that, whether the index m be t«- 
tegral or fractional^ positive or negative^ the proposed binomial 
(a4*^)"*j when expanded, may always be exhibited under the 
form 



&c.]; 



or (a+x)«= 



, , m[m — 1) « . 7w(m— 1) (m— 2) - ,« 

a»4-wia«-'ar-| — '— — ^-a?'^x+-^ ^- -ia^-Sx^ ^^ 

2 2.U. 

' X ' X 

And if be substituted in the place of -j — , the same for- 

mula will, in that case^ be expressed as follows : 
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«(ff^-l).(m-2) /zV 

2.3 \aj ' •" 

or (a — ^a;)'"=o'» — nuf^*x-[, — -— (f^^a? — 

2.4 

^ ■ . * 

Where it is to be observed, that the series, in each of these 
cases, will terminate at the (m4-l)th term, when m is a whole 
positive number ; but if m be fractional or negative, it will pro- - 
ceed ad infinitum ; as neither the factors m — 1, m — 2, m — 3, &c. 
can then become =0. 

396. To this we may add, that in the two last instances 

here mentioned; the second term ( - j of the binomial must 

be less than^l, or otherwise the series, after a certain number of 
terms, will diverge, instead of converging. 

397. It may also be farther remarked, that when a and x 
in these formulae, are each equal to 1, we shall have, agree, 
ably to such a sul3stitution, (a-(-w)m= ( l-|- !)»«== 2™ =14-wi+ 
m{m — 1) f»(m — 1) . (w— 2) m{m — \).{m — 2) . (m — 3) 

2 ' TS" '~^ ; ~2Ja ^ 

&c., and 

(a--a:)'" = (1— ir=0'"=0=^l— w+ 
W2(m — 1) m{m — 1) . (y/i— 2) m{m—^\)m — 2) . (w — 3) 

2~^ 2.3 "^ 213^4 7 

&c. 

From which it appears, that the sum of the coefficients 
arising out of the development of the mih power, or root of 
any binomial, is equal to 2"» ; and that the sum of the coeffi- 
cierits of the odd terms of the mth power, or root of a resi- 
dual quantity, is equal to the sum of the coefficients of the even 
terms. 

m 0—1 

398. Finally, let m=0 ; then (a+x) =a+o x « a:+ 

0(0— .1)0-2 2 » . ^a? , ^a:^ , « 

-^— — -a X +&c.,=a +0. — hO.-a-+ &c. 

where it is evident that the series terminates at the first term 
(a**) ; since the coefficient of every successive term involves 
for one of its factors; therefore {a-\-xf=a^=i\^ (Art. 86). 
And, if a=a; ; then (a— a;)**=:o®=l, that is, 0°=1. Hence, it 
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follows, that any quantity, either simple or compound, raised 
to the power 0, is equal to unity or 1 ; and also that 0* is in all 
cases equal to unity or 1. 

399. Although it has been observed, that 0* appeairs to 

admit of an infinity of numerical values ; because it is equal to 

"If, which is the mark of indetermination ; yet it is plain, from 

what is above shown, that 0® is only one of the values of -(-, 

0" 

which, in that particular c€ise, where 7v;;*=0*=7;j ^ equal to 

unity. The intelligent reader is referred to Bonnycastle's 
Algebra^ 8vo. vol. ii. Also, Lagrange's Theorie des Fonc- 
tions Analytiques^ and Lemons sur le Calcul des Fonctioris* 

§ in. APPLICATION OF THE BINOMIAL THEOREM TO THE 

EXPANSION OF SERIES. 

• 

400. The method of expandin g any binomial of the form 
(a^j-a;)"', when m is any 'whole number whatever, has be«i 
alre^idy pointed out, and it has also been observed, that the 
series will always terminate, when m is a whole number : But 
when w is a negative number, or a fraction^ then the series ex- 
pressing the value of (a+2:)" does not terminate. 

* n 

Let ?n='' 9 and substitute' for m in the series then 

(a+ar)r=:o'-+^ar x+LlI iar «*+, &c. 

4- -^r-j — KZ^/'^^^-i which is a general expression for find- 

n 

ing the approximate value of any binomial surd quantity, r 
being either positive or negative, n and r any whole numbers 
whatever. 

Ex. 1. Find the approximate value of ^Cft^+c*) or {6»+c^* 
Here a=6' | .-. ar =^6^=6 j 



n(n 
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2.3r» W / 2 . 3 ; 3^ ' V6^/ 3^ ' 



&c. = &c* 



Hence t/(*'+c')=*(l+: 



6c» 



36^ 3^6« * 3\6»' 



J"*" qTTSi *^^-)- 



Ex, 2. Find th0 value of 



1 



{b+cy 



ox (fe+c)"^ in a series. 



Here ass6 



i^ I n/x^ 2c 

yt(ffl,-^) /g^\ — 2(— 2-~^l)/c^ \ 3c' 
2r\aJ 2 U'/ T=^'' 



r=l 



Hence 



(b+ 






2 

&c.=&c. 
2c . 3c» 4c» 



6 '6" 

n 



-^+&C.j. 



. 401. Now let na-l, (a+a:) »* = (a4.a:)»- ^\/{a + x) ; and a 
7=^0 5 hence the series (Art. 398) is transformed into ij/ 

(.+.)=v.(.+K9+^(-^)+'-^^i^(?) 

+&C.) ..... (A). 

L ry« ,• . -^ I 1— ^ • (1— r).(l— 2r) 
Let a= 1, 6=1 ; then ^2 = 1+'^ +-^+ ^ 2.3.r^ 

-|-&c. (B). 

Thus, if r=2, then ^2 =1 +l~l+i-|+~^ 

+ &c. And if r=3, 

.V a.o , . 1 1 .5 2.5 2.11 2.7.11 , . 
then V2=l+g--,+^,-.g^+-3r = -3i-+&c. . 

By means of the series marked A, therth root of many other 
numbers may be found ; if a and x be so assumed, that x is a 
small number with respect to a, and ^a, a ^hole number. 

Ex. 3. It is required td convert v'6, or its equal \/(4+l), 
.into an infinite series. 

Here c=4, a:=l, r=2 ; then -|/a= v^4=2, and we have 

V(4+i)=2(l+^-i-,+^-~+&c) • 

Ex. 4. It is required to convert ^9, orits equal^(8-f 1). 
into an infinite series. 



\ 
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Here a=:8, x=l, r=3 ; then [/a=^8=2, and we obtain 

402. The several terms of these series are found by sub- 
stituting for a, Xj and r, their values in the general series mark- 
ed (A) or (B), and then rejecting the factors common to both 
the numerators and denominators of the fractions. 

Thus, for instance, to find the 5th term of the series express- 
ing the approximate value of V^i ^^ ^^^ ^^^ ^^^ ^^^^^ ^^ ^^^ 
general series marked (A), which is 

azi2^=?rMtia(^), ,t«, „8, .=., ^ r^,; 

.: Ul« v.l».ofthe lh,olioni.-|l|^(l,)=- -j^jj;^ 

2.5 2.5.' 

^ — T^fra^^'^W~u*' ^^ ^^^ manner each term of the 

series is calculated ; and the law which they observe is, that 
the numerators of the fractions, consist of certain combinations 
of prime numbers, and the denominators of combinations of cer- 
tain powers of a and r. 

Ex. 5. Find the value of (c* — a^y in a series. 

Ex. 6. It is required to convert ^6, or its equal ^(8— 2)^ 
into an infinite series. 

Ex. 7. It is required to extract the square root of 10, in an 
infinite series. Ans. 3+1^- ^^-^+^±^- &c. 

Ex. 8. To expand o'Ca*— ar)""^ in a series. 

Ex. 9. To find the value of ^{a'-^-i^) in a series. 

Ans.«+^- — +---.-&C. 
Ex. 10. Find the cube root of 1 — x^j in ^ series. 

Ans.l-.^^^-^-^-4.c. 
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CHAPTER XUI. 



ON 



PROPORTION AND PROGRESSION. 

* 

§ I. ARITHMETICAL PROPORTION AND PROOREfll^IQN'. , 



>.T 



403, Arithhetical Proportion is the relation which two 
numbers, or quantities, of the same, kind, have to t|^o others, 
when the difference of the first pair is equal to that of the se- 
cond. 

404. Hence, three quantities are in arithmetical proportion, 
when the difference of the first and second is equal to the diffe- 
rence of the second and third. Thus, 2, 4, 6 ; and a, a+6, 
a+2bj are quantities in arithmetical proportion. 

405. . And four quantities are in arithmetical proportion, when 
the difference of the first and second is equal to the difMe^Tce of 
the third and fourth. Thus 3, 7, 12, 16 ; and a, a-|-6, c, c+6 , 
are quantities in arithmetical proportion. 

406. Arithmetical Progression is, when a series of num- 
bers or quantities increase or decrease by the same common 
difference. Thus 1, 3, 5, 7, 9, &c. and a, a+rf, a+2rf, a+Sd, 
&c. are an increasing series in arithmetical progression, the 
common differences of which are 2 and (3. And 15, 12, .9, 6, 
&c. and fl, o — d, a — 2d^ a — 3d, &c. are decreasing series in 

. arithmetical- progression, the common differences of .which are 
3 and d. 

407. It may be observed, that Garnier,. and. other Euro- 
pean writers on Algebra, at present, treat of arithmetical pro- 
portion and progression under the denomination of equi-diffe- 

' rences, which they consider, as Bonnycastle justly observes, 
not without reason, as a more appropriate appellation than the 
former, as 'the term arithmetical conveys no idea of the nature 
of the subject (o which it is applied. 

408. They also represent the relations of these quantities 
under the form of an equation, instead of by points, as is usu- 
ally done ; so that if a, 6, c, d, taken in the order in which 
they stand, be four quantities in arithmetical proportion, this 
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relation will be expressed by a — 6=c — d; where it is evi- 
dent that all the properties of this kind of proportion can be 
Gained by the mere transposition of the terms of the equa- 
tion. 

409. Thus, by transposition, a-|-d=^-f-c. From which it, 
appears, that the sum of the two extremes is egucU to the sum of 
the two means : And if the third term in this case be the same 
as- the seoond, or c=6, the equi-difference is said to be con- 
tinued, and we have 

a+d=2&; or6=+(a-fd); ■ 
wfiere it is evident, that the sum of the extremes is double the mean; 
or the mean equal to half the sum of the extremes, 

410. In like manner, by transposing all the terms of the 
original iquation, a — h=^e — rf, we shall have 6— a==d — c* 
which shows that the consequents 5, cJ, can be put in the 
places of the antecedents a, c ; or, conversely, a and c in the 
places of h and d. 

411. Also, from the same equality a— 6=c— d, there will 
arise, by adding m— n to each of its sides, 

{a+m) — (6+n)=(c+m) — (d+n) ; 

where it appears that the proportion iai not altered, by aug- 
menting the antecedents a and c by the same quantity w, and 
the consequents h and d by another quantity n. In short, 
every operation by way of addition, subtraction, multiplica- 
tion, and division, made upon each member of the equation, 
a — 6=c — d, gives a new property of this kind of proportion, 
without changing its nature. 

412. The same (irinci pies are also equally applicable to. 
any continued set of equi-difFefences of the f^rm a— 6=6 — 
c=c— d=d— c, &c. which denote the relations of a series of 
terms in what has been usually .called arithmetical pTogres- 
«ion, 

413. But these relations will be more commodiously shown, 
by taking a, 6, c, d, &c. so that each of them shall be gieater 
or less than tbat which precedes it by some quantity d' \ in 
which case the terms of the series will become 

a, o-t:d',.o±2d', o±3d', a±4d', &c.- 

Where, if / be put for that term in the progression of which 
the rank is n, its value, according to the law here pointed out, 
will evidently be 

which expression is usually called the general term of the se» 
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ries ; because, if 1, 2, 3, 4, &c. be successively substituted for 
n, the results will give the rest of the terms. 

Hence iAe last term of any arithmetical series is equal to the first 
t&cm plus or minus J the product of the common difference^ by the 
number of terms less one. 

414. Also, if s be put equal, to the sum of any number of 
terms of this progression, we shall have 

8=a+{a^d'l+{a^2d')+ .... +[a±(»— 1^]. 

And by reversing the order of the terms of the series, 
5=[o-t(»— I)«^']+[azt('»— 2)d']4. . . . (a±d')+«- ^' 

Whence, by adding the corresponding terms of these two ' 
equations together, there will arise 

2«=[2o±C»— l)d']+[2o±(n — l)d'], &c. to n terms. 

And, consequently, as all the n terms of this series are equal 
to each other, we shall have 
• 2s=w[2flJ-(w— l)d'],ors=*{2a-t.(«-l)d'] . . (1). 

416. Or, by substituting / for the last term a±(»— l)cr, as 
found above, this expression (1) will become 

s=f(«+0 .... (2). 

Hence, the sum of any series of quantities in arithmetical pro- 
gression is equal to the sum of the two extremes multiplied by half" 
the number of terms. 

It may be.observed, that from equations (1) and (2), if any - 
three of the iive> quantities, a, (f , n^f/, «, be given, the rest may 
be found. 

416. Let /, as before, be the last term of an arithmetic series, 
"whose^r^^ term is (a), common difference (rf'), and number of terms 

In) ; then /=a+ (n — l)d' : .'. d'= -. Now the intermedi- 

' n — 1 

ate terms between the first and the last is »— 2 ; let n — 2=:»i, 

l—^tt 
thenw — l=m-l-.l. Hence, d'^ — p^, which gives the fol- 

w+1 . 

lowing rule for finding any number of arithmetic means between 

two numbers. Divide the difference of the two numbers by the 

given number of means increased by unity ^ and the quotient will be the 

common difference. Having the common difference, the means 

themselves will l^e known. 

Example 1. Find the sum of the series 1, 3, 5, 7, 9, 11, &c. 
continued to 120 terms. 

^"7=2 i ••• «=[2«+(«-l)cJ']5=-it<i[2X 1+(120- 

27 
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Ex. 2. The sum of an arithmetic series is 567, the Jirsi term 
7, and the common diference 2. What are the nun^&r tf terms T 
Here 5=567, ) .-. 2a=nr2(H- (»— l)fl?]=n[144-(«- 1)2] 
a=7, V =14n+5n» — 2»=1 134 ; .-. n'+6n+ 9=; 
V=2; J576,Andn=21. 

Ex. 3. The sum of an arithmetic series is 1455, the Jirst 
terr^ 5, and the number of terms 30. \yhat is the common dif- 
ference ? Ans. 3. 

Ex. 4. The sum of an arithmetic series is 1240, common dif- 
ference 4, and number of terms 20. What is tbe^r^^ term ? 

Ans. idO. 

Ex. 5. find the sum of 36 t^rms of the series, 40, 38, 36, 
34, .&c. Ans. 108. 

£x. 6. The sum of an arithmetic series is 440, first term 3, 
and common difference 2. What are the number of terms ? 

Ans 20. 

Ex. 7. A person bought 47 sheep, and gave 1 shilling for 
theirs/ sheep, 3 for the second^ 5 for the thirds and so on. What 
did all the sheep cost him ? Ans. 110/. 9s, 

Ex. 8. Find six arithmetic means between 1 and 43. 

Ans. 7, 13, 19, 25, 31,37. 

§ II. GEOMETRICAL PROPORTION AND PROGRESSION. 

417. Geometrical Proportion, is the relation which two 
numbers, or quantities, of 4he same kind, have to two others, 
when the antecedents or leading terms of each pair, are the 
same parts of their consequents, or the consequents of their 
antecedents. 

418. And if two qiiantities only are to be compared together, 
the part, or parts, which the antecedent is of the consequent, 
or the consequent of the antecedent, is called the rc^tio ; observ- 
ing, in both cases, lo follow the same method. 

419. Direct proportion^ is when the same relation subsists be- 
tween the first of four quantities, and the second, as between 
the third and fourth. 

Thus, a, ar^ 6, hr, as in direct proportion. 

. 420. Inverse^ or reciprocal proportion^ is when the first and 
second of four quantities are directly proportional to^ the recipro- 
cals of the third and fourth. 

Thus, a, ar^hr^ d, are inversely proportional ; because, a, or, 

T-, J, are directly proportional. 
421. The same reason that induced the writers mentioned 
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iiv (Art 407), to give the name of equi^tdifferences to arithmeti- 
cal proportionala, also led them to apply that of equl-quotients 
to geometrical 4)roportional8, and to ezprdes their relations in a 
similar way by means of equations. 

Thus, if there be taken any four proportionals, a, 6, c, «?, 
which it has been usual to express by means of points, as 
below, 

a:b : :c : d. 

This relation, according to the method above-mentioned, 

will be denoted by the equation t=^{ (Art. 24) ; where the 

equal ratios are represented by fractions, the numerators of 
which are the antecedents, and the denominators the conse* 
4iuent8. Hence, ac2s=6c. 

422. And if the third term c, in this case, be the same as 
the second, or c=:6, the proportion is said to be continued, 
and we have ^»&^ or b^^^ad ; where it is evident, tkcU the 
product of the exiremes of three proportionale^ is equalto the sqware 
of the mean : or, that the mean i$ egual to the square foot of the 
product of the two exiremes, 

423. Also, from Uie equality, t=ji there will result-^ 

fid. 

»-^- : for, by adding or subtracting 1 from each side of the 

. a , c ■ #4-6 c-4-d _ , , 

equation ; then Tdbl=;^±l j •*• -^ = "T , and o±o : 6 : : 

cj^d : d. 

Hence, when four quantities are proportionals^ the sum or differ^ 
ence of the first and second is to the second as the sum or dijferenct 
of the third and fourth^ is to the fourth. 

424. In like manner, if a : 6 : : c : (2 ; then, ma\mb w^-, 

a c ma '^c 

id. For^=- ; .-. (Art. 118), ^=i;j ; and, ma : m6 : : ^ : 

id. 

Hence, when four quantities are proportionals^ if the first and 
second be multiplied^ or divided by any quantity^ and also the 
second and fourth^ the resulting quantities will still be propor- 
tionals. 

425. Also, if a : b::c:d: thenr^jj •'• t-^-ri and 

* ' b d\ b"" d** 

a^ : b* ::c^ : d* ; where n may be any number either integral 
€f fractivnal* 
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Hence, if four quantities he proportionals^ any power or root of 
those quantities will be proportionals. 

And, by proceeding in a similar manner, all the properties 
and transformations of ratios and proportion^ can be easily ob- 

(g c 

tained from the equality t=5i o' ad=^hc. 

426. In addition to what is here said, it may be observ- 
ed, that the ratio of two squares is frequently called duplicate 
ratio ; of two square roots, subdtiplicate ratio ; of two cubes, 
triplicate ratio ; and of two cube roots, subiriplicate raiiQ. See 
the Appendix at the end of this Treatise, where the doctrine 
of ratios and proportion is fully explained and clearly illus- 
trated. 

427. Geometrical Progression, is when a series of num- 
bers, or quantities, have the same constant ratio, oi" which in- 
crease, or decrease, by a common multiplier, or divisor. Thus, 
the numbers 1, 2, 4, 8, 16, &c. (which increase by the continual 
muUiplieathn of 2), and the numibers 1, f, i, g^, &c. (which 
decrease by the continued division of 3, or multiplication of f ), 
are in Geometrical Progression. 

428. In general, if a represents the first term of such a 
aeries, and r the common multiplier or ratio ; then may the 
series itself be represented by a, ar^ ar^, ar^, ar*. dec, which 
will evidently be an increasing or decreasing series, according 
as r is a whole number^ or-tfi proper fraction. In the foregoing 
series, the index of r in any term is less by unity than the num- 
ber which denotes the place of that tetin in the series. Hence, 
if the number of terms in the series be denoted by (»), the last 
term will be ar»-*. 

429. Let / be the last term of a geometric series, then /= 
tff*'-* and r«^>=— ; .•. r= ^ / - . The number of inter- 
mediate terms between the first and last is n — 2 ; let n— 2=^ 
fw, then n — l=m4-l, and r= ^ — , which gives the follow- 
ing rule for finding any number of. geometric means between 
two numbers ; viz. Divide one number by the other, and take 
that root of the quotient which is denoted by i»-|-I j ^he result 
will be the common ratio. Having the common ratio, the means 
are found by muKiplication. 

430. Let S be made to denote the sum of n terms ot the 
series, including the first, then 
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Multiply the equation by r, and. it becomes 

Whence, subtracting the first of these equations from the 
second, observing that all the terms except a and ar* destroy 
each other, we shall have 

4W^-«a=:r8— S=(^— 1)S; and.vS=^^ . . . (1). 

Or, by substituting / for the last term ar^^^^ as above found, 

this expression will become 8= ' ; from iR^hich two 

equations, if any three of the quantities a, r, n, /, S, be given, 
the rest may be found. Thus, from the second equation. 

a^rl^{r^l)S] r=-g-_^and /=^ ^~. 

In the formula (1), when r=i:l, we have ®==^j^-t=7;' 



^ 

Now, the value of tbe sjonbol j-, in this particular case, shall 

be equal to na ; because the series a+*^''+^^ .... 
or"^2_j.fl^n— J ^ fQj. r=l, becomes a+a-4-«+<'+ &C., and the 
sum of n terms of this series, is evidently equal to na ; there-* 



af^—^ f*— — 1 1 — 1^ 

fore S =-=««. Or, since -- — - =«. r- =aX r — =a 

r— -1 r-r-i 1 — T 

which, in the case of r=l, becomes a.[l-(,l-}-l+ &c.], and 

the sum of « terms of the series 1+1+1 -}-&c. is evidently 

1 — f» 
equal to n ; therefore S==;a.- = a.-=a.( l+l+l+&c.)-=a 

o><w==aw, as before. 

431. When the. common factor r, in the above series, is a 
whole number, the terms a, ar^'ai^^ af^^^ form an increasing 
progression ; in which case n may be so taken, that the value 
of the sum (S) shall be greater than any assignable quantity, 

432. But if r be a proper fraction, aa-;, the series o, -„ -^^ 

r ' f r ■ 

a , * 

-^, ^11 be ct decreasing^ one, and the expression (Art. 430), 

' F 

1 

by substitutitig -7 for r, and changing the signs of the numera- 

27* 
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0/(1-—/*) 
tor and denominator, will become — 7- — — ' ; where it is 

plain, that the term -^ will be inde&iitely small when n i& ' 

indefinitely great; and consequently, by prolonging the se- 

or' 
ries, S may be made to differ from -7-— - by less than any as- 
signable quantity. 

433. Whence, supposing the series to be continued ipdefi- 

nitely, or without end, we shall have in that case, S= -7 — - ; 

which last expression is what some call the radix, and others 
the limit of the series ; as being of such a value, that the sum 
of any number of its terms, however great, can never exceed 
it, and yet may be made to approach nearer to it than \^y any 
given difference. 

434. If the ratio, or multiplier, r, be negative, in which 
case the series will be of the form 

a — or-t-or*— 0^*+ .... * ±ar"""', where the terms 

are + ^^^ "^ alternately, we shall have S==--2t^. 

And if rbeaproperfraction, -, as before, we shall have, 
for the EHim of an indefinite number of terms of the series a — 

Ex. 1. Find the sum of the series, 1, 3, 9^ 27, &c. to 12 
terms. 

ar«— «_lx3"— 1 81'— 1 

r-1 3—1 2 

531441^1 631440 ^^^^^^ 
= ^ =— 2"" =2^S'^20. 

Ex. 2. Find three geometric means betweei^ 2 and 32. 

tlerea=2^ «+> /I 4/32 4 / ,^ ^ 

16 = 2, 




w=3;j 



978: 

and the m^ans required are 4, &^ 16. 

Ex. 3. The first term of a geometrical progression is 1, 

the ratio 2, and the nainber of terms 10. What is the sum of 

the series ? Ans. 1023. 
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^^. 4. In a geometrical progression is given the greatest 
term s=1458, the ratio =3, and the number of terms =7, to 
find the least term. Ans. 2. 

Ex. 5. It is required to find two geometrical proportionals 
between 3 ant) 24, e^nd four geometrical means between 3 «fid 
96. Ans. 6 and 12 ; and 6, 12, 24, and 48. 

Ex. 6. Find two geometric means between 4 and 256. 

Ans. 16, and 64. 

Ex. 7. Find three geometric means between ■} and 9. 

Ans. i, 1, 3. 

Ex. 8. A Gentleman who had a daughter married on New- 
year's day, gave the husband towards her portion 4 dollars, 
promising to triple that sum the first day of every month, for 
nine months after the marriage ; the sum paid on the first day 
of the. ninth month was 26244 dollars. What was the Ladj^'s 
fortune 1 Ans. 39364 dollars. 

Ex. 9. Find the value of l+i+i+i^- &c. ad infinitum, 

Ans. 2. 

Ex. 10. Find the value of 14-i+TV-|-H+ &c. ad infini- 
tum, Ans. 4. 

• § III. HARMONICAL l^ROFOI^TION AND PROGRESSION. 

435. Three quantities are said to be in harmonical proptk" 
Hon, when the first is to the third, as the difference between 
the first and second is to the difference between the second and 
third. 

Thus, a, 6, c, are harmonically proportional, when • 
a : c : : d- — 6 : 6 — c, or a : c : : h — a : c — h. 

And c, [since o(6 — c)z=.c{a — fe) or a6=:(2a— i)c], is a third 

harmonical proportion to a and 6, when c=g — j, 

. 436. Four quantities are in h%rmonical proportion, when the 
first is to the fourth, as the difference between the first and se- 
• cond is to the difference between the third and fourth. 
Thus, a, 6, c, d, are in harmonical proportion, When 
a\ dw a — b : c — d, or a : d : : h — a : d — c. 
And d, [since a{c — d)^i[cL — 6) or ac=(2a — 6)d], is a 

fourth harmonical proportional to a, 6, c, when c2= 



ac 



j 2a-6* 

1^ In each of which cases, it is obvious, that twice the first 



) 



term must be greater than the second, or otherwise the propor- 
tionality will not subsist. 
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437. Anj number of quantities, a^ 6, c, d^ e, &c. are in har- 
monical progression, if o : c : : a— 6 : 6— c ; bid:: b — c : c— d; 
c :e :: c^d : d — e, &c. 

433. The reciprocal of guarUities in harmonical progression, 
are in arithmetical progression. For, if a, 6, c, d, c, &c. are 
in harmonical progression ; then, from the preceding Arti- 
cle, we shall have oc^-a6=2ac; dc-\'bc=:2dh \ ed-|-c5=2ar, 
&c. Now, by dividing the first of these equalities bj abc ; 

the second by bfic ; the third by cde j &c., we have, — |— = ^ 

r ; r+ j=- i -+-= :j ; &c. Therefore, -,- r-, -, -j, ■-, &c. are 
in arithmetical progression. 

439. An harmonical mean between any ttba gttantities^ is eqtid 
to twice their product divided by their sum. For if a^ x, 5, 
are three quantities in harmonical proportion, then, azb:: 

a — X I X — b ; .•, ax — ab=:ab^bx, and ar= — r-j. 

Ex. 1. Find a third harmonical proportional to 6 and 4. 
Let x=z the required number, then 6 : x :: 6 — 4 : 4 — x^ 
k\ 24 — 6x=:2x, and a;=3. • 

' Ex. 2. Find an harmonibal mean between 12 and 6. 

Ans. 8. 

Ex. 3. Find a third harmonical proportional to 234 and 
144. ' Ans. 104. 

Ex, 4. Find a fourth harmonical proportional to 16, 8, and 
3. Ans. 2.. 

§ IV. PROBLEMS IN PROPORTION AND PROGRESSipN. 



;^] 



Prob. 1. There are two nfiimbers whose product is 24, and 
the difference of their cubes : cube of their difference : : 19 : l.« 
What are the numbers ? • 

Let ;r= the greater number, and y= the lesser. 

' Then, a:t^=24, and x^ — i^ : {x—yY : : 19 : 1. 
By expansion, a?— y' i a? — 3r*y-f-3acy* — y^ : : 19 : 1 ; 

r/Sx^y — Zxy^ : (a:— y)^ : : 18 : 1 ; 

and, dividing by x — y, Sxy : (av- y)^ : : 18 ; 1 ; 

but xy=24 ; .•. 72 : (a:-y)' : : 18 : 1. 
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Hence, 18 (ar-y)«=72, or {x-^y^z^A: ; 

> .-.a?— i/=r2. 

Again, oi^ — 2xy-\-y^=^ 4, 

and Axy =96, 

.-. a?+2a5y+t^=:100, and ar+y^ 10, 

butar— y= 2, 



/. 



.'. a:=6, and y=4. 

Prob. 2. Before noon, a clock which is too fast, and points 
to afternoon time, is put back five hours and forty minutes ; 
and it is observed that the time before shown is to the true time 
as 29 to 105. Required the true time. 

Ans. 8 hours, 45 minutes. 

Prob. 3. Find two numbers, the greater of which shall be 
to the less as their sum to 42, and as their differenoe to 6. 

Ans. 32, and 24. 

Prob.' 4. What two numbers are those, whose difference, 
Slim, and product, are as the numbers 2, 3, and 5, respectively % 

Ans. 10, and 2. 

Prob. 5. In a court there are t«^o square grass-plots; a 
side of one of which is 10 yards longer than thet)tti,er ; and 
their areas are as 25 to 9. What are the lengths of the sides % 

Ans. 25, and 15 yards. 

Prob. 6. There are three numbers in arithmetical progres- 
sion, whose sum is 21 ; and the sum of the first and second 
is to the sum of the second and third as 3 to 4. Required the 
numbers. 

Ans. 6, 7, 9. 

Prob. 7. The arithmetical mean of two numbers exceeds 
the geometrical mean by 13, and the geometrical mean ex- \/^ 
ceeds the harmonical mean by 12. What are the numbers % ^ \ 

Ans. 234, and 104. 

Prob. 8. Given the sum of three numbers, in harmonical 
proportion, equal to 26, and their continual product =576 ; 
to find the numbers. \ . 

Ans. 12, 8 and 6. 

« 

Prob. 9. It is required to find six numbers in geometrical 
progression, such, that their sum shall be 315, and the sum of 
the two extremes 165. . 

Ans. 5, 10, 20, 40, 80, and 160. 

Prob. 10. A number consisting of three dibits which are in 
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arithmetical progression, being divided hy the sum of its di- 
gits, gives a quotient 48 ; and if 198 be subtracted from it, the 
digits will be inverted. « Required the number. 

Aha. 432. 

/• 

Prob. 11. The, difference between the first and second of 
four numbers in geometrical progression is 36, and the diffe- 
rence between the third and fdurth is 4 ; What are the num- 
bers? 

Ans. 54, 18, 6, and 2. 

pROB. 12. There are three numbers in geometrical pro- 
gression ; the sum of the first and second of which is 9, and 
the sum of the first and third is 15. Riequired the numbers. 

Ans. 3, 6, 12. 

?R0B. 13. There are three numbers in geometrical pro- 
gression, vhose continued product is 64, and the sum of their 
cubes is 5S4. What are the numbers ? 

^ Ans. 2, 4, 8. 

Prob. 14. There are four numbers in geometrical progres- 
sion, the second of ^hich is less than the fourth by 24 ; and 
the sum of the extremes is to the sum of the means as 7 to 3. 
Bequir^ the numbers. 

Ans. 1, 3, 9, 27. 

Prob. 16. There are four numbers in arithmetical progres- 
sion, whose sum is 28 ; and their continued product is 685. 
Required the numbers. 

' Ans. 1, 5, 9, 13. 

. Prob. 16. There are four numbers in arithmetical progres- 
sion ; the sum of the squares of the first and second is 34 ; 
and the sum of the squares of the third and fourth is 130. . 
Bequired the numbers, 

Ans. 3, 5, 7, 9, 
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CHAPTER XIV. 



ON LOGARITHMS. 

440. Previous to the investigation of Logarithms, it may 

&ot be improper to promlne the two following prepositions. 

• 

441. Any quantity which from positive becomes negative^ tmd 
reciprocally passes ihroptgh tero^ or infinity. In fact, in order that 
^, which is supposed to be the greater of the two quantities 
m and n, becomes w, it must pass through n ; that is to say, 
the difference m — n becon^ps nothing ; therefore ;?, being this 
diflference, must necessariljj^ pass through zero, in order to 
become negative or — j». Bat if p becomes — jp, the fraction 
^ will become — ^ j and therefore it passes through i, or in- 

finity. 

442. It may be observed, that in Logarithms, and in some 
trigonometrical lines, the passage froiif positive to negative is 
made through- zero ; for others of these lines, the' transition 
takes place through infinity :'lt is only in the first case that 
we may regard negative numbers as less than zero ; whence 
there results, that the greater any number or quantity a is, 
"When taken positively, the less is — a ; and also, that any ne- 
gative number is, a fortiori^ less Ihan any absolute or positive 
number v^hatever,.. 

443. If Ve add successively dlfiferent negative quantities to 
the same positive magnitude, the results shall be so much less 
according as the negative quantity becomes greater, abstract- 
ing from its sign. For instance, 8 — 1 > 8— 2 >8 — 3, dec. 

It is in this sense, that 0> — 1 >— 2>— 3, &c. ; and 3> 
0> - 1 >— 2J>~3>r-4, &c. 

444. Any quantity^ which from real becomes imaginary^ or re-- 
ciprocaMy^ passes through zero^ or infinity. This is what may 
easily be concluded from these expressions, 

considered in these three relations, 
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§ I. THEORY OF LOGARITHMS. 

445h Logarithms are a set of numbers, which have been 
computed and formed into tables, for the purpose of facilitate 
ing arithmetical calculations ;, being so contrived, that the ad- 
dition and subtraction of them answer to the inultiplication 
and division of the natural numbers, with which they are made 
to correspond. 

446. Or, when taken in a similar, but more general sense, 
logarithms may be considered as the exponents of the pow- 
ers, to which a given, or invariable number, must be raised, 
in order to produce all the ebmmoB, or natural numbers. 
Thus; if o*=y, a*'=y', a*"=y", &C. ; then will the iadices 
a:, x', x\ &c. of the several powers of a, be the logarithms of 
the numbers ^, y\ y"f &c. in the scale or system, of which a 
is the base. 

447. So that, from either of these fcMTmulcB, it appears, that 
the logarithm of any number, taken separately, is the index 
of that power of some other number, which, when it is involved 
in the usual way, is equal to the given humber. And since 
the base a, in the above expressions, can be assumed of any 
value, greater or less than 1, it is plain that there may be an 
endless variety of systems of logarithms, answering to the 
same natural numbers. 

448. Let us suppose, in the equation a'^a^y, at first, a;=:0, 
we shall have y=l, since a'=l ; toar=l, corresponds y=a. 
Therefore, in every system, the logarithm of unity is zero ; and 
also, the base is the number whose proper logarithm, in the syS' 
tern to which it bdongs, is unity, (These ^lopertiea belong es- 
sentially to all systems of logarithms. 

449. Let 4-a? be changed into*— a; in the above equation, 
and we shall have 

1 

a* ' ^ 

Now, the exponent x augmenting continually, the fraction 

-JJ-, if ^he base a be greater than unity, will diminish, and may 

be made to approach continually towards 0, as its limit ; to 
this limit corresponds a value of x greater than any assignable 
'number whatever. Hence it follows, that, when the base a i$ 
greater than umiy, the logarithm of zero is infinitely negative, 

450. Let y and i/ be the representatives of two jiumbers, 
X and a^ the corresponding logarithms for the same base : we 
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shall have these two equations, a^=y, and «*'-!/', whose pro- 
.duct isa*.a*'=yy, or a**^^'- yy', and consequently, by the de- 
-finition of logarithms, a;4-^==log. yy', or log. yy,=log. y+ 
log-y. 
' And,', for a like reason, if any number of the equations 
«*==y, a^=y\ a'":=:i/",«Sitc. be multiplied together, we shall 
have a;*f-«'+*"+'^«-=s=yyY', <^c- ] ^^^^^ consequently, x-{ x^xf\' 
&c. = log^yy'fy &c. i or log. yyy", dtc.=log.y+log.y+log. 

. The logarUhi/(i,' of the product of any number of factors is^ there- 
fore^ equal to the sum of the logat itfims of those factors. 

451, Hence, if all tb« factors y, y\ y' , &c. are equal to each 
other, and the number of them be denoted by w, the preceding 
' property will then become log. (.y*»») = m, log. y. 

Therefore the logarithm of the ixith power of any number is 
. equd to m. times the logarithm of that number. 

4&2. In like manner, if the equation a*=t^, be divided by 

a'' 
.a*'=y', we shall hg^ve, /rom the nature of powers, —/, or 

a ^n] iBLnd by the definition of logarithms, a:— ar'=.Iog. 

y • 

Hence the logarithm of a fraction, or of the quotient arising 
from dividing one number by gnothery is equal to the logarithm of 
the numerator minus the logarithm of the denominator. 
' 453. And if each member of the equation, 0"=^, be rais- 

wir m 

ed to the fractional power ^, we shall have a « sr^y » ; and 

m !? 

consequently, as before, ^ a: = log. (^'•)=log. V^~ ; or log. 

• '' 

in AfM 

y*=--log.y. 
n 

Therefo#Me logarithm of a mixed root, or power, of any num" 

her, is found! by multiplying the logarithm of the given number, by 

the nufneraior of the index of- that power, and dividing the result bf 

ike denominator, 

454. And if the numerator m of ijie fractional index of xh» 
number y, be, in this case, taken equal to 1, tb^ preceding 
formula will then become 

log-y*=^log.y. 
From which it Mows, that the logarithm of the nM rwi of 

2S 
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any number^ is egutd^to the nth part of the logarithm of that man-' 
her, ' 

455. Hence, besides the u^e of logarithms in abridging the 
operations of multiplication and division, they are equally ap- 
plicable to the raising of powers and extracting of roots ; 
which are performed by simply multiplying the given logsi^ 
rithm by the index of the power, or dividing it by the number 
denoting the root. 

■ 

456. But, although the properties here mentioned are com- 
mon to every system of logarithms, it was necessary for 
practical purposes to select some one of these systems from 
the rest, and to adapt the logarithms of all the natural num- 
bers to that particiilar scale. And as 10 is the base of bur 
present system of arithmetic, the same number has according- 
ly been chosen for the base of the Jogarithmic system, now 
generally used. 

467. So that, according to this scale, which is that of the 
common logarithmic tables, the numbers, 

— 4 — 3 — 3 ~l b 1 S 3 4 

etc. 10 , 10 , 10 , 10 , 10, 10, 10, 10, 10, 

etc. ; or, 

etc., have for their logarithms, 

etc. 4, —3, -2,-1, 0, 1, 2, 3, 4, etc. 

which are evidently a set of numbers in. arithmetical progres- 
sion, answering to another set in geometrica] progression J as 
is the case in every system of logarithms. 

468. And, therefore, since the common or tabular . logarithm 
of any number (n) is the index of that power of 10, which, 
when involved, is equal to the given number, it is plain, 
from the equation 10*=«, or 10-«=jJ-, that the logarithms 
of nil the intermediate numbers, in the above series, may be 
assigned by approximation, and made to occupy their proper 

places in the general scale. 

« 

459. It is also evident, that the logarithms of 1, 10, 100, 
1000, etc. being 0, 1, 2, 3, respectively, the logarithm of 
any number, falling between 1, and 10, will be 0, and some 
decimal parts ; that of a number between 10 and 100, 1 and 
some decimal parts ; of a number between 100 and 1000, 2 
and some decimal parts ; and so on. 

460. And, for a like reason, the logarithms of ^^t^% 
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Yjrrj:, etc. or of their equals, .1, .01, .001, etc. in the des- 
cending part of the scale, being -^1, —2, — 3, etc. the loga- 
rithm of any number, falling between and .1, will be — 1 and 
some positive decimal parts ; that of a number between .1 and 
.01-, —-2 and some positive decimal parts ; and so on. 

461. HencCj as the multiplying or dividing of any number 
by 10, 100, 1000, etc. is performed by barely increasing or 
diminishing the integral part of its logarithm by 1, 2, 3, ^o. 
it is obvious that all numbers which consist of the same 
figures, whether they be integral, f. actional, or mixed, will 
have the same quantity for the decimal part of their loga- 
rithms. Thus, for instance, if i be made to denote the in- 
dex, or integral part of the logarithm of any number N, and 
d its decimal part, we shall have log. N=e-(-rf J log- 10"»xN 

N ' 
z=:{i~\.rfi)-\-d] log. — -=(i— >»)4-<i; where it is plain that 

the decimal, part of the logarithm, in each of the$« cases, re- 
znains the semoe. 

462, So that in this system, the integral part of any loga- 
rithm, which is usually called its index, or characteristic, is 
always less by 1 than the number of integers which the natu- 
ral number consists of ; and for decimals, it is the number 
which denotes the distance of the first significant figure fron: 
the place of units. Thus, according to the loganthjoiic tables 
in common use, we have 

JVimbers, Logarithms. 



1.36820 
335.260 

.46521 

.06154 
&c. 



0.1361496 
2.5253817 

1.6676490 

2.7891676 
&c. 



where the sign — is put over the jndex, instead of before it, 
when that part of the logarithm is negative, in order to distin- 
guish it from the decimal part, which is always to be considered 
as +) or affirmative. 

463. Also, agreeably to what has been before observed, the 
logarithm of 38540 being 4.5859117, the logarithms of any 
other numbers, consisting of the same figures, will be as fol- 
lows : 



« 
f 
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lumbers. Logarithms, 



3854 
885.4 
38.54 

3.854 

.3854 

. .03854 
.003854 



3.5869117 
2.5859117 
1.585^117 
0.5859117 

1.5859117 

2.5859117 

3.5859117 



ivhich logarithms, in this case, differ only in their indices, the 
decimal or positive part, being the Same in them all. 

464. And as the indices, or the integral parfs of the- loga- 
rithms of uny numbers whatever, in this \ system, can always 
be thus rcadiiy found, from the simple consideration of the 
rule above-mentioned, they are generally omiiied in the ta- 
bles, being left to be supplied by the operator^ as occasion re- 
quires. 

465. It may here, also, be' farther added, that, when the 
logarithm of a given number, in any particular system, is 
known, it will be easy to find the logarithm of the same num- 
ber in any other system, by means of the equations, a*=«, 
«^=n, which give 

(1) . . . . a?=log. n,. a/=:l. n .,..*.. (2). 
Where log. denotes the logarithm of n, in the system of which 
a is the bas% and 1. its logarithm in the system of which e k 
the base. 

ar »* 

466. Whence o*=c»', or a^=:e^ and e»=a, we shall have, 

X SXlf 

for the base a, -^=log. c, and for the base e, —=^l.a \ or 

(3) . . . . a?=a:Mog. e, 3f=^x.la . . . . • (4). 

Whence, if the values of drand af^ in equations (1), (2)» 

be substituted for z and x' in equations (3), (4),. we shall have, 

log. «= log. e x/.«) and /.» = x log. n ; or In =i la x 

log. n, and log. n=r— x ^•'*- where log. c, oif its equal j- ex- 

presses the constant ratio which the logarithms of n have to 
each othfirin the systems to which they belong. 

467. But the only system of these numbers, deserving of 
notice, except that above described, is the one that furnishes 
what have been usually called hyperbolic or JS'eperian loga- 
rithms, the base of which is 2.718281828459 .... 
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468. Hence, in comparing this with the compaon or tabular 
logarithms, >Ve ^hall have, by putting a in the latter ci the 
above formulae =10, the expression 

log,n=j— x'«> cir /.«=/.iOxlog. n. 

Where log<, in this case, denotes the common logarithm of 
the number n^ and /, its Neperian logarithm j the constant 

factor ^ which is.^^^-^g-^-, or .4342944819 . . be 

ing what is usually called the modulus of the common or ta- 
bular system of logarithms. 

469. It may not be improper to observe, that the loga- 
rithms, of negative quantities, are imq,ginary ; as has been 
clearly proved, by 'Lacroix, after the manner of 'Euler, in 
his Trait edu Caleul Diferentiel et Integral; and also, by Sure*. 
MAiir-MiflisEliT in his Thf.orie Furement Algebrigue des Quantith 
Imaginaires, See, for farther details upon the properties and 
calculation of logarithms, Garnier's d^Algehre^ or Bonny- 
castle's Treatise on Algebra in two vols. 8vo. 

§ IL APPLICATION OP LOGARITHMS TO THE SOLUTION OF EXPO- 
NENTIAL EC^UATIONS. 

470. Exponential equations are such as eontain quanti- 
ties with unknown or variable indices : Thus, a*=6, a:*=c, 

a^=d, &c. are exponential equations. 

471. An equation involving quantities of the forma?*, where 
the root and the index are both variable, or unknown, seldom 
occur in practice, we shall only point out the method of solv- 
ing equations invjolving quantities of the form a*, a**, where 
the base a is constant or invariable. 

472. It is proper to observe 'that an exponential bf the 
form o^*, means, a to the poxoer of j^, and not d* to the power 

ofx. ':- 

Ex. 1. Find the value of x in the equation a*=6. 

Taking the logarithm of the equation a^=:bj we have ajv 

log. a=log.i ; ••. a:= -2^ ; thus, leta=6, 6=100 ; then in 

the equation 6* = 100, 

_ log. 100 _2.0000000 _2R A 
*■" log. 6 CL6989700""" 

28* 
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Ex. 2, It is required to find the value of # in the equation 

Assume 6»=y, then af=^c, and yX^^S- ^T^^S-^] •'• yf= 

121:^. Hence 6*=!^^'' (which let)==d. Take the loga- 
log. o log. a 

rithm of the equation 6*= d, then, by (Ex. 1.), 3;=—-^. 

Thiw, let a=.9, 6=3, c=JOOO ; then in the equation 9'= 

log. c log. 1000 . , ., ,, ' , log. d 

1000, --2-Tp=:-f r — ;r~=3.14{=cJ) j and fc=--S_-= 
.^^ ' bgr\ log. 9 . V ^ ' ^ log. 6 

log.3.U_^69^6^^^ ^- . 

log. 3 "".4771213 
Ex. 3. Make such a separation of the quantities in the equa- 

i y ^ Jog. (a4-b) 

tion (a"— .6*)»==a+6, as to show, that =r^— St- 

^ ' ' 1 — X log. (a — W 

Taking the logarithm, we have 
» Xlog. (o'- y") = log. (a+6), or arXlog. (a+b) x (a— 6) = 
log. (a+i); 
that isjicxlog- (o+^)+^Xlog. (a— 6)=log. (a+h). 

Hence arx^og. (a— 6)=log. (a+J).— a;xlog. (0+6)-= 

X log. (aMb) 

(l-x) log. (0+6) ■; .'. i=i=4r|H^'- 

Ex.4. Given a»+6y=c, anda* — 6y=flf, required the va- 
lues of X andj/. 

By arfrfi7io«, 2a*=?:c4-(;,ora»=E--^-i which put=to- then 

log. m 
log. a 

Again, by subtraction, we have 26y=c— rf, or by= , 

log. n 
(which- let =«) ; .-. y=|— 7J- 

Ex. 5. Find the value of ar in the equation — ^--- =e. 

Ans. *=!2IlJ^^)=l°^«. 

log. 6 

Ex. 6. Fii^ the value of a? in the equation o*=~-5— - — ^. 

A _ ilog. (6+c)+ilog. (6-c)— ^log. dr^i log , e 

AXiSt X u» ————— ^— ^— - . ■ ' • 

log. a 
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Ex. 7. Find the value of x in the equation -Jo^-j-Jss: j^a* 

+1. . Ans. ar=r , 

log. c* 

Ex. 8. Given log. a?+log y=f } to find the values of x 
and log. «— log. y=^ ^ and y, 

Ans. a=lfiV10, and yi=10. 

Ex. 9. In the equation 2*=:10, it is required to find the va- 
lue of ar. Aps. x=3.32ia28, &c. 

Ex. 10. Given ^729=3, required the value of ar. 

Ans. a?=6. 

Ex. 11. Given ^^7862=8, to find the value of r. 

Ans. 5.2735, &c. 
». . . 

Ex. 12. Given (216)=^=64, to find the value of x, 

Ans. ar=3.8774, &c. 

£x. 13. Given 4'* =4096, to find the value of z, 

loo- 6 
Ans. x=, '='-- =1.6309, &c. 
log. 3 

Ex. 14. Given a*+»=c, and fe*-i'=d, to find the values of 

X and y. 

m-f-n , w— » . log. c . 

Ans. a?= -— —-, and y= —z;- ; where w=,-^— , and n= 
2 2 ■ log. a 

log, d 

log. 6' 
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CHAPTER XV. 



ON 



THE RESOLUTION OF EQUATIONS * 

OF THE THIRD AND HIGHER DEGREES. 

§ 1. THEORY AND TRANSFORMATIpN OF EQUATIONS, 

473. In addition to what has been already said (Art. 168), 
it may here be observed, that the roots of any equation are 
the numbers, which, when substituted for the unknown quan- 
tity, will make both sides of the equation identically equal. Or, 
which is the same, the roots of any equation are the numbers, 
which, substituted for the unknown quantity, reduce the first 
member to zero, or the proposed equation to the form Of 0=0 ; 
becaSse every equation may, designating: the highest power of 
the unknown quantity by x"», be exhibited under the form • 

a;'+Aar«-»+Ba;«'^»+Ca;«-3+ , . . Ta:+V=0. (1), 

A, B, C, . . . T, V, being known quantities. And the resolu- 
tion of an equation is tlie method of finding all the roots, which 
will ans\ver the required condition. 

474. This being premised, it may now be shown, Mo^ if a 
be a root of the equation (1), the left hand member of thai equation 
will be exactly divisible by x — a. 

For if a be substituted for a:, agreeably to the above defim- 
tion, we shall necessarily have 

o«-)-Aa«-»4-Ba«-a4-Ca*»-3^ . . . Ta+V=0. 
And consequently, by transposition, 

y=— o"»— Ao«-»— Ba"-»— Co"»-»— . . . — Ta. 

Whence, if this expression be substituted for V in the &st 
equationi'we shall have, by uniting the corresponding tenns, 
and placing them all in a line. 

(a^m_am)-j- A{ar"»- * — a*"- > )+B(a:«-» — .flw-a ) +T{x — a) = 0. 

Where, since the difTerience of any two equal powers of 
two different quantities is divisible by the difference of their 
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roots {Art. 108), each df the quantities (ar*— a"), (af*-*— fl«-«), 
(a?»-2-!-a"»— 2), dec. will be divisible by x-r~a. And, therefore» 
the whole compound expression 

which is equivalent to the equation finst proposed, is also di- 
visible by X — a ; as was to be shown. 

But if a be a quantity greater or less than the root, this 
conclusion will Jdot take place ; because, in that case, we shall 
not have 

T=— ^— Atf«-»— Bfl*-^— Cfl*-'— .... — Tfl; 

which is an equality obviously essential to the division in 
question. 

475. The precedinf"^ proposition may be demonstrated, 'af- 
ter the manner of D'Alembert, as follows: In fact, dosig- 
nating by X, the polynomial, which forms the first member of 
the equation (1), ; then we shall always carry on the division 
of X by X — a, till we arrive at a remainder R, independent of 
Xf since x is only of the first degree in the divisor ; so that, 
representing hy Gl the corresponding quotient, we shall have 
this identity, 

Now, by hypothesis, a substituted for x reduces the poly- 
nomial X to zercf ; and it is e\ndent that the same substitution 
gives Q(ar— o)=0 ; therefore- we shall necessarily have 0=R : 
Hence x—a divides the equation (1), without a remainder. 

• Reciprocally, if the first member of any equation of the form 
JX=0 he divisible hy x — o, a as a root. In fact we have, accord- 
ing to this hypothesis, the identity X = Gl(x— a), which, for 
xrrzttj gives X=0; therefore, (Art. 473), a is a root of the 
proposed equation. ^ 

Cor. 1. Hence we may easily conclude, ttf^t if a be not a 
root of the equation (1), the first member will not be divisible 
byx— o. 

Cor. 2. And if the first member of the equation (1), be 
not divisible by. •? — a, a is not a root of the proposed equa- 
tion. • 

476. Supposing every equation to have one root, orfialue of 
the unknown quantity, it can then be shown, that any proposed 
equation taill have as many roots as there are units in the index of its 
highest lenUj and no more. For let a, according to the assump- 
tion here mentioned, be a root of the equation ( 1 ), 

«»+A5«-i4-Ba^2.f Ca:--«+ . . . +Ta:+V=0. 
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Tlien, since by the last proposition this is divisible 1); 
it will necessarily be reduced, by actually performing the ope- 
ration, to an equation of the next inferior degree, or one of th^^ 
fornoer 

And as this equation, by the same hypothesis, has also a root, 
which may be represented by a', il will likewise be reduced, 
when divided by x — a', to another equation one degree lower 
than the last ; and so on. 

Whence, as this process can be continued regularly in the 
same manner, till we arrive at a simple equation,. which has 
onlj' one root, it follows that the proposed equation will have. 
m roots 

a, a\ a", a'", «(*•-«)' ; 

and that its successive divisors, or the factors of which it is 
composed, will be 

X — a^x—a'^x — a", x— a'", .... «r-^"*"0'i 
being equal m number to the units contained in the index m of 
the highest term of the equation. 

Coa. If the last term of an equation vanishes, as in the 
form x"*+Aar"*-'4-Bjr«»-^4- .... 4-Tx=0, it is evident ibat 
af=0 will satisfy the proposed equation ; and^ consequently 
is one of its roots, ^nd if the two last terms varnish, or the 
equation be of the form x'»+Aa;''»-»+B2;«-2^ , ^ , +Si^=rO, 
two of its roots are ; and so on. See, for another demon- ^ 
stration of the preceding proposition, Bonnycastle^s Algebra^ 
vol. ii. 8vo. 

477. Since it appears (Art. 474), that every equation, 
whf>n all its terms are brought to one side, is exagtly divi- 
sible by the unknown quantity in that equation mitms either of 
its roots, and by* no other simple factor, it is evident that the 
equation 

a:«»+Aa;«-«+Ba;«-34-Ca;«-8+ . . Tar+VrxO . (1), 

of which a, 6, c, c{, . . . /, are supposed to be it3 several rootS| 
is compos:ed of ns many factors, * 

.(ar— a) (x-'b) {x-^) (x—d) . . («— /) . (2), 

as the equation has roots ; and that it can have no other factor 
whatever of that form. 

478. Whence, as these two expressions are, by hypothe- 
sis, identical, the proposed equation, by actually multiplying 
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the above factors, and arrapging th,e terms according to the 
powers of x, will become 



»— a" 


af*"*+a6 


a"-'— a6c 


>-«-S(fli<./J=:0 


— 6 


^ 


-ac 


— aW. 


. 


*— c 




-ad 


— ocrf 




-d 


^ 


-6c 


— 6cd 




&c. 


■ • 


&c. 


&c, 





(3), 

which form fe general, whetfeyier may be the different signs of 
the roots, or of the terms of the equation ; taking a, 6, c, &c. 
as well as A, B, C, fee. in + or — as tbey rrjay happen to be. 

4T9. Hence, ^incelhe two equations (1), (3), are identical, 
the coefficients of the like powers of a:, are equal ; and conse- 
quently, the following felatioos between the coefficients and 
roots will be sufficiently obvious. 

I. The sum of all the roots of any equation^ having its terms 
arranged according to the order of the powers of the unknown 
quantity^ is equal to the coefficient of th6 second term of that equa- 
tion^ xoith its sign ehanged. 

IL The 9um of the products of all the roots ^ taken two and two, 
is equal to the coefficient of the third term, with its proper sign ; 
and so on. 

HI. The continued product of all the roots , is equal to the last 
term, taken with the same or a contrary sign\ according as the equa- 
tion is even or odd. 

480. It is very proper to observe, that we cannot have all 
at once x^=^a^ x=o, x=c, &c. for the roots of any equation as 
in the formula (2); except when a=.b^c=:d, &c., that is, 
when all the roots are equal. The factors «— rf, a; — 6, ar— c, 
&c. exist in the same equation : because algebra gives, by one 
and the same formula, not only tb^ solution of the particular 
problem from which that formula may have originated; but 
also the solution of all problems which have similar condit^pns. 
The different roots of the equation satisfy the respective con- 
ditions ; and those roots may differ from one another by their 
quantity , and by their mode of existence* 

481. To this we may likewise add, that, if thiiii roots of any 
equation be all positive, as m formula (2), where the ftii&ttrs are 
of the form 

(X'-^a) (x— 5) (x— c) (x— d) , . . . (a;— /)=0, 

the signs of the terms will be alternately 4- and — ; as will 
readily appear from performing the operamjUBquired. 
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482. But if the roots be aU negative, in which case the 
fectors wiU be of the foria jin-ft 

(x+a) (x+J) (x+c>. {x+d) . . (x+J)-0, 
u • „. ^f -ll iha terms will be positive ; because the cqua- 
tVSes iJl^STthrm of posiuve quanU- 

'^''Some equations have their rooU in part P<^i";^^^°*jf P*" 
hirL";tWo'p^Wv:and oninTitive.«.t; because when 

^^'por let there be taken, instead, of a general cquaUon of this 
kind, the following partial example, 

which will be sufficient to show the method that should be 

'"'K tf £oT"e terms be multiplied, by the product rf 
V J ^^^inTtnrB or bv their least common multiple, we shaU 
iavf Sr6?+8l+V=^ where the coefficients and abso- 
lute term are all whole numbers. 

And if 12«, in this case, be put =y, or x*>j^, there will 
arise by substitution,. 

^(S)+»(S)+'-'- ■ 

& J!, is .»U7. a Uk.» .t tie re.1 .bole »«mb.r,, » ™ 

'Xtbal .hen the vd«. «( J in lUe equntion is talrWn, « 

V 
shall have for the proposed equation «—j^- 

484 Mv egvation may he transformed into another, the roots ^ 
wAicA 'shaUbe greater or less than those of the former byagtm. 

'"rhJs, let there be taken, as before, the foUowing genarf 
equation, 



4 « 
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And suppose it were required to transform it into another, 
whose roots shall be greater than those of the given equation 
by e. 

Then, if y be made to represent one of these roots, we shall 
have, by the nature of the question, 

y=x+tf, or ar=y — e. 

And, consequently, by substituting y— e for x, in the proposed 
equation, there will arise 

y"^ &c =0 



y^-^me 



+A 



y»^l-| ^-e^ 

— (»I-1)A(5 

+B 



(4), 

which equation will evidently fulfil the conditions required, 
y being here greater than x by e. And if y be taken = x — e, 
or x=^xi+e^ we shall obtain, by a similar substitution, an 
equation whose roots are less than those of the given equation 
by e. 

485. Whence, also, as 6, in the above case, |s indeterminate, 
this mode of substitution may be used for dq^troying one of the 
terms of the proposed equation. . For putting in the above ex- 
pression the coefficient — mtf+A=<?, we shall have 

^' A 

e=— , and a:=v — c=y- — ; 

where it is plain, that ike second term of any equation may he taken 
away^ by substituting for the unknown quantity some other unknovm 
quantity^ together 'ioith such a part of the coefficient of the second 
term^ taken with a contrary sign^ as is denoted by the index of the 
highest power of the equation. 

Thus, for example, to transform the equation a?^— Qa^'+Ta: 
4-12 =0 into one which shall want the second term. Assume 
a?=y-|-3; then 

x'=f+9f+27y+27 \ 
—9x'= — 9i/2-.64y— 81 f _^ 
+7x= +7y-f21(-"' 

+12=5 +12) 

that is, y^ — 20y -21=0; and if the values of y be a, 6, c, the 
values of a: are a+3, 6+3, and c+3. 

The third term of the proposed equation may also be taken 
away by means of the coefficient, or formulai 

29 
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where the determination of e requires the solation of an equa- 
tion of the second degree ; and so on. 

486. Any proposed eguoHon may be transformed into another^ 
the roots of which shall be any multiples or parts of those of the 
farmer. 

Thus, let there be taken, as in the former propositions, the 
general equation 

a«+Aj:^*+Baf— 24-Caf^+ . . T»+V=0. (1). 

And, in order to convert it into another, whose roots shaH 
be some multiple of those of the given equation ; let there be 

y 

put y=ea?, or ar=-. 

e 

Then, by substituting this value for x in the proposed equa« 
tion, there will arise 

Ll+A^+I^—A T?-4-V=0. 



And, consequently, if this be multiplied by e*, we shall have 

y«-|-Aey«-*+B«'y'*"'^ Tc«-»y+V6"»=0, 

which equation will evidently fulfil the conditions required, y 
being equal to ex* 

And if 3f be put =-, or x=ey^ we shall obtain, by a similar 

substitution of this value for x, and then dividing by e*", the 
equation 

where the roots are equal to those of the proposed equation, 
divided by e. 

And it may easily be proved, that if the alternata terms, 
beginning with the second^ be changed^ the signs of all the roots are 
changed, 

487. For a more particular account of the general Theory 
and Doctrine of Equations, see Bonntcastle's Algebra^ vol. 
ii. 8vo. Bridge's Equations^ and Lagrange's Traite de la Reso- 
lution des Equations JVumerigues ; where the intelligent reader 
will find a full investigation of this part of analysis. 

§ ii. resolution of cubic ec^uations bt the rulr of 
Cardan, or of Scifio Ferrbo. 

488. Cubic equations, as has already been observed in 
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Chap. VIII., are of two kinds ; that is^pure and adfected. All 
pure equations of the third degree are comprehended in the 
formula ai?=n^ where » may be any number whatever, joosi- 
tive or negative^ integral or fractional. And the value of a; is 
obtained by extracting the cube root of the number n. 

489. But in this manner, we obtain only one value for x ; 
"whereas every equation of the third degree has three values. 
In order to show how the two remaining values of a; may be 
determined in equations of the above form, let us, for example, 
consider the equation a;^— 8=0 ; where x is readily found 
=2. And as 2 is a root of the proposed equations, it is plain 
that «' — 8 must be divisible by x — 2 : therefore, this division 
being actually performed, the quotient will be a;^-f'2a?+4- 

Hence it follows, that the equation a^ — 8=0, may be re- 
presented by these factors ; 

(ar— 2) X(ar'+2a:-l-4)=0. 

490. Now the question is, to know what number we are to 
substitute instead of or, in order that o^ — 8=0 ; and it is evi- 
dent that this condition is answered by supposing the product 
which we have just found equal to : but this happens, not 
only when the first factor x — 2=0, which gives ar=2, but 
also when the second factor aj'+2a;-f-4=0. 

Let us, therefore, make a;^+2ar-|-4=0 ; then ar=: — 1 Jl. 
^ — 3. So that besides the case in which a;=2, we find two 
other values of ar, which will satisfy the equation x^ — 8=0. 
It is true, as Eulbr justly observes, that these values are ima- 
ginary ; but yet they deserve attention. 

491. What has been just said applies in general to evelry 
pure cubic, such as jc^^^n^ and the three roots or values of a?, 
may be found in a similar manner. To abridge the calcula- 
tion, let us suppose \/n^n\ so that w=»'^ ; the proposed 
equation will then assume this form, ar^—«'^= 0, which, be- 
ing divfded by x — n\ will give for the quotient x^+'^'^+w'^ 
Consequently, the equation x^—n=0, may be represented by 
the product (a;— n') (i"+"'^+'*'^)=0» which is in fact =0, 
not only when a;— »=0, or ar=n'; but also when o^-^-rix-^- 
w'^=0. Now this expression contains two other values of ar, 

for it gives aj= — ~ ± - ^^/ — 3 ; both of which answer the 

required condition. 

492. All adfected cubic equations, after being properly re- 
duced by the known rules, may be exhibited under the follow- 
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ing general forms ; namely, r*+aar'+6a?=0 and ar^+aV-f* 
6'a?4-c'=0, where a, 6, a\ h\ and c\ may be any nuoibers 
whatever, positive or negative^ integral ot/ractional. 

493. The solution of a cubic equation, of the form a:'+ar* 
4-fta?=0, is attended with no difficulty ; since it may at once 
be put under the form a;X(^+^'=«^+^)=0; and it is evident 
that the product a;x(^*+<w^+^) ^^y be =0, in two ways, 
that is, when ar=0, or a:^+^*^+^=^ J ^^ that nothing now 
remains, but to find the values of x in the quadratic equation 

af^+aa;+6=0, which are readily found to ha a?«=r— . - ± ^ V((^ 

J* 

— 46). Consequently the three values of a;, which answer 

the required condition, are 0, — fo+i v^(^^ — *^)j ^^^ — i** — « 
y(a8— 46). 

494. An adfected cubic equation is said to be complete, 
when, after being properly reduced by the known rules, it is 
of the form Q^-\-dx^-\'h'x\c'z=i^, And it has already been 
shown, that every cubic equation of the above form, whose 
roots are r, r', r\ may be transformed into another deficient in 
its second terniy by substituting y — ^a' for x in the given equa- 
tion ; in which case the roots of the transformed equation 
will ber— |a' r' — -Ja' r" — iaf ; if therefore the roots of the 
transformed equation be known, the roots of the given equation 
will be known also. Hence the resolution of a cubic equation 
complete in all its terms will be effected, if we can arrive at 
the resolution of it in the form x^^ax=zb. In which a and b 
may be scny positive or negative numbers whatever. 

495. For this purpose, let there be taken «=y+2r, and 
the above equation, by substitution, will become J?*+3y*2:-|- 
3y2f^H-2f^+ff y + az = b. 

Or, because 3y^«-|-.3y«*=3y2f(y+^)» ^.nd ay-|-a«=tf(y-J-2), 
it will be y^+«^+(3t/z-4"®)(y+^)=^- 

Now, as another unknoum quantity has been introduced into 
the equation, another condition may be annex^ to its solution. 

Let this condition be, that 3t/«+<*^^) ^ ^^ — o*"» ^ which 

case th€ transformed equation becomes 

y^+5f^=6, or by substitution y'—oif^^ ==^ I 

^\ y^ — by^ — 2^^^; which equation solved, gives 
y==\/[i64-V(i^'+»Sa^)] ; •*• since sp^h—'^^ we have 
^=V[i^->/(i^'+/7«')3 ; anda:=y+^=V[i6+V(i'M- 
iH^')'\^V\ih^ Vi.W+.\a')\ . . . (J) J 
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where by taking a and & in + or — 1, as they may happen 
to be, we have always one root of the transformed equation ; 
and this is the formula which is called the Rule of Cardan. 

496. And since one value of x is now determined, the equa- 
tion may be depressed to a quadratic, from which the other 
two roots may be readily found. 

Ex. 1. Given a:^-|-2a?=12, to find the values of a?. 

Comparing this with the general equation, a;'+ar=6, we 
have o=2, and 6=12 ; therefore, by substituting these values 
for a and b in the above formula (1), 

= 3/(6+6.024633)+^(6- 6.024633) 
=y(12.024633)+f/(— .024633)=2.29-.29=2. 

One root of the equation, therefore, is 2 ; divide a?+2x^ 
12 by X — 2, and the quotient is a^ — 2a:+6 ; .*. a? — ^2i-|-6=0, 
whose roots are l^bV — ^' Hence, the three roots of the 
equation are 2, l-f-\/^5, l^*-v^ — 5, the two last of which 
are imaginary, 

Ex. 2. Given a? — 48x=12S, to find the values of x. 

Here, by comparing this with the equation, (Art. 494), we 
have a= — 48,and 6=128 ; 

.••x=V[644. v^(4096-4096)] +i/[64- x/(4096-1096)} 
= V'(64+0)+V'(64-0)=4+4=8. 

One root of the equation, therefore, is 8 ; divide x^ — 48* 
— 128 by ^ — 8, and the quotient is a!'+8j:4- 16 ; .*. a?+8x4- 
16=0, whose roots are —4:^0 J the three roots of the pro- 
posed equation are 8, —4, —4, the two last of which are 
equal. 

497. Hence we may infer, if a be negative j and i^,a^, taken 
with B, positive sign, equal to ift", or i6*+ Ao'=0 ; then two 
roots of the proposed equation are always equal. 

498. But if a be negative, and jjSfl*) taken with a positive 
sign, greater than i6^ ; then ib^+^^a^ is a negative quantity ; 
and consequently, V(:ih^+2i(x^) is imaginary. 

Although the value of x cannot be obtained from Cardan's 
formula, (Art. 495), by the ordinary method, we are not, how- 
ever, to conclude, that the value of ar, in this case, is imaginary ; 
since it may be proved to be a real quantity after the following 
manner. 

499. For this purpose, let ^5 be represented by o', and 
\/(i^+«S«^), supposed imaginary, by 6' a/ — 1; thena:=^ 

(a'+yv'-l)-J-^(a'-6V— 1). Now, let V(o'+6V-l) 
and %/{a^ — 6'-/ — 1) be expanded by mea,ns of Xhe binomicd 
theorem; and since, by adding the resulting series together, 

29* 



330 RESOLUTION OF EQUATIONS. 

the terms involving the ioiaginaiy quantity -J — 1 destroy on« 
another, we shali have 

which is a real expression. When a' is greater than h' \ the 
above series converges rapidly, and a few of the first terms will 
give a near value of the root required. But if a is less than 
V^h* ^ ^\ must be put for the first term of the binomial^ and a' 
for the second : See Clairaut's Algebra, Vol. II. 

Ex. 3. Given x^— 6x=6.6, to find the values of x* Com- 
paring this with the equisition ar^-f-aarsct, we have 
a= —6, and 6=6.6 ; therefore, 
x= l/[2.8+ v/(7.84-^)]+ V[2.8-.VC7-84— 8)] 

Now, by comparing this value of a;, with ^(a'+y y/— 1)+ 
l/(a! — 6' V — 1), we have a'=2.8, and 6'=.4 j .•. substituting 
these values for a' and b' in the above formula (2), a;=2^2.8 

=2.8^6345 nearly. 

Here three terms of the series are sufficient, on account of its 
converging so rapidly, to give an approximate value of x, which 
is exact enough for all practical purposes. And, in fact, the 
value may be still found more accurate by continuing the series 
to five or six terms. 

Ex. 4. Given a" — 3«* — agr— 8=0, to find the values of z. 

Let «^=x+l, and the equation will be transformed into a^ 
—5a; =12 ; .•. since a= — *#, and 6=12. 

a:= V[6+ ^(36— W^]+i/[6-V(36~W)] 
= 3/(6+6.6009)+ y(6 - 5.6009)=2.26376+.73624=3. 
And, consequently, 2r'=a?+l=4, or 2r=-i-2. 

50Q. Two roots of the proposed equation, therefore^ are 2 

and —2 ; divide 2* — Sz*^2z^ — 8 by z' — 4, and the quotient 

is z* + z' + 2] .•, jg* +;8r' + 2=0, whose roots are xf=± 

y/{ -^izizi^/ — 7), Hence four roots of the proposed equation 

,^ are imaginary. 

It may he observed that, in general, all equations, as ^+ 
a«^+6;8;"*+c=0, may be reduced to one of the third degree, 
by putting z^==x — ^a. 

Ex. 5. Given ar'+30«=117j to find the values of x. 

Ans. a: = 3, or — f ±f ->/— 3. 
Ex. 6. Given a;^+9a;=270, to find the vi^lues of 2?. 

Ans. a:=»=6, or — 3-J-6 y/ — 1. 
Ex. 7, Given a?— 36a7=91, to find the values of x. 

Ans. a:=7, or — H^V"^- 
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Ex. 8* Given ar^— 6x*4-10jr— 8=0, to find the values of a?/*i. 

Ans. a;=4, or 1±V — 1. 
Ex. 9. Given ar* — Zx — 4=0, to find the values of a;. 
Ans. rp=2.2 ; 1.1-J-/^ — .63 ; — 1.1 — ^ — .63, very nearly, 
Ex. 10. Given a^~\-'Mx=^250^ to find the value of a:. 

Ans. 2=5.05. 
Ex. 11. Givenz^-62'+13j2r— 12=0,tofindthevaluesof;2f. i 

Ans. J2f=3, or — Izti V — "^^ ' 
Ex. 12. Given2f'—12a:'+36j;=44, to find the value of ap. 

^ Ans. 2.32748, &;c. 

§ III. RESOLUTION OF BIQUADRATIC EQUATIONS BY THE 

METHOD OF DeS CaRTES. 

601. The same observation may be applied to higuadratic 
equations as was applied to cubic equations in (Art. 494), that, 
since the equation ar*+oV+t'ic*+r'a;-l-s'=0, may be trans- 
formed into another which shall be deficient in its second term^ 
and whose roots shall have a given relation to the roots of the 
given equation, the complete solution of a biquadratic equation 
will be effected, if we can arrive at the solution of it in the form 

x*+ax^-\-hx-\-c^Q , , . . (1); 
where a, 6, c, may be any numbers whatever, positive or 
negative. 

j602. In the solution of a biquadratic equation, after the 
manner of Des Cartes^ the formula x*+aa^+bx-hc is suppos- 
ed to be the product of two quadratic factors, x^-rpx-^g and 
oc^+rx+s, in which p^ q^ r, s, are unknown quantities. Or, 
which is the same, the biquadraliO' equation x^-\-ax^+hx-{-c=^0 
is considered as produced by the raujtiphcation of the two 
quadratics, 
(2) . • . . a^-^-px+q-O] r'4-ra;+5=0 . . . (3). 

503. Hence, by the actual multiplication of the above two 
factors, we shall have 

^*+(?+'')^''+(^+^+F')^+(f«+i?'^)^+$rs= 
x" 4:«^ ■i^bx-\'C. 

And, consequently, by equating the coefficients of the like 
powers of x in this last equation, we shall have the four follow- 
ing equations, 

j»-|-r=0; 8'\-q'\'pr=a\ ps-^-qrzzih] qs=c. 
Or, if —p, which is the value of r in the first of these, be 
substituted for r in the second and third, they will become 

Whence, subtracting the square of the second of these from 
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that of the first, and then changing the sides of the equation, 

we shall have 

u 

r 

And, therefore, by multiplying by p", and placing the terms 
according to the order of their powers, the result will give, 
/4-2op''+(a»— 4c)jD»=^. . . (4). 

From which last , equation, if there be put jo"=2r, we shall 
have, 2^4-2a;5^+(a»— 4c);2?=6» (6). 

Hence, also, since «-f-J'=M-/''' ^.nd 8 — y=: — , there will 

arise, by addition and subtraction, 

where/) behig known, s and q are likewise known. 

And, consequently, by extracting the roots of the two as- 
sumed quadratics, (2) and (3) ; or of their equals, ar'-f-JPar-J- 
y=0, and x^ — px-^-s^O ; we shall have 

^=-i;>dbv/(}/-^) (6); 

ar=i/^±%/(V~5) (7); 

which expressions, when taken in + and — , give the four 
roots of the proposed biquadratic, as was required. 

604. It may be observed, that whichever of the , values of 
the unknown quantity, in the cubio or reduced equation (5), 
be used, the same values of a: will be obtained. 

505. To this we may further add, that when the roots of 
the cubic, or reduced equation (5), are all real^ then the roots of 
the proposed biquadratic are all real also. But if only one root 
of the cubic equation (1) be real^ and, therefore, the other huo 
imaginary ; then the proposed biquadratic will have two red 
and two imaginary roots. 

Ex. 1. Given the equation x* — Sar^+Gar-f-SsrO, to find its 
roots, or the values of ar. 

Comparing this equation with 2;^-{-«w:'-4-^^+^=^i ^® hdiVQ 
c=— 3, 6=6, and c=8; therefore, 

Let J2r=2/4-2, and substitute y+2 for z in the latter equa- 
tion ; the resulting equation is 7^ — 35t/ — 98=0. Now, by 
comparing this last equation with i^+aa?=r 6, we have a=--35, 
and 6=98 ; therefore, (Art. 495), 
y=± l/[494-i v/(65856)]4. V[49-i v^vBBSSe)] 

= V(494-2a.514)+y(49- 28.514)= V(77.514)+V20. 
466) 

=4.264+2.7a6»7. 
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Hence, 2r=y-(-2=9, and /^^^jer^sQ, or ;>=±3 ; 
.-, (Art. 504), taking ;?=3, «= -|+f+l=3+l=4, and 
f= — i-|-| — 1=2. Consequently, by substituting these va- 
lues for/7, ^, and 8. in the equations (2), (3), we shall have 
x« 4-31:4-2=0, anda:^-3a?+4=5:0; 
••. ar= —izkh and a?=f ±i/y/— 7 ; 
so that the four roots of the given equation are — 1|— 2, f-J-J 
v^-7 f— ^v/— 7. 

Ex. 2. Given x*— 6a^— 17j?+21=:0, to find the values of ar. 

Ans. x=3, or 1 ; or — 2-t \/ — 3. 

Ex. 3. Given the equation x* — 4x' — 8x+32=:0, to find its 

roots, or the values of x, Ans. 4, or 2 ; or — 1^ i/ — 3. 

Ex.4. Given the equation x* — 6x^'{-Ssi^+2x — 10=0, to 

find its roots, or the values of x. 

Ans. — 1, or +6 ; or liv/ — 1. 

Ex. 6. Given X* — 92;3+30ar* — 46a;4.24=0, to find the 

foots, or values of x. Ans. x= 1, or 4 ; 2 Jt>^— 2. 

Ex.6. Given a:*+16f*-f99a:'+228a?+144=0, to find the 

roots, or values of x. 

Ans. ar=— 1,— 3 ; or — 6± \/— 12. 
Ex. 7. What two numbers are those, whose product, mul- 
tiplied by the greater, is equal to 1 ; and if from the square 
of the greater, added to six times the lesser, the cube of the 
lesser be subtracted, the remainder shall be 8. 

Ans. — ^/2±V(l+^/2), +\/2±v'(l— %^2). 

§ lY. RESOLUTION OF NUMERAL E(^irATIONS BT THE METHOD 

OF DIVISORS. 

506. Since the last term (v) of the equation (A)=:af*-|-* 
j^j;«— «_]-Daj"»""' .... Tj:4-v=o, is equal to the product 
of all its roots, it is evident, that if any of those coots be wkok 
numbers^ they will be found among the divisors of that term. 
To discover, therefore^ whether any of the roots of a given 
equation be whole numbers, we have only to find all the divi- 
sors of its last term, and substitute each of them, first with the 
sign + and then with the sign — , for a;, in the given equation, 
such of them as reduce the equation to 0=0, will be roots of 
the equation. 

607. Or, if the divisors of the last term should be too nu- 
merous, the equation may be transformed into another, that 
shall have its last term less than that of the former ; which is 
done by increasing or diminishing the roots by 1, or some 
other quantity. 

Ex. 1. Given or* — a^ — 2r-(-8=0, to find the roots of the 
equatioi^, or values ofx. 
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Here the divisors of its last term, are 1, 2, 4, 8 ; substitute 
1, 2, 4, 8, and —1, — 2, —4, —8, for x in the given equation, 
and -—2, will be found to be the only one of these numbers 
which gives the result ; - 2 therefore is the only integral 
root of the equation. Hence, x*{-2 will divide a^ — ^a?— 2r+8 
without a remainder ; let this division be made, and the quo- 
tient being put equal to 0, we shall have a:"— 3ar-f4=0, a 
quadratic equation which contains the other two roots. The 
solution of this quadratic gives a?=f J-i %/-^7 ; the three 
roots of the given equation, therefore, are — 2, f-j-i y/ — 7^ 

|-*\/-'^- 

508. The integral roots of any numeral equation of the 

kind above mentioned, may also be found, by Newton's itfg- 
thod of Divisors^ which is founded upon the following prin- 
ciples. 

Let one of the roots of the equation (a)=0, be — a, or, 
which is the same, let the proposed equation be represented 
under the form (a:-|-a)p=0, where the bmomial ar+o denotes 
one of the divisors, or factors, of which the equation is com- 
posed, and p the product of the rest. Then, if three or more 
terms of the arithmetical series, 2, 1, 0, — 1, — 2, be successive- 
ly substituted for x, the divisors of the results, thus obtained, 
will be • 

a+2, a-f-1, a, a — 1, and a — 2. 

And as these aie also in arithmetical progression, it is plain 
that the roots of the given equation, when integral, will be 
some of the numbers in such a series. 

Whence, if a progression of IKis kind, whose common dif- 
ference is 1, can be found among the divisors of the results 
a bove mentioned, by taking one number out of each of the 
lines, that term oi it which answers to the substitution of 



JoFxy taken in -f- or — » according as the series is increasing 
or decreasing, will generally be a root of the equation. 

Ex.2. Givena:*+a;*— 14ar*-6a^+20a?+48=0, tofind the 
roots of the equation, or values of ar: 



Num, 


Results. 


1 


60 





/ 49 


-1 


36 1 



Progress. 



5 
4 
3 

of which 



Divisors. 
1,2,6,10,25,60, 1 2 

. _. 1,2,3,4 6,8,12,24,48, 2 3 

^y —1 36 I 1,2,3,4 6, 9, 12, 18, 36, I 3 4 

Here the numbers to be tried are 2^ 3, —4, all 
are found to succeed ; so that the equation has three integral 
roots ; namely, 2, 3, —4. The equation whose roots are 
2, 3, --4, is (a;-2).(a;— 3).(a;+4)=a;«-x»— 14aj+24=0,let 
the given equation be divided by it, and the quotient is a!*+ 
2a:-l-2=0, whose roots are — liv^— ^i the five roots of 
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the proposed equation are, therefcHre, 2, 3, —4, — 1+ \/ — 1, 
— I—Vf— 1. 

509. If the highest power of the unknown quantity has any 
coefficient prefixed to it, let the equation he assumed of the 
form (na:-|-a)p=0, and substitute 2, 1,0, — 1, — 2, successively 
for a:, as in the former instance. 

Then, as before, the divisors of the several results, arising 
from this substitution, will be the terms of the arithmetical 
series, 

2n-|-®» w+o, a, — n+a, and — 2n+a ; 
where the common difference n must be a divisor of the first 
term of the equation, or other-wise the operation would not 
succeed. 

Hence, in this instance, the progressions must be so tsiken 
out of the divisors, that their terras shall differ from each other 
by some aliquot part of the coefficient of the first term. 

Therefore, if the terms of these series, standing opposite 
to 0, be divided by the common difference, the quotient thus 
arising, taken in + and — , according as the progression is 
increasing or decreasing, will generally be the roots of the 
equation. 

It is necessary to continue the series 2, 1, 0,-1, — 2, far 
enough to show whether the corresponding progression may 
not break off, after a certain number of terms ; which it never 
can do when it contains a real rational root. 

Ex. 3. Given 2j:'— 3x«+16x— 24— 0, to find the roots of 
the equation or values of x. 

Substituting -2, 1, 0, —1, —2, successively, for x, as in the 
former case, we^shall have 

Divisors. Prog. 

1, 2, 3, 4, 6, 12, —1 

1,2,3,4,6, 8, <&c. +3 
1,3,5,9,15,45, +5 

1,2,3,4, 6, 7,&c. +7 
Where the progression is ascending, the number to be tried 
is, therefore, f, which is found to be a root of the equation. 

Let the given equation be divided by x~f , and the quotient 
id 2x^ — 16=0, whose roots are ziz^'s/^i the three roots of 
the proposed equation are, therefore, — f, +2 \/2, — ^2 >/2. 

Ex. 4. Given a;*+ar*—29x*—9x+ 180=0, to find the roots 
of the equation. Ans. 3, 4, — 3, and — 6. 

Ex. 5, Given x*— 4ar*— ac+32=0, to find the roots of the 
equation, or values of x, 

■ Ans.sp»=2, or4 ; or-^ljj -•— 3. 



Jfum. 


Results. 


2 


12 


1 


— 9 





^24 


—1 


-45 


-2 

. 1 


-84 
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Ex. 6. Given 2^ — Sa-^+lOj:— 8=0, to find the integral root 
of the equation. Ans. 2. 

Ex. 7. Givena:*— 8a:'+x"+82a?— 60=0,tofindtheintegial 
roots of the equation. Ans. 5, and — 3^ 

Ex. 8. Givenar^—Saj^+Sx"— 72=0, to find the roots of the 
equation, or values of x. 

Ans. a:=— 3, or — ^2, or 3"; or l± V— 3. 

§ v. RESOLUTION OF EQUATIONS BT NeWTON's METHOD OF 

APPROXIMATION. 

610. The methods laid down in the preceding section, will 
be found sufiicient for determining the integral or rational 
roots of equations of all orders ; but when the roots are irra- 
tional^ recourse must be had to a different process, as thej 
can then be obtained only by approximation ; that is to say, 
by methods which are continually bringing us nearer to the 
true value, till at last the error being very small, it may be 
neglected. 

511. Different methods of this kind have been proposed, 
the simplest and most useful of which, as Lagrange justly re- 
marks, is that of Newton, first published in Wallis's Alge- 
hra^ and afterwards at the beginning of his Fluxions — or rather 
the improved form of it, given by Raphson» in his works^ 
entitled Analysis JSEjuaiionem Universalis, 

612. In order to investigate the above-mentioned method, let 
there be taken the following general equation, 

ar»»+jPx"-'+ya?'^^+ra;»»-3+ • • sx^-^tx-^-u^O . (1). 
Then, supposing a to be a near value of a?, found by trial, and 
z to be the remaining part of the root, we shall have x^a+z ; 
and, consequently, by substituting this value for x in the given 
equation, there will arise 

(a+z)^+p(a+z)^-^+ . . . s(a+zy+t(a+z)+u==0 ; 
which last expression, by involving its terms, and taking the 
result in an inverse order, may be transformed into the equa- 
tion 

F+Qiz+Bz^+Sz'+ |.;2«=0 . . (2), 

where P, CI, R, &c. are polynomials, composed of certain 
functions, of the known quantities, a, m, jp, j-, r, &c. which are 
derived from each other, according to a regular law. 

518. Thus, by actually performing the operations above 
indicated, it will be found that 
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whicli value id obtained by ba/ely substituting a for x in the 
equation first proposed. 

And, by collecting the several terms of the coefficients of x^ 
it will likewise appear, that 

which last value is found by multipl3dng each of the terms of 
the former by the index of a in that term, and diminishing the 
same index by unity. 

614. Honce, since z in equation (2) is, by hypothesis, a 
proper fraction, if the terras that involve its several powers 
:^, s^j z*f StcV which are all, successively, less than z^ be neg- 
lected in the transformed equation, we shall have 

P+a.=0, or .= -^^^'±-f^^'^. 

And, consequently, if the numeral value of this expression 
be calculated to one or two places of decimals, and put^equal 
to 6, the first approximate part of the root will be «=6, or 
a;'=a+:6=a'. 

Whence also, if this value of a;, which is nearer its true value 
than th^ assumed number a, be substituted in the place of a in 
the above formula, it will become 

— «. <*'^+JPg'"'~'+ \-iaf+u ^ 

which expression being now calculated to thtfee or four places 
of decimals, and put equal to c, we shall have, for a second 
approximation towards the unknown part of the root 

z=^Cy or x^af'{'C=a'', 
And, by proceeding in this manner, the approximation may 
be earned on to any assigned degree of exactness ; observing 
to take the assumed root a in defect or excess, according as it 
approaches nearest to the root sought, and adding or subtract- 
ing the corrections &, c, &c. as the case may require. 

515. A negative root of any equation may also be found in 
the same manner, by first changing the signs of all the alter- 
nate terms, and then taking the positive root of this equation, 
when determined as above, for the negative root of the proposed 
equation. 

516. In the practical application of this rule we must en- 
deavour to find two whole numbers, between which some one 
root of the given equation lies ; and by substituting each of 
them for x in the given equation, and then observing which of 
them gives a result most nearly equal to 0, we shall ascertain 
the whole number to which x most nearly approaches ; we 

30 
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must then assume a equal to one of the whole numbers thus 
found, or to some decimal number which lies between them, 
according to the circumstances of the case. 

517. Since any quantity, which from positive becomes ne- 
gative, passes through 0, if any two whole numbers, n and n' ; 
one of which, when substituted for x in the proposed equation, 
gives a positive^ and the other a negative result ; one root of the 
equation will, therefore, lie between n and n'. This, of course, 
goes upon the supposition that the equation contains at least 
one real root. 

618. It is necessary to observe, that, when a is a muek 
nearer approximation to one root of the given equation than 
to any other, then the foregoing method of approximation can 
only be applied with any degree of accuracy. To this we 
also farther add, that, wlien «ome o£ the roots are nearly 
equal, or differ from each other by less than unity, they may 
be passed over without being perceived, and by that means 
render the process illusory-; which circumstance has been 
particularly noticed by Lagrange, who has given a new and 
improved method of approximation, in his Traite de la Resolu- 
tion des Equations JSumerigues. See, for farther particulars re- 
lating to this, and other methods, Bonntcastle's Algebra^ or 
Bridge's Equations. 

Ex. 1. Given ar*+2r»— 8a:=24, to find the value of x by 
approximation. • 

Here by substituting 0, 1, 2, 3, 4, successively for x m the 
given equation, we find that one'^root of the equation lies 
between 3 and 4, and is evidently very nearly equal to 3. 
Therefore let a=3, and a;=a-|-j2r. 

( aP=zcP+Za'z+Zaz'+z^ \ 
Then I 2x'=2al'+4az+2z' } =24. 
( — 8ar=— 8a— 8z j 

And by rejecting the terms «^+3a^-4-2j8r*, (Art. 514), as being 
small in comparison with z^ we shall have 

a3+2a3— 8a+3(r';54-4<w— 8z=24 ; 
_ 24— o^-2 a'-f8fl_ 3 _ 

• *• ^■" 3a»+4o-8 3l"'^^ ' 

and consequently 2r=a+2=3.09, nearly. 

Again, if 3.09 be substituted for a, in the last equation, we 
shall have z=^ 
24~-a?--2q'-f8o _ 24— -29.50 3629 -19.09624-24.72 

3a''+4o— 8 28.6443-4-12.36-^ 

=a.00364; and consequently ar=a4-;s=3.09+.00364s=3« 
09364, for a second approximation. 
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And, if the first four figures^ 3.093, of this number, be sub. 
stituted for a in the same equation, an approximate v^ue of x 
will be obtained to six or seven plaees of decimals. And by 
proceeding in the same manner the root may be found still 
more correctly. 

Ex. 2. Given3a:*4.4a:'— 6a;=140,tofindthe valueofa:by 
approximation. Ans. x= 2.07264. 

Ex. 3. Given ap*— 9a:^-f8j:"— 3a?+4=0, to find the value 
of X by approximation. Ans. x= 1 .1 14789. 

Ex. 4. Qivenir'+23.3a^— 39a?— 93.3=0, to find the values 
ofxhj approximation. 

Ans. 2r^2«782 ; or — 1.36; (ft —24.72 ; very nearly, 

Ex. 5. Find an approximate value of one root of the equa- 
tion 3^+a^+x^90. Ans. a:=?4.10283. 

Ex. 6. Given j:'-|~6.752'44.52;— 10.25=0, to find the va- 
lues of a; by approximation. 

Ans. a;=.90018; or— 2.023; or— 5.627.; very nearly. 
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Algebraic Method of demonstrating the Propositions in the fifth 
book of Euclid's Ekments^ according to the text and arrangement 
in Simson^s edition. 

■ 

Simson's Euclid is undoubtedly a work of great merit, and 
is in very general use among mathematicians ; but notwith- 
standing all the efforts of that able commentator, the fifth book 
still presents great difRculties to learners, and is in general less 
understood than any other part of the Elements of Geometry. 
The present essay is intended to remove these difficulties, and 
consequently to enable learners to understand in a sufficient de- 
gree the doctrine of proportion, previously to their entering on the 
sixth book of Euclid, in which that doctriniB is indispensable. 

I have omitted the demonstrations of several propositions, 
which are used by Euclid merely as lemmata, but are of no con- 
sequence in the present method of demonstration. 

Instead of Euclid^s definition of propoition, as given in' his 
Ififth definition of the fifth book, I make use of the common al-' 
' gebraic definition ; but I have shown the perfect equivalence 
of these two definitions. This perfect reciprocity between the 
two definitions is a matter of great importance in the doctrine 
of proportion, and has not (as far as I can learn) been discuss^ 
ed by any preceding mathematician^ 

With respect to compound ratio, I have also given another 
definition of it instead of that given by Dr. Simson ; as his de- 
finition is found exceedingly obscure by beginners, and is in my 
judgment one of the most objectionable things in his edition 
of Euclid's Elements. • 

fhe literal operations made use of in the present paper are 
extremely simple, and require very Uttle previous knowledge 
of algebra to render them intelligible. 

The algebraic signs commonly used to indicate greater^ 
egual, less^ are y, =:, /. : thus the three expressions az.6 
c=(2, ev/, signify that a is greater than 6, that c is equal to d, 
and that e is less than/. The expression c=(2 is called an 
equation or equality ; the others a a 6, e\'f are called in- 
equalities. 

30* 
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Also when four quantities are proportionals, we shall express 
this relation in the usual mode by points ; thus, 

A:B::C:D 
is to be read, AistoBasCistoD; or, A has the same ratio 
to B that C has to D. 

THE ELEMENTS OF EUCLID, BOOK V. 

Definitions. 
L 

A. less magnitude is said to be a part of a greater, when the 
less measures the greater, that is, when the less is contained a 
certain number of times exactly in the greater. 

IL 
A greater magnitude is said to be a multiple of a less, when 
the greater is measured by the less, that is, when the greater, 
contains the less a certain number of times exactly. 

III. 
Ratio is a mutual relation of two magnitudes of the same 
kind to one another in respect to quantity. 

IV. 
Magnitudes are said to have a ratio to one Smother, when 
the less can be multiplied so as to exceed the other. 

V. 
The ratio of the magnitude A to the magnitude Bis the 
number showing how often A. contains B; or, which is the 
same thing, it is the quotient when A is numerically divided 
by B, whether this quotient be integral, fractional, or surd. 

Explication, 
This fifth definition, with its corollaries, is used in the pre- 
sent essay instead of Euclid's 5th. and 7th. definitions : the 
following examples will sufficiently illustrate the definition. 
Let A=20, and B=6, then the ratio of A to B, or of 20 to 6, 

is tg- or -r-, or 4, so that the tatio of 20 to 5 is 4. Again, let 

D O 

A 5 1 

A=6, and B=20, then k-==S7:— tj and therefore the ratio of 

1 A 

6 to 20 is -r. Lastly, let A = 12>/2, and B=4, then ^sa 

4 JJ 

._ — =3 v'2, and therefore the ratio of 12^2 to 4 is 3 \/2; 

Corollary I* If four magnitudes, A, B, C, D, be so related 

A C 
that g-= jT-1 it is evident the ratio of A to B is the same with 

the ratio of C to D. 



JkPPENDIX. 343 

Cdm II. Any four magnitudes whatever, so related that the 
ratio of the first to the second is the same with the ratio of 
the third to the fourth, maj be expressed by 

rA, A, rB, B ; 
the first of the four being rA, the second A, the third rB, and 
the fourth B ; the magnitudes A and B being any whatever, 
and the letter r denoting each of the two equal ratios or quo- 
tients when the first r A is divided < by the second A, and the 
third rB divided by the fourth B. 

CoR. III. When four magnitudes A, B, C, D, are sorelat- 

A C . . . 

ed that ■= is greater than ^j, it is evident that the ratio of A to 

B is greater than the ratio of C to D ; or that the ratio of to 
D is less than the ratio of A to B. 

The Fifth Definition according to Euclid, 

The first of four magnitudes is said to have the same ratio 
to the second which the third has to the fourth, when any 
equimiiltiples whatsoever of the first and third being taken, 
and any equimultiples whatsoever of the second and fourth, 
if the multiple of the .first be less than that of the second, the 
multiple of the third is also less than that of the fourth ; or, 
if the ijnultiple of the first be equal to that of the second, the 
multiple of the third is also equal to that of the fourth ; or if 
the multiple of thd first be greater than that of the second, 
the multiple of the third is also greater than that of the 
fourth. 

Scholium. We shall demonstrate towards the close of 
this essay, that this definition of Euclid's and our 6th defini- 
tion, according to the common algebraic method, are not only 
consistent with each other, but also perfectly equivalent, each 
comprehending, whatsoever is comprehended by the other. 

VI. 

When four magnitudes are proportionals, it is usually ex- 
pressed by saying, the first is to the second as the third to the 
fourth. 

The Seventh Definition according to Euclid. 

When of the equimultiples of four magnitudes, (taken as 
in the fifth definition) the muhiple of the first is greater than 
that of the second, but the multiple of the third is not greater 
than that of the fourth ; then the firdt is said to have to the 
second a greater ratio than the third has to the fourth *^ and, 
on the contrary, the third is said to have to the fourth a less 
ratio than the first has to the second. 
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vni. 

Analogy or proportion is the equality of ratios. 

IX. 

Omitted* 
X. 

When three magnitudes are proportionals, the first is said to 
have to the third the duplicate ratio of that which it has to the 
second. 

XL 
When four magnitudes are continued proportionals, the first 
is said to have to the fourth the triplicate Tatio of that which 
it has to the second, and so on, quadruplicate, &;c. increasing 
the denomination still hy unity in any number of propor- 
tionals. 
Definition A, viz. of compound ratio, omitted* 

XII. 
In proportionals, the antecedent terms are called homologous 
to one another, as ako the consequents to one another. 

XIII. 
Permutando, or Alternando, by permutation, or by alter- 
nation, or alternately, are terms used, when of four propor- 
tionals it is inferred that the first is to the third as the second to 
the fourth. 

XIV. 
Invertendo, by inversion, or inversely, when of four propor- 
tionals, it is inferred that the second is to the first as the fourth 
to the third. 

XV. 
Componendo, by composition, when it is inferred that the 
sum of the first and second is to the second as the sum of the 
third and fourth is to the fourth. 

XVI. 
Dividendo, by divisign, when it is inferred that the excess 
of the first above the second is to the second as the excess of 
the third above the fourth is to the fourth. 

XV It. 
Convertendo, by conversion, or conversely, when it is in- 
ferred that the first is to its excess above the second, as the 
third 10 its excess above the fourth. 

XVIII. 
£x sequali (so. distantia), or ex sequo, firom equality of dis- 
tance, when there is afty number of magnitudes more than 
two, and as many otljers, so that they are proportionals when 
taken two and two of each rank, and it is inferred that the first 
is to the last of the first rank of ^magnitudes as the first is to 
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the last of the- others : of this there are the two following 
kinds, which arise from the different order in whic^ the mag- 
nitudes are taken two and two. 

XIX. 

Ex BBquali, from equality ; this term is used simply by it- 
self, when the first magnitude is to the second of the first 
rank, as the first to the second of the other rank, and the se- 
cond to the third of the first rank as the second to the third 
of the other ; and so on in order ; and it is inferred that the 
first is to the last of the first rank as the first is to the last of 
the other rank. 

XX.. 

Ex sequali, in proportione perturbata, seu inordinata, from 
equality in perturbate proportion : this term is used when 
the first is to the second of the first rank as the last but one to 
the last of the other rank, and the second is to the third of the 
first rank as the last but two to the last but one of the other 
rank, and so on in a cross order ; and it is inferred that the 
first is to the last of the first rank as the first is to the last 
of the other rank. 

XXI. 

If A, B, C, D, be any number of magnitudes of the same 
kind, and ^ any other magnitude ; and if we make A : B : : 
P : 4 ; and B : C : : Gl : R ; and C : D : : R : S ; the ratio of 
P to S is said to be compounded <5f the ratios of A to B, B to 
C,CtoD. . 

AXIOMS. 

I. Equimultiples of the same, or of equal magnitudes, are 
equal. 

II. These magnitudes of which the same, or equal magni- 
tudes, are equimultiples, are equal to one another. 

III. A multiple of a greater magnitude is greater than the 
same multiple of a less. 

IV. That magnitude of which a multiple is greater than 
the same multiple, of another, is greater than that other mag- 
nitude. 

PROPOSITIONS. 

Propositions I. II. III. V. and VI. are omitted, as they do 
not treat of proportion, and are not wanted in the method of 
demonstration adopted in this essay. 

PROP. IV. THEOR. 

If the first of four magnitudes has the same ratio to the se- 
cond which the third had to the fourth ; then any equimulti- 
ples whatever of the first and third shall have the same ratio 
to any equimultiples of the second and fourth ; that is, the 
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equimultiple of the first shall be to that of the second as the 
equimultiple of the third is to that of the fourth. 

DEMONSTRATION. 

By Cor. 2. Def. 5. let any four proportionals be repre- 
sented by 

f A, A, rB, B ; 
and m and n being any two integers greater than unity, the 
equimultiples of rA and rB will be 

wirA, mrB ; 
and in like manner the equimultiples of A, B, will be nA, nB. 
We are to prove that the four following quantities, inrA, 
nA, mrB, nB, are proportidnals. 

By Def. 6. the ratio of mr A to » A is — ;— = — , 

^ nAi n' 

•■I ' t> r% w» . wirB ffiT 
and the ratio of mrB to nB is — =5= — : 

nts n 

now these two ratios being each = — , 

n 

are manifestly equal to each other,. and therefore by Cor. 1. 

Def. 6. 

mrA : nA : : mrB : nB. Q. E. D. 

Cor. Likewise if the first be to the second as the third to 

the fourth, then also any equin^ultiples of the first and third 

' shall have the same ratio to the second and fourth ; and, in 

like manner, the first and third shall have the same ratio to any 

equimultiples of the second and fourth. 

DEMONSTRATION. 

We hav^ first to prove that the four ifollowing, 

mr A, A, mrB, B are proportionals. 

mrA 
The ratio of mrA to A is —^—zsimr. 

and the ratio of mrB to B is —^znmr ; 

Therefore mrA : A : : mrB . B. 
In like manner we prove that rA : nA : : rB : nB. 

PROP. A. THEOR. 

If the first of four magnitudes has the same ratio to the 
second which the third has to the fourth ; then if the first be 
greater than the second, the third is also greater than the 
fourth ; if equal, equal ; and if less, less. 

DEMONSTRATION. 

By Cor. 1, Def. 6. any four proportionals may be expressed 
by 

rA, A, rB, B. 
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If we have rAT A,) if rA=A, ^ ifrAZA, i 
then by division r'7 1, > then r= 1, > then rZ 1, > 
and by multip. rByB, j and rB=B, ) and rB^lfi. j 

Q. E. D. 

PROP. B. THEOR. 

If four magnitudes are proportionals, they arc proportionals 
also when t^^ken inversely. 

DEMONSTRATION. 

Let rA, A, rB, B be any four proportionals, we are to prove 
that A, rA, B, rB will also be proportionals. 

A 1 

- The ratio of A to rA is -r = -, 

rA r 

B 1 

and the ratio of B to rB is -=r = - : . 

ra r ^ 

and therefore 

A:rA::B:rB. Q. E. D. 

PROP. C. THEOR. 

If the first be the same multiple of the second, or the same 
part of it that the third is of the fourth; the first is to the 
second as the third is to the fourth. 

DEMONSTRATION. 

1. Supposing m to be any integer greater than unity, let mh 
the first be. the same multiple of the second A, that mB the 
third is of the fourth B ;. we are to prove that mA, A, mB, B 
are proportionals. 

The ratio of mA to A is — -=m, 

A 

and the ratio of mB to B is — g=m, 

therefore mA : A : : mB : B. 

2. The letter m still denoting an integer greater than unity, 
let A the first be the same part of mA the second, that B the 
third is of mB the fourth ; then we are to shew that 

A, mA, B, mB are proportionals. 

A 1 

The ratio of A to mA is — r=-, 

mA m' 

B 1 

and the ratio of B to mB is -« =— ; 

mi> m 

therefore 

A : mA : : B : mB. Q. E. D. 

PROP. D. THEOR. 

If the first be to the second as the third to the fourth, and 
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if the first be a multiple, or part of the second ; the third is the 
same multiple, or the same part of the fourth. 

DEMONSTRATION. 

Any four proportionals being expressed bj 

rA, A, rB, B ; 

1. Let the first rA be a multiple of A, then it is to be proved 
that rB is the same multiple of B. 

Because rA is a multiple of A, it is evident that r is an in- 
teger greater than unity, and r being such an integer, rA, and 
rB are manifestly equimultiples of A and B. 

2. If rA be a pari of A, we are to show that rB is the same 
part of B, 

A 1 

Because rA is a part of A, therefore —r =- must be an in- 

^^ ^ rA r 

B 

teger greater than unity ; but -5, when reduced, is also equal 

to -, that is, to the same integer, and therefore rA, rB, are the 
r 

same parts of A and B. ^ Q. E. D. 

PROP. VII. THtlOR. 

Equal magnitudes have the same ratio to the same magni- 
tude ; and the same has the same ratio to equail magnitudes. 

DEMONSTRATION. 

Let A' and B be any two equal magnitudes, and C any other, 
we are to prove that A and B have each the same ratio to C, 
and that C has the same ratio to A and B. 

Because by hypothesis A=B, 

A B 

therefore by division jr^Tr ] 

V L 

that is, A:C: :B:C. 

Again, since by hypothesis A=B, 

C O 

therefore by division -r- = ^r- ; 

A B 

that is, C : A : : C : B. Q. E. D. 

PROP. VIII. THEOR. 

Of unequal magnitudes the greater has a greater ratio to 
the same, than the less has : and the same magnitude has a 
greater ratio to the less, than it has to the greater. 

DEMONSTRATION. 

Let A and B be two unequal magnitudes, of which A is the 
greater, and let C be any magnitude whatever of the same 
kind with A and B : it is to be shown thai the ratio of A to C 
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is greater than the ratio of B to C : and also that the ratio of 
C to B is greater than the ratio of C to A, 

1. Because by hypothesis A >B, 

A B 

therefore by division Tr>r\i 

that is, the ratio of A to C is greater than the ratio of B to C. 

2. Because by hypothesis A7B, therefore BZ A, 

C C 
and therefore by division we have b" 7 T"! 

ti A 

because the less the divisor of C is, the greater is the quo- 
tient ; and therefore the ratio of C to B is greater than the 
ratio of C to A. Q. E. D. 

PROP. IX. THEOR. 

Magnitudes which have the same ratio to the same magni- 
tude are equal to one another ; and those to which the same 
magnitude has the same ratio, are equal to one another. 

DEMONSTRATION. 

1. Let A and B have the same ratio to C, it is to be proved 
that A is equal to B. 

Because A and B have, by hypothesis, the same ratio to C, 

A B 

therefore we have the equality 7^=7^) and therefore by mul- 

tiplication A=B. 

2. Because by hypothesis, C has the same ratio to A as to 

C C 

B, therefore we have the equality 7-=^, therefore, by dividing 

by C, and multiplying by A and B, we have A=B. 

a. E. D. 

PROP. X. THEOR. 

That magnitude which has a greater ratio than another has 
to the same magnitude, is the greater of the two : and that 
magnitude to which the same has a greater ratio than it has to 
another, is the less of the two. 

DEMONSTRATION. 

1. Let A have to C a greater ratio than B has to C, iiisto 
be ptoved that A is greater thau B. 

A B 

Since the ratios of A and B to C, are j^ and ~, 

A B 

therefore by supposition jT>Tri s-^d therefore by mul- 

tiplication A > B. 

2. Here the ratio of C to B is greater than the ratio of C 
to A, and we have to prove that B is less than A : - 

31 
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C C 

We have, therefore, by hypothesis -^L-r-i 

£> A 

SiDce then C contains B oftener than C contains A, it vs 
manifest that fi must be less than A. Gl. £. D. 

PROP. XI. THEOR. 

Ratios that are the same to the same ratio, are the same to 
one another. 

DEMONSTRATION. 

Let A be to B as C to D, and also E toFasCtoD; it is 
to be shown that A is to B as E is to F. 

A C 

Because A is to B as C to D, therefore -^= fr-, 

Jo D 

E C 

for the same reason Tr=Fr \ therefore 

F D ' 

^=^, thatis, A : B : J E : F. Q. E. D. 

PROP. XII. 

If any number of magnitudes be proportionals, as one of 
the antecedents is to its consequent, so shall all the antece- 
dents taken together be to all the consequents. ' 

DEMONSTRATION. 

By Cor. 2. Def 5. any number of proportionals may be 
expressed by rA, A : rB, B ; rC, C ; 

Where rA,rB, rC, are the antecedents, and A, B, C, the 
consequents ; and we are to prove that 

as rA is to A, so is rA-f rB+rC to A+B+C. 

rA' 
The ratio of rA to A is expressed by —r^r^ and the ratio of 

rA+rB+rC to A+B+C, by ^^^^^^r; and therefore 
rA : A : : rA+rB+rC : A+B+C. e 

' a. E. D. 

PROP. XIII. THEOR. 

If the first has to the second the same ratio which the third 
has to the fourth, but the third to the fourth a greater ratio 
than the fifth has to the sixth ; the first shall also have to the 
second a greater ratio than the fifth has to the sixth. . 

DEMONSTRATION. 

Let A, B, C, D, E, F be the first second, third, fourth, fiflh, 
and sixth magnitudes respectivelv. 

The ratios of A to B, of C to D, and of E to F 
ACE 

B*D* F ' 
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A C 

and since by hypothesis ^=— , 

and also jj>—, 

A E 

therefore we have r=r-'p'—-. ^ „ ^ 

B F Q. E. D. 

Cor. And if the first have a gn^eater ratio to the second 
than the third has to the fourth, but the third the same ratio 
to the fourth which the fifth has to the sixth ; it may be de- 
monstrated, in like mannejc^. that the first has a greater ratio to 
the second than the fifth has to the sixth. 

PROP. :i^IV. THEOR. 

If the first has to the second the same ratio which the third has 
to the fourth ; then, if the first be greater than the third, the 
second shall be greater than the fourth ; if equal, equal, and if 
less, less. 

DEMONSTRATION. 

Let r A, A, rB, B be any four proportionals. 

1. Suppose rAyrB, 
then by division Ay B ; 
next, suppose rA=rB, 
then by division A= B : 
lastly, suppose rAZ.rB, 
then by division Av B. Gl, E. D 

PROP. XV. THEOB. 

Magnitudes have the same ratio to one another which their 
equimultiples have. 

DEMONSTRATION. 

Let A, B be any two magnitudes of the same kind ; and m 
being any integer greater than unity, let f»A, wB, be equimul- 
tiples of A, B ; it is to be proved that 

A, B, 7»A, mB are proportionals. 

The ratio of A to B is the numerical quotient g-, and the 

B 

vn A A 

ratio of mA to mB is — , which is reducible to ^] therefore 

the two ratios g-, — are equal, and therefore 

A : B : : mA : mB. 

PROP. XVI. THEOR. 

If four magnitudes of the same kind be proportionals, they 
fihall also be proportionals when taken alternately. 
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DEMONSTRATION. 

We may express any four proportionals by 

rA,A, rB, B, 

and we are to demonstrate that the four 

rA, rB, A, B, 

will also be proportionals. 

rA 
The ratio of rA to rB is -^^ which, because the factor r is 

in both numerator and denominator, is evidently reducible to 

A A 

— : again the ratio of the third A to the fourth B is also ^ ; 

therefore, the two ratios, viz. of rA to rB, and of A to B, be- 
ing equal, we have 

r A : rB r ; A : B, 

a. E. D. 

PROP. XVII. THEOR. 

If magnitudes taken jointly be proportionals, they shall also 
be proportionals when taken separatelv ; that is, if two mag- 
nitudes together have to one of them the same ratio which two 
others have to one of these, the remaining one of the first two 
shall have to the other the same ratio which the remaining one 
of the last two has to the other of these. 

DEMONSTRATION. 

By hypothesis we have A+B : B : : C+D : D, and we 
are to prove that A : B : : C : D. 

Now the ratio of A-f B to B is ^^i?=^+i, 

and the ratio of C+D to D is -^-fr- =17+^ J 
and since by hypothesis these two ratios are equal, therefore 
we have ^-|-l=Yr-+l, consequently ^==p-j that is, 

A : B : : C : D. 

a. E. D. 

PROP. XVIII. THEOR. 

If magnitudes taken separately be proportionals, they shall 
also be proportionals when taken jointly ; that is, if the first 
be to the second as the third is to the fourth, the first and second 
together shall be to the second as t^e third and fourth together 
to the fourth. 
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DEMONSTRATION. 

By hypothesis we have A : B : : C : D, 
and we are to demonstrate that A+B : B : : C+D : D. 
Since the ratio of A to B is the same with that of C to D, 

,. . A C 

therefore p= jai 

to each side of this equation add unity, and we have 

^11-^ llthatio^+^-^+^' 
g-hi-j)+i,tnati8, -g— - ^ , 

and therefore A+B : B : : C+D : D. Q. E. D. 

PROP. XIX. THfiOR. 

If a whole magnitude be to a whole, as a magnitude taken 
from the first is to a magnitude taken from the other, the re- 
mainder shall be to the remainder as the whole to the whole. 

DEMONSTRATION. 

Let A, B, be the two whole magnitudes, and C, D, the mag- 
nitudes taken from them. 

So that by hypothesis A : B : : C : D, 

we are to prove that A : B : : A— ^C : B— D. 

A B 
By Prop. XVI. we have pi=p:» 

♦1 A , B _ , . A-C B— D 

consequently ^ — 1 ==r— 1, that is, — ^ — =■ — pp- i 

By this last divide the first equation, 

1 . A B 

and the equal quotients are -r — ^^=^5 — r^, 

A — O J$ — D 
j^ j^ Q 

and therefore by mult, and div. ■= = „ — =•, 

•^ B B— D* 

thatis, A :B:: A-C:B-D. Q. E. D. 

ANOTHER DEMONSTRATION. 

Since by hypothesis A : B : : C : D, 

therefore by alternation, prop. XVI. A : C : : B : D, 

and by division, prop. XVII. A - C : C : : B— D ; D, 

and by alternation, A — C : B — D ; ; C : D, 

and therefore by prop. XI. A — C : B — D : : A : B. 

Q. K D. 

ANOTHER DEBION8TRATION. 

Let A-j-C, and B-f-D, be the whole magnitudes, and C, D, 
the magnitudes taken away, so that by hypothesis 

31* 
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A+C : B+D : : C : D. 

And we are to show that 

A+C ; B+D : : A : B. 

Since by hypothesis A+C : B+D : : C : D, 

therefore by prop. XVI. A+C : C : : B+D : D, 

consequently by prop. XVII. A : C : : B : D, 

and therefore by prop. XVI. A : B : : C : D, 

therefore by prop. XI. A+C : B+D : : A : B. 

Ct. £. D. 

ANOTHER DEMONSTRATION. 

Supposing r greater than unity, let rA, rB, be the two 
wholes, and A, C the magnitudes taken away, so that by hy- 
pothesis, we have rA : rB : : A : C ; 

rA A A A 
of course we have -^=^, or ■R=g, whence C=B, and we 

have therefore only to show that 

rA: rB::rA— A:rB-B; 

rA A 
Now the ratio of rA to rB is ^=g j 

^ * * T> T> • ^A — A (r — l).A _ 
and the ratio of rA— A to rB -B, is ^^^^ = . _^v ^ — 

A 

5, and therefore 

rA:rB :* rA— A : rB — B. 

a. E. D. 

PROP. E. THEOR. 

If four magnitudes be proportionals, they are also propor- 
tionals by conversion ; that is, the first is to its excess above 
the second as the third is to its excess above the fourth. 

DEMONSTRATION. 

Let rA, A, rB, B, be the four proportionals, 

we have to demonstrate that 

rA : rA-A : : rB : rB-B, 

rA r 

The ratio of rA to rA— A is —j — r- = — 7, 

rA — A r — 1 

tT\ t 

tsA the ratio of rB to rB— B is -s-2rB=-;3ji 

therefore rA : rA — A : : rB : rB — B. 

Q. £. D. 
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PROF. XX. THEOB. 

If there be three magnitudes, and other three, which taken 
two and two have the same ratio ; if the first be greater than 
the third, the fourth will be greater than the sixth ; if equal, 
equal ; and if less, less. 

DEMONSTRATION. 

Let the three first magnitudes be A, B, C, 
and the other three be D, E, F ; 
so that by hypothesis, A is to B as D to E, and B to C as E to 
F ; and it is to be proved that if A be greater than C, D will 
be greater than F ; if equal, equal ; and if less, less. 

A D 

Because A : B : : D : E, therefore -ir=^?Ti 

' BE 

B E 

and because B : C : : E : F, therefore 7T=-rr • 

therefore by multiplication effractions, 

AB_DE . A_D 

BCEF* C^F* 

from which it is evident that when the quotient -^ is greater 

than unity, the quotient — is also greater than unity ; that is, 

if A be greater than C, D is also greater than F ; in a similar 
manner it is shown that when A is equal to C, D is equal to 
F ; and if less, less. Q. E. D. 

PROP. XXI. THEOR. 

If there be three magnitudes, and other three, which have 
the same ratio taken two and two, but in a cross order ; if the 
first be greater than the third, the fourth shall also be greater 
than the sixth ; if equal, equal ; and if less, less. 

^ . DEMONSTRATION. 

Let the three first magnitudes be A, B, G, 
and the other three be D, E, F, 
80 that A is to B as E to F, and B to G as D to E ; it is to be 
shown that if A be greater than C, D will be greater than F ; 
if equal, equal ; and if less, less. 

A E 

Since A : B : : E : F, therefore we have -5-=^, and be- 

B D 

cause B : G : : D : E, therefore also -77=^; and therefore by 

multiplication, 
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ABDE AD 

from which it is manifest, that according as the quotient 
pq is greater than, equal to, or less than unity, the quotient 

= must also be greater than, equal to, or less than unity, and 
r 

therefore if A be greater than C, D will be greater than F ; 

if equal, equal ] and if less, less. 

PROP. XXII. THEOR. 

If there be any number of magnitudes, and as many others, 
which, taken two and two in order, have the same ratio ; the 
first shall have to the last of the first rank of magnitudes, the 
same ratio which the first of the others has to the last. 

N. B. This is usually cited by the words ex equally or ex 
equo, 

DEMONSTRATION. 

Let the first rank of magnitudes be A, B, C, D, 
and the second rank be E, F, G, H, 
80 that by hypothesis A is to B as E to F, B to C as F to G, 
and C to D as G to H ; we are to show that A : D : : E : H. 

A E 

Since A : B : : E : F, therefore we have -— = —., 

o F 

B F 

in like manner we have ~ = -^^ 

O G 

and ^=-jj, 

ABC 

now multiply the quotients ^^ jq, — together, and also the quo- 

.. E F G , , . . ABC EFG 

Uents p, Q» f|. and we have the equation g^^zz^^^^g, 

which by reduction becomes 7;:=7r, 

and therefore A : D : : E : H. 

In like manner the truth of the proposition may be shown, 
whatever be the number of magnitudes. 

a. E. D. 

PROP. XXIII. THEOR. 

If there be any number of magnitudes, and as many others, 
which, taken two and two in a cross order, have the same ra- 
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tio ; the first shall have to the last of the first magnitudes the 
same ratio which the first of the others has to the last. 

IN. B. This is usually cited by the words ex aqualiinpro' 
portions perturbata, or ex ceguo perturbato ; that is, by equality 
inperturbate pfoportion. 

DEMONSTRATION. 

Let the first rank of magnitudes be A, B, C, D, 

and the other rank E, F, G, H, 
so that, by hypothesis, A is to B as G to H ; B to C as F to 
G, and C to D as E to F ; we are to prove, that 

A : D : : E : H. 

A G 

Since A : B : : G : H, therefore g- =g i 

B F 

and because B : C : : F : G, therefore 7r=pj 

C E 
and because C : D : : E : F, therefore ¥5-=^-! 

ARC* 

now multiply the quotients -^, ^i' -f^j together, and also the 

G F E ^ u u , * ^^C GFE 

quotients -g, -^, -j^, and we have the products gQQ ~HGF* 

which reduced, becomes -7:=-t5j 

and therefore A : D : : E : H. 

In like manner we may proceed for any number of magni- 
tudes. Q. E. D. 

PROP. XXIV. 

If the first has to the second the same ratio which the third 
has to the fourth ; arid the fifth to the second the same ratio 
which the sixth has to the fourth ; the^^first and fifth together 
shall have to the second the same ratio which the third and 
sixth together have to the fourth. 

DEMONSTRATION. 

By hypothesis we have rA ; A : : rB : B, 

and /A : A : : r'B : B, 

in which rA is the first, A the second rB the third, B the 
fourth, /A the fifth, and r'B the sixth : r' denoting each of 
the two equal ratios when the fifth is divided by the second, 
and the sixth by the fourth ; and we have to show, that 

rA+r'A : A : : rB+r'B : B. 

The ratio of rA+r'A to A is — r- — =r-f-r', 
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rB-U/B 
and the ratio of rB+ZB to B is — ^ — = r^r^ ; 

therefore, rA+r'A : A : : rB+/B : B. 

a. E. D. 

Cor. 1. If the same hypothesis be made as in the pro- 
position, the excess of the first and fifth shall be to the second, 
as the excess of the third and sixth to the fourth. 

CoR. 2. The prop, holds true of two ranks of nwignitudes, 
whatever be tl^eir number, of which each of the first rank 
has to the second magnitude the same ratio which the corres- 
ponding one of the second rank has to a fourth magnitude. 

PROP. XXV. THEOR. 

If four magnitudes of the same kind be proportionals, the 
greatest and least of them together are greater than the other 
two together. 

DEMONSTRATION. 

Let the proportionals be rA, A, rB, B ; 
and let the first rA be the greatest : then since by hypothesis 
rA is the greatest, rA "7 A, therefore r 7 1. 

Again, since by hypothesis rA is the greatest, therefore 
rA7''B, and consequently AtB ; since then r is greater than 
unity, and A is greater than B, it is manifest that B is the 
least ; and we are to show that rA -f-B "7 rB-f-A- 

Now because A — B=A — B, 

and ryl, 
therefore by multiplication rA — rB 7 A — B ; 
to each side of this equation add rB+ B, 

and we shall have rA-f-BvA+rB. 

A similar mode of demonstration may be adopted which- 
ever of the four proportionals be the greatest. 

Q. £. D. 

PROP. XXVI. THEOR. 

If there be any number of magnitudes of the same kind, 
the ratio compounded of the ratios of the first to the second, 
of the second to the third, and so on to the last, is equal to the 
ratio of the first to the last. 

DEMONSTRATION. 

Let the magnitudes of the same kind be A, B, 0, D ; we are 
to prove that the ratio compounded of the ratios of A to B, of 
B to C, and of C to D, according to the definition of compound 
ratio, is equal to the ratio of A to D. 
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Take any magnitude P, 
and let A be to B as P to Q,, and A, B, C, D< i 
B to C as Q to R, and C to D as P, ft, R, S'; 
R to S ; then by the definition of 

compound ratio, the ratio of P to S is the ratio compounded of 
the ratios of A to B, B to C, and of C to D ; and it is to be 
proved that the ratio of A to D is the same with P to S. 

Now because A, B, C, D, are several -magnitudes, and P, 
Q, R, S, as many others, which taken two and two in order^ 
have the same ratio ; that is, A is to B as P to Q, ; B to C as 
Q to R, and C to D as R to S ; therefore ez eguali^ prop. 
XXII. 

A : D : : P : S. 

In like manner the proposition is proved for any number of 
magnitudes. 

a.E.D. 

PROP. XXVII, THEOR. 

If four magnitudes be proportionals according to the com- 
mon algebraic definition, they will also be proportionals accord- 
ing to Euclid's definition* 

DEMONSTRATION. 

Let the four rA, A, rB, B, 

be the proportionals according to our 5th definition ; that is, 
according to the common algebraic definition ; i; is to be proved 
that the same four 

rA, A, f B, B, 
are proportionals by Euclid*s fifth def. of the fifth book. 

Let m and n be any two integers, each greater than unity, 
80 that TnrA, mrB, are any equimultiples whatever of the first 
and third ; and nA, nB are any whatever of the second and 
fourth ; and the four multiples are therefore 

mrA, wA, mrB, nB ; 
Now the thing to be proved is, that according as the multiple 
mrA is greater than, equal to, or less than nA ; the multiple 
mrB will also be greater thai), equal to, or less than nB. 

First let Twr At nA, 
then by division fnr7», 

and by multiplication fnrB7nB. 

Secondly, if mrA = n A, 

then mr=n 

and therefore wirB = nB. 

Lastly, if mrA L nA, 

then mrLn^ 

therefdre mrBZ.nB. Cl. £. D. 
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PROP. XXVIII. THEOH. 

If four magaitudes be proportionals by Euclid's fifth defini* 
tion, they will also be proportionals by the common algebraic 
de6nition. 

DEMONSTRATION. 

Let A', A, B', B, be any four magnitudes, such that w, «, 
being any integers greater than unity, and the equimultiples, 
mA\ mB\ being taken, and likewise the equimultiples nA, nB ; 
making the four multiples 

wA', «A, wB', nB ; 

the hypothesis is, that if mA! be greater than »A, mW is also 
greater than nB ; if equal, equal ; and if less, less : and it is 
to be proved that 

A' : A : : B' : B : 

A' W 
or, which is the same thing, that -7-=^- 

A' B' 

If — be not equal to ^^ one of these quotients must be the 

A' B' 

greater; first, let -j- be the greater, so that if^^'*! we may 

A' 
have---=r+^; 

then the four quantities A', A, B', B, 
are equal to rA+rA, A, rB, B. 

Now, let m be such an integer greater than unity, that mr 
and m/ may be each greater than 2 ; and take n the next in- 
teger greater than fwr, of course n will be less than mr^m/ \ 
and the four multiples mA', nA, wB', nB, 
become mrA+m/A, nA, wrB, nB. 

By construction wir-f-mr'yw, 

and therefore »irA+mr'A"7nA ; 

But by construction mr < n, 

and therefore mrB < nB ; 

or wiB'<nB; 

thus it appears that wiA'AnA, 

but mB'KnB: 

but, because tn A' > nA, 

therefore by hypothesis, also mB' AnB ; 

so that mW is both greater and less than nB, which is impog- 
sible. 

A' B' 

It IS manifest therefore that — cannot be greater than ^- ; 

«^ B 
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and in like manner it is showa that g- cannot be greater than 

A'. , . . A' B' 
— ; and therefore —=^, 
A A B 

thatiaA':A::B':B. 

Q. E. D. 
Bc&OLiuM. Thus we have shown, that if four quantities be 
proportionals by the common algebraic definition, they will 
also be proportionals according to Euclid's definition ; and con- 
versely, that if four quantities be proportional's by Euclid's de- 
finition, they will also be proportionals by the common algebraic 
definition ; and by a similar method of reasoning we may easily 
show, that when four quantities are not proportionals by one of 
these two definitions, they cannot be proportionals by the other 
definition. 

Thus it appears, that the two definitions are altogether 
equivalent ; veach comprehending, or excluding, whatever is 
comprehended, or excluded, by the other. 
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